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A description is presented of a new apparatus for obtaining PV isotherms at very low temperatures, 
along with results of measurements on five isotherms at 3.961, 3.348, 2.862, 2.324, and 2.154°K for He‘ gas; 
the second virial coefficients, B, at these respective temperatures were found to be — 83.70, — 103.4, —123.6, 
— 157.7, and —176.4 cc/mole. The reliability of previous data as well as of the several analytical treatments 
of the data is discussed, the conslusion being with respect to the latter that the He‘ isotherms below 4°K can 
be best represented by the equation PV/N=RT(1+BN/V). When both the previous and the present 
data are analyzed in this way, a consistent set of values for B is obtained. From the values of RT measured 
here, corrections to the 1948 temperature scale are obtained in good agreement with modifications sug- 


gested by other authors. 





I. INTRODUCTION 


HE pressure-volume isotherms of He‘ were first 
determined at low temperatures by Kamerlingh 
Onnes and co-workers! in order to establish corrections 
to the helium gas thermometer. More recently the iso- 
therms have been of interest primarily for the determi- 
nation of the second virial coefficient, B, as a quantity 
useful in connection with the thermodynamic properties 
of the gas and one intimately associated with the inter- 
molecular potential between two He particles. The 
demand for precise values of B below the normal boiling 
point has heretofore been satisfied by Keesom and 
collaborators?‘ at Leyden. 

It was the present author’s original intention to 
construct an apparatus for the determination of B’s for 
He’ and to test the equipment by measuring one or two 
B values for He‘ using the generally accepted values as 
a guide. During the course of this work significant 
differences appeared between the present and previous 
data, an explanation for which was found to be an 
apparent error that was carried through all the Leyden 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1Complete references to the early low-temperature isotherm 
measurements are given in the monograph, Helium, W. H. Keesom 
(Elsevier Press, Amsterdam, Holland, 1942), pp. 31, 32, 143. 

2W. H. Keesom and H. H. Kraak, Comm. Leiden, "No. 234e 
a Physica 2, 37 (1935). 

W. H. Keesom and W. K. Walstra, Comm. Leiden No. 260c 

(1940); Physica 7, 985 (1940). 

‘J. Kistemaker and W. H. Keesom, Comm. Leiden No. 269b 
(1946); Physica 12, 227 (1946). 
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work. It was therefore considered important to carry 
out a full-scale redetermination of the second virial 
coefficients at very low temperatures. We report in this 
communication a description of the apparatus in that 
it differs from that used at Leyden and the results of 
measurements with it on five isotherms of Het below 
4.2°K. 


II. APPARATUS AND EXPERIMENTAL PROCEDURE 


In the introduction to their paper Kistemaker and 
Keesom summarize the important difficulties encoun- 
tered when one measures isotherms at very low tem- 
perature; briefly, these are: (1) uncertainty in deter- 
mining pressures; (2) inability to maintain the bath at 
constant temperature for a time sufficiently long that 
equilibrium be established; and (3) uncertainty in 
determining the amount of gas in the noxious volumes 

r “dead” space. The apparatus employed for the 
present investigation was designed to avoid these diffi- 
culties in ways quite different from those used by 
Kistemaker and Keesom. Since, for the most part, we 
derived the gas-handling and cryogenic techniques from 
standard practices, in the following description we shall 
center our attention on the novel features of the 
apparatus. 


A. Low-Temperature Cell 


In order to avoid the difficulties and uncertainties 
often attendant to the measurement of the amounts of 
gas in the noxious volumes, the low-temperature cell 
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was so designed as to eliminate the necessity for deter- 
mining these amounts of gas while the gas remains in 
the connecting lines. The gas in the cell can be isolated 
from the gas in the connecting lines by a valve, as 
shown in Fig. 1. Hence measurements of pressure and 
temperature are made on a given number of moles of 
gas in the inner can with the valve open; the valve is 
then shut and the gas in the lines pumped away—to be 
discarded or sent to the volume-manometer (see below). 

If one works above the \ point (2.19°K) of a liquid 
helium bath, great care must be exercised in order to 
determine the exact temperature of a gas held in a 
container immersed in the bath. In addition to the 
thermal gradient produced by the hydrostatic head of 
the liquid, transient gradients can arise from the com- 
bination of poor thermal conductivity of the liquid, 
heat leak from the warm portion of the apparatus, and 
inadequate stirring of the bath. To reduce the effects 
of these gradients the cell holding the gas [inner 
can (A), Fig. 1] is surrounded by an outer container 
(B) which can be evacuated. Furthermore, the tem- 
perature of the gas is measured with a helium vapor 
pressure thermometer (C), the lower end of which is 
surrounded by the experimental gas and the upper end 
vacuum jacketed. At the higher temperatures, where 
dP/dT is large, the thermometer serves as a very sensi- 
tive indicator for the attainment of equilibrium condi- 
tions in the cell. On the other hand, in order to reach 
equilibrium it is necessary to maintain the bath tem- 
perature essentially constant for periods of about one 
hour; to effect this control a Sommers-type® bath 
regulator is successfully employed with the heating 
element placed directly below the cell. 

The inner and outer cans are coaxial cylinders of 
0.794-mm-wall copper tubing, with respective inside 
dimensions of 2.311-cm diameter by 2.311-cm length 
and 3.175-cm diameter by 4.048-cm length. End plates 
are of 1.588-mm copper sheet except for the top of the 
inner can, which is copper 2.381 mm thick. All tubing 
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H Fic. 1. Schematic diagram of 

G low-temperature cell. A, inner 
can; B, outer can; C, vapor 
pressure thermometer; D, ex- 

F change gas or vacuum space; 
E, pumping tube; F, valve 

A seat; G, valve stem; H, valve 

Bg stem guide; J, valve stem ex- 
tension ; J, sample tube; K, seal 

CG of tube used during calibration. 

D 

K 





5H. S. Sommers, Jr., Rev. Sci. Instr. 25, 793 (1954). 


connected to the cell is of thin-wall K-monel or inconel ; 
the inside diameter of the vapor pressure thermometer 
tube is 1.422 mm. Solder connections to the inner can 
were made with helium gas flowing through it to avoid 
oxidation of the inner surfaces. 

Some of the details of the valve assembly are shown 
in Fig. 1. The valve seat (F) is copper and has an 
orifice 1.588 mm in diameter. A threaded cylinder of 
monel .(H) (32 threads per inch) guides the stainless 
steel valve stem (G), while the tip of the stem possesses 
one degree of freedom so that it may find its own seat. 
Four slots 0.794 mm wide by 0.794 mm deep have been 
milled the length of the threaded portion of the stem 
to allow the passage of gas from the inner can to the 
anulus (inside diameter 3.175 mm; outside diameter 
4.597 mm) formed by the extension of the valve stem 
(I) and the sample tube (J). The valve stem extension 
continues to the top of the cryostat and becomes 
accessible for operation by emerging from the sample 
space to the atmosphere through a double O-ring seal. 

Calibration of the volume of the inner can was carried 
out only after the valve was opened and tightly closed 
many times in order to establish the final (or very 
nearly so) deformation of the seat. From the weight of 
air free distilled water the cell contained at 31.20°C, 
the cell volume at that temperature was determined to 
be 9.5907 cc with an average deviation of 0.0009 cc; 
from this value and with use of the formula for the 
thermal expansion of copper given by Keesom, van Agt, 
and Jansen® the volume of the cell at 20°K was calcu- 
lated to be 9.4927 cc. It is assumed that no further 
volume changes take place on lowering the temperature 
to the liquid helium region. 


B. Manometry 


In the course of the experiment there are three sets 
of pressure measurements which must be made with 
high accuracy: that of the gas in the cell, in the vapor 
pressure thermometer, and in the volume-manometer. 
All of the manometers used for these determinations 
(with the exception of one arm of the volume-manom- 
eter—see below) are encased in a Lucite box, the air 
in which is vigorously circulated and accurately thermo- 
stated. Several Hg-in-glass thermometers resting in 
pools of mercury are placed at critical positions in the 
box. The manometers are viewed through a distortion- 
free section of plate glass with a 800-mm range Wild 
cathetometer, on which the scale reading may be safely 
estimated to 0.01 mm. An Invar standard meter-bar 
mounted adjacent to the manometers is used to calibrate 
the cathetometer scale, though invariably when the 
two are compared no correction need be applied to the 
latter within the precision of the measurements (+0.02 
mm for full scale length). 


6 Keesom, van Agt, and Jansen, Comm. Leiden, No. 182a 
(1926). 
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The manometers for measuring the cell pressure (for 
P>40 mm Hg) and the helium vapor pressure each 
have a bore of 20 mm in diameter and are filled with 
mercury. Capillary depression corrections are applied 
according to tables given by Blaisdell,’ although for 
the wide tubes used, the correction is never greater 
than 0.01 mm and seldom that large. Thermometer 
pressures are corrected to read in mm Hg at 20°C to 
coincide with those on the 1948 temperature scale; 
others are corrected to 0°C. A correction for the 
acceleration of gravity at Los Alamos is applied to all 
pressure readings. 

For cell pressures less than 40 mm Hg a 20-mm bore 
manometer filled with dibutyl sebacate is employed. 
Before the manometer was filled, the oil was boiled to 
rid it of volatile components and occluded air, and a 
sample was then taken for density determinations. The 
density of the oil was measured with a 20 cc pycnometer 
at close temperature intervals extending over the range 
in which pressure readings were to be made. Five 
measurements between 27 and 32°C showed the density- 
temperature relationship to be linear within 1 part in 
100 000. It is interesting to note that a similar determi- 
nation on the unboiled oil resulted in a curve exactly 
parallel to that for the boiled oil but with density 
values lower by 1 part in 1500 at the same temperature. 
With this oil manometer it is possible to read pressures 
to 0.062 mm Hg. 

Figure 2 shows schematically the volume-manometer 
with which amounts of gas in the cell are determined. 
Gas is admitted to the glass bulbs through the tube on 
the left (inside diameter 1.0 mm) whereupon mercury 
is brought up to fiducial mark 4. A choice of which of 
the three volumes is to be used is made according to 
the arbitrary rule that the pressure to be measured be 
greater than about 150 mm Hg. Mercury from the 
reservoir is brought up approximately to the appropri- 
ate fiducial mark—1, 2, or 3; reproducible (0.01 mm) 
final positioning of the meniscus is accomplished by 
remote manipulation of the motor-driven plunger with 
the experimenter monitoring the operation through the 
cathetometer telescope. 

The three bulbs have nominal volumes of 200, 100, 
and 50 cc. Volumes 1-2 and 1-3 were calibrated by 
determining the weight of mercury contained between 
the fiducial marks; volumes 2-4 and 3-4 were obtained 
from P-V-T measurements with He gas, using 1-2 as 
a standard. From these measurements consistent values 
were obtained for the volumes to be used, i.e., 1-4, 2-4, 
and 3-4, as 363.23+0.02 cc, 150.31+0.02 cc, and 
47.753+0.016 cc, respectively (probable errors are 
given). All straight lengths of glass tubing, with the 
exception of the 1 mm capillary, are 10 mm inside 
diameter. The fiducial markers are centered in the tube 
and are attached to the tubing about 2 cm above the 


7B. E. Blaisdell, J. Math. Phys. 19, 217 (1940). 
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Fic. 2. Schematic ar- 
rangement of the vol- 
ume-manometer. 
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tip so that there is no distortion of the tubing where 
the menisci are to be read. 

A water bath surrounding the glass bulbs is thermo- 
stated to +0.01°C and is maintained at a temperature 
no more than 1°C different from that of the air bath 
surrounding the other arm of the manometer. A Beck- 
mann thermometer, direct reading to 0.01°C and cali- 
brated against the Na2SO,-10H:0 transition tempera- 
ture, is used to measure the water bath temperature. 
Optically, the water bath presents some problems, the 
most serious of which is a possible prism effect. To 
avoid this difficulty the plate glass window forming the 
side of the bath and through which the menisci are 
viewed is maintained perpendicular to the line of sight 
of the telescope. Frequent zero-pressure readings con- 
firmed the absence of prism effects. Proper illumination 
of the menisci at the fiducial marks is accomplished by 
directing a beam of light down a 2-cm diameter rod of 
Lucite standing vertically in the water directly behind 
the marks (Fig. 2) ; horizontal cuts 1 cm wide at proper 
places on the rod scatter the vertical light beam and 
serve as excellent backgrounds for viewing the profiles 
of the menisci. 


C. General Experimental Procedure 


A typical experimental run begins, once the apparatus 
is cooled down to the approximate temperature of the 
run, with the filling of the cell and vapor pressure 
thermometer, helium exchange gas being in the space 
between the two cans. The helium gas used in the 
experiment is obtained from commercial tanks and is 
purified by passing through a charcoal trap at liquid 
air temperatures; any air picked up during gas-handling 
is removed from the experimental gas as it passes 
through a U-tube, partially immersed in the helium 
bath, before it enters the cell-filling line. After the cell 
is filled the U-tube is isolated from the experimental gas 
by closing a stopcock, the exchange gas is pumped 
away, and equilibrium is awaited. 

Once equilibrium is obtained, the bath pressure, the 
vapor pressure thermometer, and the cell pressure are 
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read. Immediately the cell valve is closed (in order to 
avoid a significant change in the volume of the system 
on closing the valve, during the wait for equilibrium the 
valve is kept open by 1/4 to 1/2 a turn). The gas in 
the lines is then pumped away and the valve opened 
for the next pressure measurements. Pressures are again 
read and the valve again closed. After the valve is 
closed this time—and succeeding times—the gas in the 
lines is pumped to the volume-manometer where we 
measure the decrement of the amount of gas corre- 
sponding to the drop of pressure in the cell. To test 
that all the gas has been removed from above the valve 
and to detect a possible leak through the valve, the 
pressure in the cell line is observed with the oil manom- 
eter. Excessive leak-up—greater than 1/5000 of the 
last cell pressure measured—is cause for discarding 
the run. 

The cycle of measuring the cell pressure and the 
decrement of gas is continued until the lowest pressure 
and corresponding decrement is determined ; then all of 
the gas remaining in the cell is pumped to the volume- 
manometer. By adding up all the decrements one may 
arrive at the amount of gas appropriate to the highest 
pressure, and so on. As few as one point and as many as 
four points on an isotherm were determined in a single 
run, this variation being an effort to determine the 
reproducibility of the experiment when we slightly 
change factors which should not affect the results. 


Ill. RESULTS AND DISCUSSION 


A. Data and Errors 


Table I represents a collection of the data obtained 
for the five isotherms determined in the present investi- 
gation. In this table under the “Exp. No.” column, 
A-9-1, for example, is to be interpreted as: isotherm A, 
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Fic. 3. Plot of (PV/N)/RT vs N/V for Het gas below 4°K. 
Values of RT are taken from two-constant analysis. 
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Taste I. Experimental data for the isotherms of Het. 











P (N/V) X10 = Tvapcasy = (PV /N))oorr 
mm Hg cc/mole % cc-mm/mole 52 
Ts3=3.61°K 
202.40 8.8713 3.956 228 713 — 90 
127.30 5.4105 3.955 235 907 — 135 
80.65 3.3679 3.953 240 214 —227 
205.45 9.0060 3.960 228 436 — 91 
135.16 5.7515 3.961 235 250 — 185 
74.08 3.0817 3,963 240 452 126 
231.49 10.2718 3.961 225 614 118 
116.58 7.1878 3.961 232 002 98 
120.67 5.1171 3.960 ~ 236128 247 
96.98 4.0649 3.968 238 393 155 
40.095 1.6462 3.965 243 565 — 23 
20.231 0.8252 3.963 245232 — 6 
Ts= 3.348°K 
B-1-1 163.01 8.6759 3.025 189 524 153 
B-1-2 113.00 5.7961 3.332 196 152 — 280 
B-1-3 36.676 1.8002 3.336 204 674 — 206 
B-2-1 182.97 9.7495 3.355 187 415 — 48 
B-2-2 133.89 6.9067 3.356 193 539 — 56 
B-2-3 93.79 4.7326 3.359 197 677 483 
B-3-1 64.23 3.1835 3.357 201 384 109 
B-41 134.40 6.9601 3.343 193 592 —224 
B-4-2 98.98 5.0149 3.345 197 745 — 196 
B-43 56.00 2.7703 3.347 202 391 — 10 
B-4-4 24.422 1.1877 3.349 205 756 30 
B-5-1 196.13 10.5701 3.352 185 486 116 
B-5-2 153.56 8.0253 3.354 191 154 — 78 
B-5-3 81.63 4.0860 3.358 199 339 212 
Tig= 2.862°K 
C-3-1 66.95 3.9594 2.854 169 717 — 147 
C-3-2 25.923 1.4791 2.866 175 132 — 103 
C-4-1 120.85 7.4690 2.864 161 801 — 44 
C-4-2 81.55 4.8679 2.863 167 590 — 20 
C-4-3 51.85 3.0197 2.864, 171 706 — 68 
C-44 16.844 0.9553 2.866 176 193 — il 
C-5-1 113.71 6.9623 2.871 162 881 79 
C-5-2 72.72 4.2949 2.873 168 753 78 
C-5-3 52.10 3.0250 2.874 171 608 19 
C-5-4 14.030 0.7926 2.876 176 261 279 
C-6-1 93.61 5.6311 2.869 165 921 — 31 
C-6-2 39.109 2.2490 2.871 173 454 —119 
Ts4g= 2.324°K 
D-2-1 40.346 2.9234 2.325 138 072 — 17 
D-2-2 25.103 1.7845 2.326 140 671 — 19 
D-2-3 12.905 0.9021 2.330 142 807 —144 
D-3-1 48.52 3.5557 2.325 136 519 94 
D-3-2 26.510 1.8849 2.328 140 522 — 99 
D-4+1 31.010 2.2310 2.318 139 498 136 
D-5-1 44.14 3.2104 2.317 137 025 376 
D-5-2 15.684 1.1042 2.324 142 169 34 
D-6-1 37.530 2.7069 2.321 138 959 —410 
D-6-2 20.574 1.4527 2.328 141 502 — 94 
D-9-1 38.318 2.7686 2.323 138 589 — 181 
D-9-2 16.887 1.1901 2.329 141 707 300 
D 49.62 3.6394 2.323 136 530 —107 
D 33.560 2.4085 2.328 139 217 12 
D 14.278 1.0006 2.332 142 325 114 
D 41.65 3.0443 2.312 137 684 95 
D- 20.772 1.4751 2.316 141 444 — 87 
Tig= 2.154°K 
E-1-1 19.138 1.4664 2.155 130 509 — 38 
E-2-1 30.106 2.3463 2.154 128 375 18 
E-2-2 14.989 1.1429 2.154 131 216 19 
E-3-1 25.852 2.0024 2.154 129 169 37 
E-3-2 12.406 0.9431 2.154 131 606 101 
E-41 27.738 2.1448 2.161 128 952 — 83 
E-4-2 10.718 0.8084 2.163 132 082 — 57 
E-5-1 32.275 2.5216 2.156 127 931 48 
E-5-2 21.604 1.6595 2.157 130 062 — 47 
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run number 9, point number 1. Entries missing in the 
“run number” column indicate discarded or discon- 
tinued runs; for example, four early runs on isotherm A 
were discarded because the temperature was measured 
from the bath pressure with correction for the bath 
height above the cell and not from the more reliable 
vapor pressure thermometer—these four runs yielded a 
curve parallel to the accepted one, but displaced about 
0.005° in temperature. 

It will be observed that for the isotherms at the two 
highest temperatures, A and B, the largest pressures 
measured are, respectively, only 39 percent and 67 per- 
cent of the saturation pressures. Since the main object 
of the experiment is the determination of second virial 
coefficients, i.e., 


[eo ame lege 


ranges limited in the above way are considered ade- 
quate; consequently we concentrate on the low pres- 
sure region. The lower limit of pressure is determined 
by the fact that thermomolecular pressure corrections 
are not accurately known for a tube with annular cross 
section ; from the geometry of the tube and by analogy 
with the circular cross section corrections, a conserva- 
tive estimate was made that no corrections within 
experimental error need be applied to pressures larger 
than 10 mm Hg. For isotherms C, D, and E, the 
measurements were carried up to a large fraction of the 
saturation pressure because of the limited pressure 
range before the onset of liquefaction. Even in the case 
of isotherm D where P/Pyat is the largest—93.6 percent 
—calculations based on the results of Bowers? indicate 
that the amount of gas adsorbed on the cell walls is 
far from significant. 

Although one may represent the PV/N product for 
a gas in terms of a power series in either the pressure 
or the density, there is a priori no way to determine 
which of these offers the better description. Analytically, 
the coefficient of the linear term—the second virial 
coefficient, B—is the same for both representations; 
but, in practice, the same data usually produce different 
values of B from the two methods. We have therefore 
adopted the procedure of using that representation 
which exhibits the least curvature, for in this way the 
extrapolation of the slope from finite values of P or N/V 
to zero is less indefinite. We are able to demonstrate 
that for He‘ at low temperatures the expansion in V/V 
is to be preferred, and that in order to achieve the same 
accuracy in B’s using the pressure expansion, one should 
obtain data at pressures an order of magnitude lower 
than our lowest pressures. 

It follows then that, since all the points of an isotherm 
are not taken at exactly the same temperature (Table I, 
column 4; temperatures determined from the vapor 


® R. Bowers, Phil. Mag. 44, 485 (1953). 
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TABLE IT. Calculations from the data. 











Isotherm A B Cc D E 
Tas °K 3.961 3.348 2.862 2.324 2.154 
Results using two-constant 
equation 
1. A=RT,cc-mm/mole 246942 208341 178285 144720 133 934 
2. p.e.® in A, °K 0.0010 0.0014 0.0008 0.0010 0.0007 
3. Tas —T isotherm 0.0012 0.0073 0.0032 0.0034 0.0063 
4. B, cc/mole —83.70 —103.4 -—123.6 -—157.7 —176.4 
5. p.e.* in B, cc/mole 0.43 0.65 0.61 1.79 1.82 
6. p.e.b of a measured 
point, % 0.04 0.07 0.05 0.09 0.03 
7. N/V of saturated 
vapor, g/cc 0.01315 0.00671 0.00369 0.00155 0.00109 
8. 2522/(n —2) =E2 24536 45608 14495 36129 4050 
Results using three-con- 
stant equation 
9. A, cc-mm/mole 246921 208297 178134 144488 133 768 
10. B, cc/mole —83.31 -—102.4 -—117.8 -—140.8 —159.3 
11. C, cc?/mole? —358 —823 —7282 -—3855 -—5231 
12. Lés?/(n —3) =Es 27125 49504 12031 37144 4167 
13. OQ =E2/Es 0.905 0.921 1.205 0.973 0.972 








® The probable error (p.e.) is calculated according to equations given by . 
R. T. Birge, Phys. Rev. 40, 207 (1932). 
» Calculated from the equation: p.e. =0.6745(262/(n —1) J}. 


pressure thermometer and the 1948 scale® are given) 
a correction to the raw PV/N product must be made 
in the following form: 


PV N dB 
a(—) = Rat] 14+—( B+ rT) | 
N V dT 


Since B is negative and dB/dT positive for the isotherms 
measured here, the term in inner parentheses is small so 
that in most cases RAT is the only significant term. 
Where the term (B+-7dB/dT) could not be neglected, 
values of B and dB/dT were taken from Table I of the 
paper” by Kilpatrick, Keller, Hammel, and Metropolis. 
Corrected PV/N products are given in column 5 of 
Table I. 

Figure 3 shows the data graphically : the isotherms are 
reduced to the same ordinate by plotting (PV/N)/RT 
vs N/V, for which RT was obtained from the linear fit 
to the data. 

Perhaps the best picture of the precision of the meas- 
urements can be obtained from the probable error in 
the individual points and in the constants calculated 
from these points; these probable errors for fitting the 
data with a linear equation by the method of least 
squares are shown in lines 2, 5, and 6 of Table II. 
Column 6 of Table I shows the individual residuals (62) 
for the linear equation. The rather wide scatter in the 
points for isotherm D is attributed to poor temperature 
control. For this isotherm most of the points were 
obtained with the bath regulator working inefficiently— 
it is believed that tape wrapped around the heater pre- 
vented free bubble formation; and in the region just 
above the A point vigorous stirring of the bath is im- 
portant. When the tape was removed, much better 
control resulted, though none of the points measured 
previous to this could be considered bad enough to 


(1) 


9H. Van Dijk and D. Shoenberg, Nature 164, 151 (1949). 
1 Kilpatrick, Keller, Hammel, and Metropolis, Phys. Rev. 94, 
1103 (1954). 
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discard. Indeed, it is felt that the large scatter of some 
other points such as B-2-3 and D-6-1, can also be 
attributed to nonequilibrium resulting from poor bath 
control. Evidence for this conclusion is found in the 
high precision in the measurements of the isotherm at 
2.153°K. One would expect that because of the lower 
pressures and smaller amounts of gas involved, errors in 
P and N/V would be larger here than in the other 
isotherms; however, the temperature control was ex- 
cellent, and below the A point equilibrium was more 
rapidly established than above it. 


B. Virial Coefficients 


In the last section we mentioned only results derived 
from fitting the data with a two-constant equation, 
whereas previous authors’ have analyzed their data 
in terms of three-constant equations, and, in one case, 
a four-constant equation. It is indeed obvious that if 
one has » sets of data the sets will be better fitted the 
more constants are employed, this process reaching a 
limit in an m-constant polynomial exactly satisfied by 
all m-sets. However, the questions arise: What is the 
significance of these constants, and where does one stop 
this process? To answer these questions for our data, 
we proceed to justify the linear treatments. 

For each isotherm, the data were fitted with two 
polynomials of the form 


PV/N=a+b(N/V)+c(N/V)?+::-, 


2 
a=A=RT; b=aB; c=aC; etc., 2) 
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Fic. 4. Plot of the density of the saturated vapor of He‘ vs tem- 
perature. @ Mathias ef al.; a calculated from Keesom’s accepted 
values of B and C; w Berman et al.; gj calculated from B’s of the 
present work (two-constant equation). 
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in the first instance retaining only the first two terms 
and in the second only the first three terms. The con- 
stants obtained from these analyses are given on lines 
1, 4, 9, 10, and 11 of Table II, from which it is seen 
that there is a significant difference in the B’s obtained, 
especially for isotherms C, D, and E. One semiquantita- 
tive test which may be applied to effect a choice between 
the two analyses is to examine the quantity Q: 


ecnina(E)/(EX) Her 


where }-4,2 is the sum of the squares of the deviations 
of the ” experimental points from the k-constant equa- 
tion. Setting k= 2 and k’ =3, we obtain the values of E2, 
E; and Q as given on lines 8, 12, and 13 of Table II. 
For isotherms A, B, D, and E we see that @ is less than 
unity, indicating that the addition of a third constant 
is not only superfluous, but may even cause the data 
to be misrepresented. The value of Q for isotherm C 
does not depart sufficiently from unity to warrant in- 
clusion of the square term in the equation. An alternate 
statement of the above conclusion is that the addition 
of a square term does not significantly lower the prob- 
able error of a measured point since the curvature 
introduced is of the same order of magnitude as the 
scatter of the points. This can be seen to be so, qualita- 
tively, by examining Fig. 3. Especially for the two end 
isotherms, A and E, it is difficult to imagine how any 
curve but a straight line could be drawn to represent 
the data. 

That the results of the two-constant fit are consistent 
with thermodynamic data, we cite the values of the 
density of the saturated vapor of He‘ above 4.2°K 
recently calculated by Berman and Swenson" from 
latent heat measurements of Berman and Poulter.” 
Four of the values given in reference 11 are plotted in 
Fig. 4 along with those measured by Mathias, Crom- 
melin, Onnes, and Swallow," those calculated from 
Keesom’s “adopted values” of the virial coefficients," 
and those calculated from our B’s determined with the 
linear equations (Table II, line 7). A curve passing 
through the points of Berman and Swenson joins nicely 
onto the section determined by points of the present 
investigation. Below about 2.5°K, the values of the 
vapor density are relatively insensitive to the exact 
value of B. 

A more qualitative argument is one which requires 
the plot of B vs T to be smooth. Figure 5 shows such a 
plot for a variety of data: Keesom’s B’s re-evaluated 
(see below) using a linear and a quadratic fit, Kiste- 
maker’s B’s re-evaluated, and the present values of B 
determined by two- and three-constant equations. It is 








1 R, Berman and C. A. Swenson, Phys. Rev. 95, 311 (1954). 

2 R. Berman and J. Poulter, Phil. Mag. 43, 1047 (1952). 

3 Mathias, Crommelin, Onnes, and Swallow, Comm. Leiden, 
No. 172b (1926). 

14 See reference 1, p. 49. 
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TABLE III. Re-evaluation of data of Keesom and Walstra. 











Isotherm °Ks 4.245 3.721 3.105 2.610 
Results using two-constant 
equation 
1. A =RT, cc-mm/mole 264463 232283 194 re 163 434 
2. B, cc/mole —74.45 —89.7  —114 —138.1 
3. p.e. of a measured point, % 0.08 0.09 0. 008 0.10 
Results using three-constant 
equation 
4. A, cc-mm/mole 265 206 =231705 193750 163017 
5. B, cc/mole —78.25 —85.2 -—108.3 —123.8 
6. C, cc?/mole? 1013 —1747 —4361 —18 300 
7. p.e. of a measured point, % 0.04 0.08 0.016 0.1 
8. O=E:/E: 4.454 0.991 1.808 0.981 
Reported results of Keesom and 
stra 
9. A, cc-mm/mole 264 ry 232095 193660 162 809 
10. B, cc/mole —75.4 —87.9 —107 —11 
11. C, cc?/mole? Oot —779 —5280 —24 100 








® These isotherms are labeled by the temperature given by Keesom and 
Walstra (reference 3). 
b Keesom and Walstra give a value of D for this isotherm. 


seen that when all the data are fitted to linear equations, 
B vs T is smoother than when fitted to quadratic equa- 
tions, indicating that the former representation is to be 
preferred. The solid line in the figure represents a 
theoretical curve'® calculated from potential constants 
which give the best fit to the low-temperature and high- 
temperature experimental second virial coefficients and 
high-temperature transport properties. Since the shape 
of the curve is not affected by a change in potential 
constants, it follows that its position could be adjusted 
by a fit of these constants to one experimental point. 
The nature of the agreement of this curve with all the 
“two-constant” B’s is therefore extremely gratifying. 
On the other hand, whereas the present data and those 
of Keesom et al. yield a consistent set of B’s calculated 
from two-constant equations, the values of C obtained 
from all the data by no means form a smooth pattern. 

All of the above evidence taken together presents a 
compelling argument for terminating the virial ex- 
pansion after the second term for the existing data on 
He gas below 4°K. This does not preclude the possi- 
bility that in the future more accurate measurements 
will determine precise nonzero C’s; but we strongly 
suspect that B’s from these data will be closer to the 
values we select here than those given by the present 
quadratic expressions. It may appear anomalous that 
the third virial coefficient of the gas be unimportant 
over a considerable temperature range, but then there 
is no theory which at present can predict the behavior 
of C. Incidentally, C being zero or small’for the density 
virial expansion implies that the third and possibly 
higher coefficients for the pressure expansion are of 
importance. 


C. Data of Keesom ef al. 


We must now seek an explanation for the disagree- 
ment between the published virials of Keesom e/ al. and 
the ones determined in the present investigation. In 


18 Kilpatrick, Keller, and Hammel, following paper [Phys. Rev. 
97, 9 (1955)]. 
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their paper, Keesom and Walstra’ state that the 
analysis of the data was carried out independent of the 
temperature and that the calculated values of A con- 
firmed that they measured the temperature of the 
isotherms correctly. However, when we analyzed the 
isotherm data of Keesom and Walstra using the method 
of least squares, quite different results were obtained 
as shown in Table III. If, on the other hand, one treats 
the data with a quadratic least-squares analysis keeping 
A fixed by the temperature (i.e., treating RT as an 
experimental point), one arrives at the published values 
of B and C. From the arguments presented in the second 
paragraph of Sec. II-A of this paper and from the fact 
that the temperature scale used by Keesom is at present 
considered to be in error, the fixing of A in the above 
manner is highly susceptible to criticism. A dramatic 
effect in the change of B resulting from a change in 
temperature scale may be observed by comparing the 
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Fic. 5. Plot of B vs T. @ Original values of Keesom and 
Walstra; © same data re-evaluated by three-constant equation; 
@ same data re-evaluated by two-constant equation. A Original 
values of Kistemaker and Keesom; « same data re-evaluated by 
two-constant equation. 1 present data, three-constant equation; 
@ same data, two-constant equation. Solid line represents theo- 
retical curve. 
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isotherms of Keesom and Kraak? with those of Keesom 
and Walstra.* 

A glance at line 8 of Table III discloses that perhaps 
the choice between a two-constant and a three-constant 
fit to the Dutch data is not quite so clear-cut as in the 
case discussed above. Indeed, the fact that for the 
isotherm at 4.245°K there are 18 experimental points 
and the probable error of a point is reduced by a factor 
of two when the data are fitted to an equation with three 
constants rather than two, suggests that the C for this 
isotherm possesses significance. On the other hand, for 
the 3.105°K isotherm one is inclined to discount the 
increased precision on adding a third constant since 
there are only five experimental points for this tem- 
perature. Also it is highly unreal to consider C important 
for this isotherm when the value of Q for isotherms on 
either side indicate negligible C’s for these. 

We have already observed that when our experi- 
mental data along with those of Keesom and Walstra 
are represented by two constant equations a remarkably 
consistent set of B’s is obtained. This indicates that 
the resultant of the systematic errors in both investi- 
gations either is in the same direction and of nearly 
same magnitude, or, what is more probable, is quite 
small. Here too is seen an advantage of the density 
expansion over the pressure expansion, for the agree- 
ment in B’s is achieved in spite of the fact that Keesom 
and Walstra’s lowest pressures are correspondingly 
much higher than ours, viz.: on the 4.245°K isotherm 
the lowest pressure is 105 mm Hg; at 3.721°K, 96.8 mm; 
at 3.105°K, 61.8 mm; and at 2.610°K, 28.7 mm. For 
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Fic. 6. Plot of deviations of the thermodynamic temperature 
from the 1948 scale vs T. @ Average values of Erickson and 
Roberts (Fig. 4, reference 17); ™ from isotherms of present work. 
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the pressure range of our measurements we again refer 
the reader to Table I. 

Accepting the conclusion that C is insignificant at 
least for the lowest three isotherms of Keesom and 
Walstra, the data of Kistemaker and Keesom‘ must be 
re-evaluated. Since the data for the isotherms below 
2.7°K are not sufficiently precise to determine C’s 
directly, the latter authors corrected their measured 
PV/N products using C’s extrapolated from Keesom 
and Walstra’s smoothed values of C above 2.7°K 
(these of course are erroneous even if the three-constant 
analysis were correct); the adjusted PV/N products 
were then used to determine B’s. These and the B’s 
that result if the corrections for C are not made are 
shown in Fig. 5. 


D. The Temperature Scale 


The type of measurements described here may serve 
to establish a thermodynamic temperature scale and at 
the same time to calibrate a convenient thermometric 
substance. Values of A divided by the gas constant R 
yield the absolute temperatures of the isotherms, which 
may be correlated with the vapor pressure of the liquid 
He in the thermometer. It has been suggested by 
Kistemaker*!® and more recently by Erickson and 
Roberts!” from magnetic data that the 1948 temperature 
scale® is in error below 4.2°K. More weight is added to 
this conclusion by the present measurements, as shown 
on line 3 of Table IT and in Fig. 6, where the deviations 
of the isotherm temperatures from-the 1948 tempera- 
tures are compared with the average of all the magnetic 
data (reference 17, Fig. 4). The magnetic measurements 
are given relative to the chosen value for the tempera- 
ture of the normal boiling point of He‘, whereas the 
isotherm data are independent of this value. However, 
Berman and Swenson" conclude that the accepted 
value of the boiling point is accurate to +0.002°. It is 
seen from Fig. 6 that the agreement is within about 
0.002° for the four highest isotherms and about 0.004° 
for the lowest; this is considered quite satisfactory, and 
is further confirmation of the above conclusion. 
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A set of potential constants for the He-He exp-six intermolecular potential has been found which leads to 
calculated results in good agreement with the experimental second virial coefficients of He* both at high 
and at low temperatures and with the high-temperature viscosity and thermal conductivity data. A table of 
the second virial coefficients of He* and He‘ over the temperature range 0.3°K to 60°K is given. The position 
of a negative discrete energy as a function of some of the parameters of the exp-six potential has been 


investigated. 





I, INTRODUCTION 


ECENTLY we have published! the results of our 
calaulation of the second virial coefficients of He* 
and He‘ with a Lennard-Jones 12-6 intermolecular 
potential. For two reasons it has seemed desirable to 
repeat these calculations with a different type po- 
tential: (1) Mason,” Rice and Hirschfelder,* and Mason 
and Rice* have shown that the Lennard-Jones 12-6 
potential is not capable of giving as good a representa- 
tion of the high temperature equation of state and 
transport data for He‘ as is the exp-six potential (vari- 
ously known as the Slater-Kirkwood, the modified 
Buckingham, the Mason-Rice, and the exp-six poten- 
tial); (2) in the light of the work done recently by 
Keller® on the second virial coefficients of He* at low 
temperatures, it now appears that the true experimental 
values are distinctly more negative than is indicated 
by the results of earlier authors. In addition, these new 
data and re-analyzed older data lead to values of B 
that are considerably more consistent and are probably 
more accurate than the second virial coefficients pre- 
viously published. We first calculated the second virial 
coefficients of He‘, using the exp-six potential with the 
constants given by Mason and Rice.‘ Since the calcu- 
lated B’s from this potential were not in good agree- 
ment with the low-temperature experimental data, the 
potential constants were modified in such a way as to 
preserve the agreement with the high-temperature data 
and also to give a good fit to the low-temperature second 
virial coefficients. 


Il. METHOD 


The numerical method used in this work closely 
parallels that used in reference 1. The following modi- 
fications were made: 

(1) The radial scaling factor was arbitrarily set at 
p=2.77A in order that the exp-six potential should have 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
{ Department of Chemistry, The Rice Institute, Houston, 
Texas. 
1 Kilpatrick, Keller, Hammel, and Metropolis, Phys. Rev. 94, 
1103 (1954). 
2E. A. Mason, J. Chem. Phys. 22, 169 (1954). 
( 3W. E. Rice and J. O. Hirschfelder, J. Chem. Phys. 22, 187 
1954). 
4E. A. Mason and W. E. Rice, h Chem. Phys. 22, 522 (1954). 
5 W. E. Keller, preceding paper [Phys. Rev. 97, 1 (1955) ]. 


a zero at about the same location as that of the 12-6 
potential used in reference 1. 

(2) The integration pattern was R=0.625 (1/128) 
1.5 (1/64) 16, rather than 0.625 (1/128) 1.5 (1/64) 4 
(1/32) 8 as used in reference 1. This change resulted in 
somewhat higher accuracy in the phase shifts for the 
higher energies. 

(3) The pattern of the reduced energy or wave- 
number parameter g was g=0 (§) 10.5 (4) 18. The 
wider spacing was shown to result in no appreciable 
loss in accuracy in the calculated virials, and the in- 
creased range eliminated the necessity for a tail-end 
correction on the integral for the virials at 50°-60°K. 

(4) The junctions of the numerically integrated 
phase shifts to the Born approximation phase shifts 
were made uniformly according to the formula /*=[aq ], 
where a= 3 for He‘ and a= 4 for He’, the square brackets 
indicate the largest even integer contained in aq, and 
I* is the last even / (and /*-+-1 the last odd /) for which 
phase shifts were calculated numerically. 

The natural constants used in this work are as 
follows: 


k= 1.380257 X 10-'*, 
h=6.62377 X10’, 
No=6.02380X 10%, 
4.00390, 
3.01700. 


Boltzmann’s constant: 
Planck’s constant: 
Avogadro’s number: 
Atomic weight He’: 
Atomic weight He’: 


III. POTENTIALS 


The several exp-six potentials used in this work will 
be designated by MR1, MR2, etc., and the Lennard- 
Jones 12-6 potentials used in reference 1 similarly by 
LJ1, LJ2, and LJ2’. The exp-six potential was taken 
in the standard form 


: [- o-tiend nf 1 
1—6/a hg (*) } “) 


The constant ¢ (given in this work as ¢/k °K) is the 
depth of the potential minimum, r, is the value of r 
at the minimum, and a determines the hardness of the 
repulsive core. 

It is immaterial that this potential has a maximum 
at rr, and then approaches minus infinity as r goes 


V(r)= 




















V(R)/k OK 














R.A 


Fic. 1. Potential of interaction of two He atoms. 


to zero. The phase shifts are not appreciably affected 
by the portion of the potential near the origin in the 
range of potential constants used. 

In Table I the potential constants for the various 
exp-six potentials used in this work are listed, together 
with the constants of some Lennard-Jones 12-6 po- 
tentials and the original theoretical Slater-Kirkwood* 
potential. Figure 1 shows graphically the relation of 
potentials LJ1, MR1, and MRS. 

According to Mason and Rice*:’ it is necessary that 
a= 12.4 in order to preserve the fit to the high-tem- 
perature data. In all of the exp-six potentials used in 
this work this value of a has been used. On the other 
hand, the values of r, and ¢«/k are not determined 
uniquely by the high-temperature data. Mason’ has 
very kindly calculated for us several €/k, tm pairs which 
result in just as satisfactory a fit to the high-temperature 


TABLE I. Potential constants of various exp-six 
' and 12-6 potentials. 











a e/k, °K Ym, A 
MRi 12.4 9.16 3.135 
MR2 12.4 8.76 3.138 
MR3 12.4 7.85 3.150 
MR4 12.4 7.682 3.185 
MRS5 12.4 7.5628 3.1894 
LJ1 10.22 2.86911 
LJ2 10.3364 2.86911 
LJ2' 10.22 2.88541 
Slater-Kirkwood 13.54 9.25 2.943 








C. Slater and J. G. Kirkwood, Phys. Rev. 37, 682 (1931). 
E. A. Mason and W. E. Rice (private communication). 





KILPATRICK, KELLER,.AND HAMMEL 


data as does the original set of Mason-Rice‘ constants. 
These alternative constants satisfy the linear log-log 
relation, 


— 10.86957 logrm+ 6.35368 = log (€/k). (2) 


Since the very low-temperature second virial coeffi- 
cients depend in a different way upon the relative values 
of rm and ¢/k than do the high-temperature virials, it 
was possible to adjust the low-temperature fit inde- 
pendently of the high-temperature fit. 

The original Mason-Rice constants (MR1) lead to 
second virial coefficients for He‘ distinctly too negative 
in the 2°-4°K temperature range. Mason thereupon 
suggested the constants of MR2, which lead to results 
still too negative. MR3 was estimated by extrapolation 
from MR1 and MR2 and is about right but is not quite 
consistent with Eq. (2) (which was unknown to us at 
the time). MR4 gives nearly the same second virial 
coefficients as MR3 but is consistent with Eq. (2). 
MRS is our final best potential. All of the figures given 
for the constants of MRS in Table I are not significant 
in the sense of being required to fit the experimental 
data but are given as they were actually used in the 
calculation of the phase shifts. 

In reference 1 an extensive table of the second virial 
coefficients of helium using L/1, the original de Boer- 
Michels ‘potential, is given, along with a brief table 
showing the effect of small variations in these con- 
stants (LJ2 and LJ2’). These data could readily be 
extrapolated to find a set of Lennard-Jones constants 
(LJ3) yielding results in agreement with the experi- 
mental virial data quoted in this paper. The parameter 
~? would be about 22.55. It is quite possible that the 
true He-He interaction potential is quite different from 
MRS. The evidence for this conclusion is that LJ3 and 
MRS, giving essentially the same virial coefficients, 
differ considerably in form. 


IV. RESULTS 
A. Second Virial Coefficients 


Figure 2 shows some of the phase shifts for He* ob- 
tained from MR1i and MRS. The phase shifts for MR1 
are always more positive than those for M.R5; however, 
only when /=0 and q is small is this difference large. 
A system composed of two Het atoms interacting ac- 
cording to the MRS potential has no discrete negative 
energy level; consequently the phase shift is zero at 
q=0. Since this potential very nearly has a discrete 
level, the phase shifts for /=0 increase rapidly to a 
maximum. The MR1 potential, on the other hand, has 
a discrete level, and phase shifts for /=0 start at + and 
decrease rapidly. The phase shifts for LJ1 [shown in 
reference (1)] are very slightly more negative than 
those for MRS. 

The second virial coefficients of He‘ and He® (Bu 
and B33) as calculated from potential MRS are given in 
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TABLE II. Second virial coefficients of He‘ and He’. 














Bu Bas Bu Bas Bu Bas 
7*a cc/mole cc/mole 7° cc/mole cc/mole Tx. cc/mole cc/mole 
0.3 — 2709.0 — 490.2 3.5 — 96.46 — 73.22 10.5 — 18.36 — 12.78 
0.4 —1711.4 — 439.7 3.6 —93.18 —70.81 11.0 — 16.60 — 11.34 
0.5 — 1206.9 — 395.0 3.7 —90.09 — 68.52 11.5 — 15.00 — 10.03 
0.6 — 914.1 —356.8 3.8 — 87.15 — 66.34 12.0 — 13.53 — 8.83 
0.7 — 727.7 — 342.2 3.9 — 84.37 — 64.26 12.5 — 12.18 — 7.72 
0.8 — 600.9 — 296.3 4.0 — 81.73 — 62.29 13.0 — 10.94 — 6.70 
0.9 — 510.1 —272.1 4.1 —79.22 — 60.40 135 — 9.79 — 5.75 
1.0 — 4424 — 251.14 4.2 — 76.83 — 58.60 14.0 — 8.73 — 4.87 
1.1 — 390.2 — 232.76 4.3 —74.56 — 56.88 14.5 — 7.74 — 4.06 
12 — 348.9 — 216.57 4.4 —72.38 — 55.23 15.0 — 6.82 — 3.29 
1.3 — 315.3 — 202.21 4.6 — 68.33 — 52.14 15.5 — 5.96 — 2.58 
1.4 — 287.62 — 189.41 4.8 — 64.61 — 49.30 16.0 — 5.16 — 1.91 
1:5 — 264.33 — 177.93 5.0 — 61.19 — 46.67 17.0 — 3.70 — 0.69 
1.6 — 244.48 — 167.60 Sz — 58.03 —44.24 18.0 — 241 0.39 
1.7 — 227.34 — 158.25 5.4 —55.11 — 41.98 19.0 — 1.26 1.35 
1.8 — 212.39 — 149.75 5.6 — 52.40 — 39.87 20.0 0.25 2.21 
1.9 — 199.23 — 142.01 5.8 — 49.88 —37.91 21.0 0.70 2.99 
2.0 — 187.54 — 134.92 6.0 — 47.53 — 36.06 22.0 1.53 3.69 
2.1 — 177.08 — 128.42 6.2 — 45.33 — 34.34 23.0 2.29 4.33 
14 — 167.66 — 122.42 6.4 — 43.26 —32.72 24.0 2.98 4.92 
2.3 — 159.14 — 116.89 6.6 — 41.33 — 31.19 25.0 3.62 5.45 
2.4 - — 151.38 — 111.76 6.8 — 39.50 —29.75 26.0 4.20 5.94 
2.5 — 144.28 — 107.00 7.0 — 37.78 — 28.39 27.0 4.73 6.39 
2.6 — 137.76 — 102.56 7.2 — 36.16 — 27.10 28.0 S272 6.80 
2.7 — 131.75 — 98.42 7.4 — 34.63 — 25.88 29.0 5.67 7.19 
2.8 — 126.20 — 94.56 7.6 —33.17 — 24.72 30.0 6.09 7.54 
2.9 — 121.04 — 90.93 7.8 —31.79 — 23.62 35.0 7.80 8.98 
3.0 — 116.24 — 87.53 8.0 — 30.49 — 22.57 40.0 9.02 10.02 
3.1 — 111.76 — 84.33 8.5 —27.48 — 20.16 45.0 9.92 10.79 
$2 — 107.57 — 81.31 9.0 — 24.82 — 18.02 50.0 10.61 11.37 
3.3 — 103.64 — 78.46 9.5 — 22.44 — 16.09 55.0 1 11.81 
3.4 — 99.94 — 75.77 10.0 — 20.29 — 14.35 60.0 11.53 12.16 








Table II. The cross second virial coefficient, By, is 
probably very nearly as given in reference (1) and was 
not recalculated. In Fig. 3, these calculated results are 
shown together with the experimental data (from 
reference 5). For comparison, a portion of the calcu- 
lated results from MR1 and from L/1 are also shown. 
Although MRS gives better agreement with the experi- 
mental data in the very low and the high temperature 
region, LJ1 (reference 1) is somewhat superior in 
the middle temperature region. 




















Fic. 2. Phase shifts for He‘; MR1 dashed curves, 
MRS solid curves. 


B. Discrete Levels 


It was immediately apparent from the behavior of 
the low energy phase shifts for MR1 (He*) that this 
system has a low-lying negative discrete energy level. 
We first determined the exact position of this level and 
then proceeded to a general investigation of such levels 
for the exp-six potential. A similar investigation has 
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Fic. 3. Second virial coefficient of He‘ vs temperature. Experi- 
mental points: @ W. H. Keesom and W. K. Walstra, Physica 13, 
225 (1947); AG. P. Nijoff and W. H. Keesom, Leiden Comm. 188b 
(1927); C1 Nijoff, Keesom, and Iliin, Leiden Comm. 188c (1927); 
© L. Holborn and J. Otto, Z. Physik. 38, 359 (1926); V7 J. Kiste- 
maker and W. H. Keesom, Physica 12, 227 (1946); revised by 
W. E. Keller, preceding paper [Phys. Rev. 97, 1 (1955)]; O 
W. H. Keesom and W. K. Walstra, Physica 7, 985 (1940); revised 
by W. E. Keller, preceding paper; @ W. E. Keller, preceding paper. 
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already been carried out for the Lennard-Jones 12-6 
potential.® 

A very simple technique was used. With the aid of 
the numerical integration system already on hand, very 
little time was required to integrate directly the wave 
equation out to a large value of R and to adjust the 
initial estimate of the negative eigenvalue on the basis 
of the behavior of the wave function. This process was 


TaBLE III. Discrete levels for He‘, exp-six potential, a= 12.4. 











¢/k, °K 1m(¢/k)* Cc E-/k, °K 
n= 3.0A 
8.639887 8.818105 0.000000 0.000000 
8.8 8.899437 0.0166 — 0.00044 
9.0 9.000000 0.04102 —0.00266 
9.2 9.099450 0.06354 — 0.00637 
9.4 9.197826 0.086029 —0.011684 
9.6 9.295161 0.108398 —0.018551 
10.0 9.486834 0.152777 — 0.036850 
tm=3.2A 
7.593743 8.818159 0.000000 0.000000 
7.7 8.879638 0.0132 — 0.00027 
7.8 8.937114 0.02539 — 0.00102 
7.9 8.994221 0.03662 —0.00212 
8.0 9.050966 0.04932 — 0.00384 
8.4 9.274480 0.097142 —0.014898 
8.8 9.492733 0.144500 — 0.032965 
1m=3.4A 
6.726675 8.818184 0.000000 0.000000 
7.0 8.995553 0.03467 —0.00190 
7.2 9.123159 0.06079 — 0.00583 
7.6 9.373154 0.111517 — 0.019634 








(1 


8jJ. E. Kilpatrick and M. F. Kilpatrick, J. Chem. Phys. 19, 930 
951). 
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continued until the eigenvalue was determined with 
sufficient accuracy. 

It is convenient to give our results in terms of the 
reduced parameter q-, 


q =L—(2u/h?)p°E-}}, (3) 


where yw is the reduced He* mass, p=2.77A, and E- 
is the negative energy level. All of the following results 
are for a pair of He‘ atoms, since the physically realistic 
range of potential constants cannot result in a discrete 
level for He’. 

The potential MR1i has a discrete level at g- 
= 0.146498 or E~/k= —0.033883°; MR2 at gq =0.101961 
or E~/k=—0.016413°; and MR4 at g-=0.0020 or 
E-/k=—0.000006°. MR3 and MRS have no discrete 
level. 

It is of some interest to note that, since LJ3 (very 
nearly the equivalent of MRS in terms of the very 
low-temperature second virial coefficient) definitely has 
a low-lying discrete level, the question of whether He‘ 
really has a discrete level is still open. 

Table III shows the location of the discrete level for 
a number of fm, ¢/k pairs, always with a=12.4. In the 
study of discrete levels for the Lennard-Jones potential,® 
it was found that g~ was very nearly linear in rm (¢/k)?. 
This same relationship is valid for the exp-six potential. 
The value of rm(¢/k)+ for gq =0 is very nearly constant; 
the three curves (%m=3.0, 3.2, and 3.4A) of q~ vs 
tm(¢/k)* are essentially straight and have almost the 
same slopes. , 
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Measurements with probes in a plasma of helium ions and electrons in the afterglow of an induction- 
excited discharge in a toroidal tube with a toroidal magnetic field reveal an oscillatory probe current which is 
presumably indicative of fluctuations in the ion density. The space distribution of these fluctuations and the 
dependency of their amplitude and frequency on the pressure and magnetic field are consistent with the 
assumption that plasma waves, similar to the magnetohydrodynamic type described by Alfvén, exist in this 
toroid. Measurements of electron density by a microwave method in another toroidal tube, which is in the 
form of a microwave resonant cavity, show that in this tube the degree of diffusion control in helium at low 
pressures is apparently orders of magnitude less than one would calculate from the classical theory of 
ambipolar diffusion of ions and electrons in a magnetic field. The measurements show a marked minimum in 
the diffusion coefficient as a function of magnetic field at about 600 gauss. An attempt is made to explain this 
minimum and the lack of diffusion control in terms of plasma waves. Experimental evidence that plasma 
waves exist in this toroid in a magnetic field has been seen in oscillations which appear on the rf envelope of 
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the exciting pulse from the magnetron. 





& 


HE rate of diffusion of ions and electrons across a 
magnetic field has attracted some interest.!-§ 
Probe measurements reported by Bohm! have indicated 
that the degree of control of diffusion of ions and 
electrons by a magnetic field is not nearly so great as 
predicted by the orthodox collision theory. He attri- 
buted this lack of control of ion diffusion by the 
magnetic field to a turbulence which is, in some manner, 
associated with plasma oscillations. 

In the pursuance of a research project specified in a 
contract with the Geophysics Research Division of the 
Air Force Cambridge Research Center, measurements 
have been performed at Tufts College on the properties 
of an ionized plasma in the presence of a magnetic field, 


PROBE MEASUREMENTS OF PLASMA PROPERTIES 
IN A MAGNETIC FIELD IN THE AFTERGLOW 
OF A PULSED DISCHARGE 


The first experiment involved the measurement by 
probes of the properties of a plasma in a toroidal tube in 
a magnetic field during the “afterglow” period which 
follows thé pulsed induction-excited discharge. The 
toroidal tnbe was constructed of two Corning glass 
U bends, 1} in. i.d., with two brass straight sections 
joining them in the race track tube diagrammed in Fig. 1. 
This tube was wound with No. 13 wire for the excitation 
of a toroidal dc magnetic field and was linked with two 
pulse transformer cores, the 10-turn primaries of which 
were excited by the circuit diagrammed in Fig. 1. Either 


*The work reported here was sponsored by the Geophysics 
Research Division of the Air Force Cambridge Research Labo- 
ratories. 

1A. Guthrie and R. K. Wakerling, The Characteristics of 
Electrical Discharges in Magnetic Fields (McGraw-Hill Book 
Company, Inc., New York, 1949), first edition, pp. 11 and 68. 

2M. H. Johnson and E. O. Hulburt, Phys. Rev. 79, 802 (1950). 

3M. H. Johnson in Proceedings of the Conference on Ionospheric 
Physics, Vol. II, Part B, 1950 (unpublished). 
a9 $) T. Fundingsland and G. E. Austin, Phys. Rev. 79, 232 

5H. Alfvén, Cosmical Electrodynamics (Oxford University Press, 
London, 1950), first edition, p.56. ~ 
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electron current or positive-ion current to the probe 
could be measured during the period which followed the 
excitation pulse. The probe was connected to its resistor 
and amplifier only during an examining interval of about 
1000 usec which could be delayed at will to include any 
portion of the afterglow period under scrutiny. This 
arrangement prevented paralysis of the sensitive ampli- 

































































Fic. 1. Circuit used for induction-excitation of the toroidal 
discharge tube and measurement of ion density in the afterglow by 
means of a probe: (1) induction-excited toroid, (2) pulse trans- 
former cores, (3) straight brass sections, (4) glass U bends, (5) 
master trigger source, (6) trigger amplifier, (7) pulse generator, 
0.02 uf charged to 20 kv, (3) variable trigger delay, (9) pulse 
generator for relay coil, (10) Stevens-Arnold relay, (11) signal 
resistor for measuring positive-ion or electron current, (12) 
synchroscope, (13) dc voltage source for probe, (14) probe, and 
(15) coils for annular magnetic field. 
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fier by the excitation pulse and minimized the “robbing” 
of the plasma by the probe. The dc toroidal magnetic 
field current was supplied by means of storage batteries 
for intervals of a few seconds during which measure- 
ments were made. Magnetic fields were obtainable up to 
about 800 gauss. 

The striking feature® of these probe measurements in 
both helium and nitrogen in a magnetic field is the fact 
that both electron current and positive-ion current are 
oscillatory in character. The measurements show (a) 
that these oscillations are absent in the absence of a 
magnetic field, (b) that their amplitude increases toward 
the periphery of the tube, (c) that their amplitude in- 
creases as the magnetic field and the pressure are re- 
duced, and (d) that their frequency increases as the 
magnetic field and the pressure are increased. The 
authors have attempted to interpret® these oscillations 
in terms of plasma waves of a magneto-hydrodynamic 
type, i.e., a transverse wave with direction of propaga- 
tion in the direction of the magnetic field. 


Since this tube could not be baked, and hence the gas 
in this tube could not be purified to a high degree, no 
accurate measurements could be made upon the rate of 
diffusion loss of ions and electrons in the afterglow in a 
magnetic field. Attachment losses of electrons could 
easily obscure the diffusion loss under these conditions. 


DETECTION OF OSCILLATIONS IN A DC CURRENT 
DISCHARGE IN A TOROID IN A 
MAGNETIC FIELD 


A second experiment performed on the properties of a 
plasma in a magnetic field employed a large copper 
toroid with an inside diameter of about 2 in. and a large 
diameter of 3 ft. This toroid has a much more uniform 
magnetic field than that shown in Fig. 1. A dc discharge 
was excited in argon at pressures from 0.2 to 1 mm Hg 
by placing a constant potential difference of about 600 
volts with a 3000-ohm resistor in series, across two 
probes which were located diametrically opposite each 
other around the toroid. A third probe, inserted into the 





(c) 


(4) 


Fic. 2. (a) Argon at 0.5 mm Hg, H=350 gauss; frequency of oscillations is 6500 cps. (b) Argon at 0.5 mm 
Hg, H=460 gauss, H=530 gauss. (c) Argon at 0.2 mm Hg, H=530 gauss. (d) Argon at 0.2 mm Hg, H=690 


gauss. 


Current wave forms picked up by a probe in a plasma produced in the toroid shown in Fig. 1 at the 
indicated values of pressure and magnetic field in argon gas. The gas is excited by a dc potential of 600 volts 
between two probes which are diametrically opposite across the toroid. These wave forms are attributed to 
plasma waves of the magneto-hydrodynamic type. Note increase in higher-frequency components with 
increase in the magnetic field. Time is the abscissa and time marker dots are 100 usec apart. 


®° W. H. Bostick and M. A. Levine, Phys. Rev. 87, 671 (1950). 
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plasma in the toroid, was used to pick up the oscillations 
shown in Fig. 2, which reveal that the frequency of the 
oscillatory signals increases with the magnetic field 
value. This dependency of frequency on magnetic field 
is in the same direction as that found in the oscillations 
in probe current in the afterglow in the toroid shown in 
Fig. 1. 

Later this tube, with nitrogen at a pressure of 10~ to 
10~ nim Hg, was excited by means of a short microwave 
cavity placed at one station in the toroid. Under certain 
conditions it was possible to observe at the station 
diametrically opposite to the exciting station the light 
from the discharge excited by the microwave cavity. It 
was also possible under these conditions to pick up 
oscillations on the probes placed at three different 
stations around the toroid. Unfortunately, due to 
insufficient magnetron power the microwave cavity 
could be broken down at these relatively low pressures 
only over a small variation of magnetic-field values near 
gyroresonance at the microwave frequency for the 
electrons. The variation with magnetic field could there- 
fore not be explored as it was with the dc discharge in 
this tube. 

The gas in this large copper torcid could not be 
purified to a high degree and therefore it was impossible 
to devise, with this large tube, an experiment which 
would enable one to measure accurately the rate of 
diffusion of ions and electrons in a magnetic field. 


MEASUREMENT OF DIFFUSION OF IONS AND 
ELECTRONS IN A MAGNETIC FIELD IN A 
MICROWAVE CAVITY RESONATOR IN 
THE FORM OF A TOROID 


In order to measure accurately the rate of ambipolar 
diffusion of thermalized ions and electrons in a gas of 
high purity in a magnetic field the construction of a 
microwave coaxial cylindrical cavity with an annular 
magnetic field and associated equipment, (see Fig. 3), 
was planned by O. T. Fundingsland and G. E. Austin of 
the Geophysics Research Division. The construction of 
this cavity and equipment, and the subsequent measure- 
ments have been carried out in the laboratory at Tufts 
College. This tube was constructed of OFHC copper, 
baked on the pumps at 450°C, sealed off, wound with 
magnetic field coils, and resealed to the system without 
the admission of air. The system could be pumped to a 
pressure of 10~? mm Hg, and the pressure rise rate of the 
tube shut off from the pumps was 1.4 10-* mm/minute. 

The measurements performed with this apparatus 
concern the ambipolar diffusion of the thermalized Het 
ions and electrons in helium gas across a magnetic field 
in a toroidal tube. No provision was made for the 
insertion of probes in this apparatus. 

Measurements of electron density in the microwave 
cavity shown in Fig. 3, by means of the frequency-shift 
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Fic. 3. Microwave cavity with an annular magnetic field used 
for measurement of diffusion of ions and electrons across a 
magnetic field. The electric field of the exciting signal is Z, while H 
is the annular magnetic field. Also, ro=6.00 in.=15.24 cm; xo 
= 2.00 in.=5.08 cm; and z9=3.154 cm. 


method,’ were performed first at one value of the annular 
magnetic field and over a range of pressures from 0.050 
to 1.0 mm Hg. In this first set of experiments the fre- 
quency (w/2r=2930 Mc/sec) of the fundamental mode 
of the cavity (no ¢ variation and one half-cycle variation 
in r) was used for measurement of electron density in the 
afterglow following breakdown of the gas in the cavity 
at gyroresonance for the electrons at the centerline of 
the cavity on the sixth mode at 3970 Mc/sec. 

The second set of measurements utilized the funda- 
mental mode of the cavity for breakdown of the gas, and 
the frequency-shift measurement of the cavity was 
performed with either the fifth or sixth mode. With this 
arrangement it was found that breakdown could be 
achieved with values of the magnetic field of about 160 
gauss and greater. It was thus possible to measure 
diffusion as a function of magnetic field for various 
pressures. 

The arrangement for the first set of measurements 
with the fundamental mode used as the probing mode 
will now be discussed to illustrate the method of de- 
termining electron density. 

The electron density m at the centerline of the cavity 
can be obtained from the following calculations: the 
angular frequency shift Aw is given by 


sw=—ha fostdr / f a, (1) 


where o; is the imaginary part of the complex con- 
ductivity perpendicular to the magnetic field, E is the 
electric field of the unperturbed cavity, ¢ is 8.85X10-” 
farads/meter, and /(  )dv represents an integral over 
the volume of the cavity. 

Now® 

i= —enw/[m(w?—w,?) J, (2) 

7™M. A. Biondi and S. C. Brown, Research Laboratory of 
Electronics, Massachusetts Institute of Technology, Technical 
Report No. 34, Feb. 26, 1947 (unpublished). 


8B. Lax at the Conference on Gaseous Electronics, October, 
1951, e7 (unpublished). 

















ol 23 AS 6 7 6 2 10 x 


Fic. 4. A plot of the integrand of Eq. (6) so that Aw in Eq. (7) can 
be evaluated from the area under the curve. 


where w, is the gyroresonance frequency for electrons, m 
is the mass of the electron in kg, m is the number of 
electrons/meter,’ and e¢ is 1.6X10-” coulomb. 

If the cavity, see Fig. 3, is approximated by a straight 
rectangular box of width x, height 2, and length L 
(equal to the mean circumference of the toroid), the 
variation of E with x may be approximated by 


E=E, sin(rx/x0), (3) 
and the variation of m with x may be approximated by 
n= No sin(wxx/x9). (4) 


With the use of Eqs. (1), (2), (3), and (4) there results 





enw pf sin®(rx/xo) al 
Aw= ————dx / f sin?(rx/x)dx. (5) 
2eqm 0 w—w,? 0 
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Fic. 5. Experimental plot of the values of d, the divisions on a 
Sperry wave meter (~Aw), which are proportional to the electron 
— in the afterglow in a toroid with an annular magnetic 

eld. 





W. H. BOSTICK AND M. A. LEVINE 


The integral in the denominator of Eq. (5) is equal to 
%o/2 and Wy =w0're?/ (ro— x0 +2)", where ® 90 is the 
gyroresonant frequency at the magnetic field corre- 
sponding to the position ro in Fig. 3. Thus Eq. (5) can be 
written 

eno 


70 sin®(xx/%o) 
Aw = f ax. 
EgMWXo “0 i- [wgore?/w* (ro— Xot+x)?] 





(6) 


Now the total number of turns of the magnetic field 
coil is 1037, the mean circumference of the toroid is 
79.8 cm, and the number of turns per cm at the mean 
radius fm is 13.0. 

The magnetic field at the mean radius (the center 
line) is then (16.32) I gauss, where J is the magnetic 
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Fic. 6. Typical experimental plots of values of d(~Aw), which 
are proportional to electron density, in a toroid with an annular 
magnetic field, at various pressures. 


field current measured in amperes. Most of the first set 
of data have been taken at J=84.0 amperes which 
corresponds to a magnetic field at the mean radius of 
H(rm)= 1370 gauss. The value of H at ro is then H(ro) 
= 1141 gauss. The measured value of the wavelength \ 
used for gyroresonance breakdown is A= 7.564 cm which 
corresponds to f= 3970 Mc/sec. The calculated value of 
gyroresonance, H(r,)=1370 gauss, is 


f (%m) =(1m)/ 2x = 3825 Mc/sec, 


which means that the position where gyroresonance 
breakdown was produced in the cavity was at a radius of 
38251%m/3970=0.965rm, which is approximately equal 
tO fm. 

The calculated gyrofrequency at r= ro is 3190 Mc/sec. 
The frequency w/2m of the probing signal is approxi- 
mately constant and is 2934 Mc/sec. Figure 4 gives a 
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plot of the integrand of Eq. (6) with the assumption 
that (w,0/w)? may be approximated by the constant 
value of 1.2. The abscissa in Fig. 4 is x/xo instead of x so 
that the integral of Eq. (6) is actually xo times the area 
under the curve. 

The area is approximately equal to 0.64 and is 
negative, so that Aw should theoretically come out to be 
negative, which it actually does experimentally. 

Then 

n= (8.75 X 10°) Aw electrons/m? 
=8.75Aw electrons/cm'. (7) 


The minimum measurable Aw/2r is 210° cps. 
Hence, the minimum measurable mp is 1.110’ elec- 
trons/cm’, On the Sperry wave meter employed one 
small division equals 0.04 Mc/sec. Therefore 


mo= (2.2 108)d electrons/cm', (8) 


where d is the number of small divisions difference on 
the wave meter corresponding to Aw. 

The experiments performed involve the measurement 
of the frequency shift as indicated by d on the wave 
meter. The values of logd are then plotted against time, 
and the slope of the resulting straight line is proportional 
to the ambipolar diffusion coefficient Day at the par- 
ticular values of pressure and magnetic field employed. 
The time taken for the value of d to decrease by the 
factor 1/e is the ambipolar diffusion time constant tay. 

Typical sets of experimental data yielding a plot of 
logd vs ¢ are shown in Figs. 5 and 6. Each set of data 
yields a value of raz. 

The quantity 7.7 measured in the magnetic field can 
be related to the effective ambipolar diffusion coefficient 
Dou for the cavity whose characteristic diffusion length 
is A, by 

TaH = A?/ Dan ) (9) 


where 1/A?= 2?/z¢?-+-2?/x¢?, or A?=0.675 cm’. 

As already explained, the first set of experimental 
conditions involved the values of magnetic field of 
H=1370 gauss ([=84 amperes) and H=1275 gauss 
(I=78 amperes) at the mean radius of the toroid. 
Breakdown was produced at gyroresonance with the 
sixth mode of the cavity and the fundamental mode was 
used for the probing signal. A summary plot of the values 
of 7ax, thus obtained at various pressures, is given in 
Fig.’7. 

The second set of experimental conditions, as already 
explained, involved breakdown of the gas by the funda- 
mental mode of the cavity and probing with the fifth 
and sixth modes. A variety of magnetic fields could be 
employed under these conditions. A summary plot of the 
experimental values of ra, thus obtained, vs I(~H) for 
various pressures is shown in Fig. 8. The oscilloscope 
display of the rf envelope of the 2000-ysec excitation 
pulse from the magnetron reflected from the cavity 
showed strikingly the presence of oscillations whose 
frequency increased and whose amplitude decreased as 
the magnetic field increased. The authors believe that 
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Fic. 7. Experimental values of the electron-density decay 
time raw as a function of pressure in microns for two different 
magnetic fields. 


these oscillations may have been produced by plasma 
waves of the magneto-hydrodynamic type already postu- 
lated in the interpretation of the probe measurements. 


ATTEMPT AT AN INTERPRETATION OF THE 
EXPERIMENTAL DATA 


Figure 9 shows cross sections of both the microwave 
toroid and a circular cross section tube such as the 
induction-excited toroid. Let it be assumed that the ion 
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Fic. 8. Results of measurements of diffusion of He ions in helium 
gas in a toroid with an annular magnetic field. Ordinates are the 
decay times tay which are proportional to 1/Daxz, where Day is the 
ambipolar diffusion coefficient in a magnetic field. Abscissa is 
the magnetic field currents. 
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Fic. 9. Cross sections of rectangular and circular toroids 
showing the calculated direction of circulation of ions and electrons 
and the estimated ion density distributions. 


density distributions are, to a first approximation, as 
diagramed in Fig. 9. We now apply the orthodox 
collision and ambipolar diffusion theory to compute the 
values of Day and rx for Table I. The radial or outward 
velocities v,, and v,, of the electrons and ions, re- 
spectively, are equal in sign and magnitude,’ i.e., 


Vp = Ver=Vip= ZRT (gradn)/{[vm;(1+w?/r?) 

+vm(1+w?/v2) In}. (10) 
The subscript i refers to the positive ions, e to the 
electrons. The quantity w is the angular gyrofrequency, 
v the collision frequency, m the ion density, and m the 
mass, k is Boltzmann’s constant, and T, the absolute 
temperature of the ions and electrons, is assumed to be 
constant and thermalized by the neutral gas atoms in 
our microwave experiment. 

In the absence of a magnetic field the ambipolar 
diffusion coefficient D, is related to the radial velocity of 
ions, 2,, by 

v-=D,(gradn)/n=2kT (gradn)/(vmin), 
or 
Da=2kT/ (vm). 
In the approximation that w,?/v2>>1, and also that 
wevm,/ve>w?Zvm,/v?7, we can then write that the 
ambipolar diffusion coefficient Dz in a magnetic field is 
given by 


Dan=D,./(i+ (m./m;)}w? ve]. (11) 
® Reference 5, p. 61. 
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If we use the value of the magnetic field (H= 1370 
gauss) at the center line of the microwave cavity, w, is 
equal to 2r(3.82X 10°). If ».=i/l= Pp, where d is the 
average thermal electron speed in cm/sec, / the electron 
mean free path in cm, and P,= 20 cm" is the collision 
probability, p the pressure in mm Hg, and if from 
Biondi and Brown,” and Phelps," Dap=540 for Het, 


Dau (He*) = 540/[p(1+ 169/*) ]. (12) 


This expression for Dap is valid down to the pressure at 
which the mean free path of a positive ion becomes 
comparable with tube dimensions. This limiting pressure 
is about 0.01 mm Hg for the microwave toroidal cavity 
employed. 

Equation (11) gives a pressure dependency for Dan 
which is opposite from that observed experimentally 
(Fig. 7). Equation (11) also predicts Day~1/H*, and 
says nothing at all about the observed maximum in Tay 
asa function of H (Fig. 8). Furthermore, the magnitudes 
of tan(~1/Dan) computed for H=1370 gauss from 
Eq. (12) at various pressures, (Table I), are consider- 
ably larger than those observed (Fig. 7). Thus the 
values of Dax calculated by orthodox collision theory do 
not agree with those measured by this experiment. The 
following arguments will be used in an attempt to 
explain these discrepancies. 

Now, the velocities® of electrons and ions in the @ 
direction are 

Vep= Wel r/ Ve, 
and 
Vjie= —w,0,/ Vie 


It is these velocities in the @ direction which produce a 
resultant diamagnetic current which decreases the mag- 
netic field in the interior of the toroid to an extent given 
by the equation 

grad[ nkT+ H?/ (8x) ]=0. (13) 


(The gradH due to the toroidal geometry is neglected 
here, for the moment.) 
Now, in the approximation that at the values of H 
and p used, 
w?/v2>1 and wévm./v2>w?Zvm,/v?, 


v,= 2kT (gradn)/(nv.mw2/v2), (14) 
and 
ve9= 2kT (gradn)/ (nme), (15) 
and 
v9= — 2kTvww;(gradn)/(nm.vw). (16) 
The net momentum of an ion pair in the 6 direction is 
given by 
MeVep t+ MiNi0 
= (Mde/Ve— mw;/ v;)2kTv.(gradn)/ (nme?) 
= Md 1—mwive/ (mMevev;) |2RT (gradn)/ (nme) 
=[1—(m,/m,)*]2kT (gradn)/ (nw) 
=— (m,/m,)*2kT (gradn)/(ms.). 


10M. A. Biondi and S. C. Brown, Phys. Rev. 75, 1700 (1949). 


1 A. V. Phelps and S. C. Brown, Phys. Rev. 86, 102 (1952). 
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There is then essentially a net mass hydrodynamic 
motion in the —@ direction with a velocity 


U9 hydro= (MeVeot+-m0i0)/ (me+m) 
— 2kT (gradn)/[nw.(mm;)*]. 


In a tube of finite cross-sectional dimensions the 
velocities v¢9, 2:9, and %% hydro may be expected to be of a 
rotational nature because of the radial electric field set 
up by the initial free diffusion (non-ambipolar) of the 
positive ions and electrons, and because of the radial 
gradn. (The free diffusion of the positive ions in the 
magnetic field is considerably larger than that of the 
electrons.) 

If the v9 and v,9 represent rotational velocities oc- 
curring at a radius r from the center, the quantities 
vee?/r and 0;6°/r represent the centripetal accelerations of 
the electrons and positive ions, respectively. The 
centripetal acceleration of an element of volume of 
plasma is 2% hydro”/r. In these accelerated frames of refer- 
ence there is effectively an outward gravitational force 
acting antiparallel to gradu. Such a condition may be 
expected to be unstable” and any small perturbation 
will grow with an e-folding time constant (time to grow 
to a value e-fold as great) given by 


7=[)/(2ra) } sec, (17) 


where \ is the wavelength associated with a small 
disturbance or bump, see Figs. 9(a) and 9(b), and a is 
centripetal acceleration in cm/sec”. The value of \ may 
be expected to be of the order of r and is equal to a few 
centimeters. 

Let us take \=2 cm. For the electrons 


a=v.¢/1; 
and 
T= (r/v06°)!= (1/1) */Ve0 
= (r/x)*/[2kT (gradr)/(nmawe) |. (18) 


If (r/x)'1, Eq. (18) may be written (19) 
7r=[2kT (gradn)/(nma.) }. (20) 

For H= 1000 gauss, and for T=300°K, the quantity 
kT /meve= 3.7 X 104. (21) 


Also, since n~cos(xr/2ro) and (gradn) = dn/dr~ (x/2ro) 
Xsin(rr/2ro), 


(gradn)/n=(x/2ro) tan(xr/2ro). (22) 
Hence, Eq. (18) becomes, in seconds, 


72.7 X10-*[ (2/21) tan(ar/2ro) 
=1.7X10-'79 cot(rr/2ro). (23) 


If the approximation of Eq. (19) is not employed, the 
expression for 7 given by Eq. (23) would involve an r?. 
In Eg. (23), ro for the circular cross section case is 


12 M. Kruskal at the Gaseous Electronics Conference, Princeton, 
New Jersey, September, 1952 (unpublished). 


indicated in Fig. 9(b), and for Fig. 9(a), ro may be ap- 
proximated by yo. It can be seen from Eqs. (18) and (23) 
that the e-folding time 7 for the values r/ro= 4} and rop= 2 
cm is approximately 30 ysec, and that for points nearer 
the periphery, the value of 7<30 usec is certainly short 
enough to permit the plasma waves in the microwave 
toroid to become well established before and during the 
measured ion-decay time constants of approximately 
10~ sec. If in computing the acceleration @ used in 
Eq. (17), v6 hydro instead of v-¢ is used, the values for 7 
will be increased in the ratio (m,/m.)*, which is ap- 
proximately a factor of 80 for Het ions. Even this longer 
r is short enough to permit the buildup of waves during 
the period of excitation and observation in the micro- 
wave experiment. 

The concept” of an e-folding disturbance leading to 
Eq. (17) was developed under the assumption that the 
disturbance is so small that the magnetic lines of force 
are not appreciably bent but are merely spread. How- 
ever, as the original disturbance, which is very likely 
somewhat localized in the magnetic field direction, 
grows in magnitude, it must necessarily cause ap- 
preciable bending of the magnetic lines, and the dis- 
turbance may then be expected to be propagated as a 
wave in the direction of the magnetic field. For lack of a 
better theory at present, we shall assume that the 
e-folding of the disturbance continues as an e-folding of 
the amplitude of a magneto-hydrodynamic or plasma 
wave. The amplitude build-up time constant 7 will, of 
course, be shorter toward the periphery of the tube. 

The build-up rate for energy in the wave may then be 
expected to be 2/7, and if we use the value of 7 corre- 
sponding to % hydro, We May write that the rate of energy 
build-up in the wave is equal to 


2/7=4kT (gradn)/[nw.(mm.)*]. (24) 


We have now postulated and given a rudimentary 
discussion of a mechanism whereby disturbances can be 
set up in the plasma. These disturbances, even though 
they may be propagated as waves, nevertheless consti- 
tute a kind of turbulence in the plasma. Although it is 
rash to attempt to describe a phenomenon as compli- 
cated as turbulence, we shall nevertheless attempt to 


TaBLeE I. Theoretical values of Day for Het computed on 
the basis of standard diffusion theory according to Eqs. (11) and 
(12) for H=1370 gauss. 














Expected 

degree of 
Dp Ta =0.67/Da Dan =540/ TaH =0.67/Dan control 

mmHg Da=540/p 10-%sec [p(1+169/p*)] 10-3 sec =TaH/Ta 
a 270 2.5 6.4 105 43 
1 540 1.25 32 210 168 
0.8 676 1.0 2.6 260 260 
0.6 900 0.75 1.92 350 466 
0.4 1340 0.5 1.28 520 1040 
0.2 2700 0.25 0.64 1050 4200 
0.1 5400 0.125 0.32 2100 16 000 
0.05 10800 0.06 0.16 4200 70 000 
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compare the implications of the foregoing theory with 
the experimentally observed oscillations in probe and 
microwave signals. 

Presumably the e-folding wave increases in amplitude 
until twice its reciprocal damping time constant, 2/7’, 
which represents the proportional rate at which energy 
is taken out of the wave, is equal to twice its reciprocal 
e-folding time constant, 2/7, which represents the pro- 
portional rate at which energy is fed into the wave. 

The damping of the wave can conceivably come about 
(a) by collisions of the ion pairs participating in the 
wave with neutral gas atoms, and (b) through loss of the 
participating ion pairs to the walls of the tube by the 
diffusion processes resulting from the wave motion. Let 
us first consider damping mechanism (a). 

If s=so sinwyyt represents the lateral displacement 
of a particle in a magneto-hydrodynamic wave of 
angular frequency wn, the wave energy of an ion pair 
in the wave is 


[(m:+-me)/2}(ds/dt) max? = (mi++me)/2 (wmnso)*. (25) 


The rms damping force on an ion pair in the wave may 
be given by 
L(m:+m.)/2 lomusovi/V/2, 


where »; is the effective collision frequency of positive 
ions with neutral atoms, and where it has been assumed 
that an He* ion in colliding with a neutral He atom 
loses, on the average, one half of its directed wave 
momentum. The rms damping power is obtained by 
multiplying Eq. (26) by therms wave velocity, wu n50/V2. 
Thus, the rms damping power is given by 


C(m:+-m.)/2](omuso)*v;/2. 


The proportional rate of energy damping 2/7’, (twice 
the proportional rate of amplitude damping 1/7’) is then 
given by Eq. (27) divided by Eq. (25), or 


2/7’ =v,/2. 


(26) 


(27) 


(28) 


The Q of the wave, defined as stored wave energy 
divided by energy lost per radian, may be written as 
t'wun/2. The Q of a critically damped wave is }. If the 
Q of a wave is somewhat greater than 1, it may be ex- 
pected that the wave can exist and grow if energy is fed 
into it with sufficient rapidity. The value of Q= 7’wun/2 
=2wun/v;>1 therefore sets a lower limit to the fre- 
quency of the waves permitted for a given 7. 

The initial perturbation whose rate of energy growth 
is 2/7 [see Eq. (20) ] will grow if 2/7 is greater than its 
rate of energy decay 2/7’, given by Eq. (28). On the 
other hand if 2/r<2/7’, the initial perturbation will be 
damped out. 

We must now inquire into the value of v; used in Eq. 
(26). The value of v; may be given by 
(29) 


Vz= uP ep =V,;0Na, 


where »; is the appropriate velocity in cm/sec for the 
positive ions, P,, the collision probability in cm for 
positive ions on gas atoms, #, the pressure in mm Hg, 
a, the collision cross section in cm? for positive ions on 
gas atoms, and mq, the atom density in cm~*. The ap- 
propriate velocity v; is presumably given by 
A= (Vithermal’+ Viwave?) i, (30) 
where Vithermai is the thermal velocity of the positive 
ions, and Viwave is the wave velocity of the positive ions. 
When the wave is in its initial stages (small ampli- 
tude), Vithermal>Viwave, and 


0;=Vithermal= (3kT/m;)? 


in Eq. (29). Then, if the following inequality initially 
exists [see Eq. (18) ], 


2/r=A4kT (gradn)/[nwe(mm.)*|>v,/2, 
a (P.p/2) (Vitherma rt Viwave-) A (31) 


the wave will grow in amplitude until vivaye becomes 
large enough to increase 2; until 2/7 is no longer greater 
than 2/7’. 

Thus, the equilibrium between the damping of the 
wave and the growing of the wave yields the equality 


4kT (gradn)/[nw.(mm,)* | 
= ( P.p/ 2) (Oicen r+ Merwve’) i, 


where Viwave in Eq. (32) is now the equilibrium value for 
the ions in the wave at a given r. 

From Eq. (32) we can conclude that viwave (a) will 
decrease as p increases, (b) will increase with (gradm)/n, 
and (c) will decrease as H(~w,) increases. In a magneto- 
hydrodynamic wave of a given frequency," wave per- 
turbations in the magnetic field, wave displacements, 
and wave electric fields may all be expected to be 
proportional to viwaye; wave perturbation in the ion 
density may be expected to be proportional to viwave’. 
The probe measurements (which can detect variations 
in ion density) described in this paper showed oscilla- 
tions in probe current whose amplitudes are therefore 
presumably proportional to vViwave”. 

We are now prepared to draw the following quali- 
tative comparisons between the conclusions drawn from 
Eq. (32) and the probe measurements performed in the 
induction excited toroid in an annular magnetic field. As 
has already been described, these measurements show 
(1) that the magnitude of fluctuations in probe current, 
(presumably proportional to the square of the wave 
amplitude) decreases with pressure, thereby confirming 
conclusion (a); (2) that the wave amplitude increases 
markedly toward the periphery of the tube, thereby 
confirming (b)—this same experimental result is re- 
ported by Bohm;}! and (3) that the wave amplitude 
decreases with increasing H, thereby confirming (c). 


13 Reference 5, p. 80. 


(32) 





BEHAVIOR OF IONIZED GAS IN MAGNETIC FIELD 21 


Probe measurements on the induction-excited toroid 
also show that the lower limit of the frequency of the 
waves increases with pressure. This result confirms the 
prediction that, if the Q of the wave must be greater 
than 1, 

Q= 7'wmu/2= 2/v;= 2waun/(viP-p)> f. 


Hence the lower limit of the allowed values of wyy must 
increase with pressure. As has already been stated in 
this paper, probe measurements and oscillations on the 
microwave rf envelope also show that the frequency of 
the oscillations increases with magnetic field. This 
result may be explained by recognizing that the wave 
propagation velocity in cm/sec is 


V=H/[4a(m;+m.)n }}, 


and that whether eigenfunctions of standing waves can 
be set up around the toroid or whether the disturbances 
are strictly running waves, the observed frequency of 
probe signal should increase with H. 

In view of the foregoing qualitative agreement be- 
tween theoretical description of these waves and their 
experimentally observed properties, it seems reasonable 
to accept at least some of the elements of this rudi- 
mentary theory. At any rate, one should seriously con- 
sider the possible mechanism here described for the 
spontaneous generation of these waves. 

Although in the microwave experiment the oscillations 
on the signal were not observed directly during the 
measuring period of the afterglow, it is possible that 
plasma waves were nevertheless present. They may not 
have been observed because of the small net integrated 
effect their reduced amplitude would produce on the 
cavity resonance frequency. 

Indeed, it would be very rash to attempt to describe 
how turbulence in the form of plasma waves might 
influence Dau, the effective ambipolar diffusion coeffi- 
cient of ions and electrons across a magnetic field. In a 
quiescent plasma, the theoretical value of Day varies as 
does 1/H? [see Eqs. (10) and (11) ]. Bohm" explains the 
large discrepancy between his measured and calculated 
values of Daw by saying that plasma oscillations bring 
about electric fields which are perpendicular to the 
magnetic field, and that the resultant outward drift 
velocities are therefore proportional to 1/H. We have 
some arguments!® which indicate that if the damping of 
the plasma waves comes about by collisions with 


M4 Reference 1, p. 12. 

15 Tt is not felt that these arguments are in a sufficiently satis- 
factory state to take up space in the Physical Review. The reader 
is referred to Scientific Report No. 8, Contract AF 19(122)-89 
which will be sent by the authors on request. 


neutral gas atoms, the diffusion coefficient should vary 
somewhere between 1/H and 1/H?, but, should be 
considerably larger than that given by Eq. (11) which 
assumes a quiescent plasma. These arguments further 
indicate that if the damping of the waves is produced by 
collisions of the waves with the wall, the diffusion 
coefficient should vary as 1/H. Either or both of these 
arguments might explain the large discrepancy in 
general magnitude of our measured values of diffusion 
rate compared with the values calculated for a quiescent 
plasma. The peculiar pressure dependency, [Fig. 7], of 
the measured rates of diffusion might be explained by 
Eq. (32) which shows that the velocity (and amplitude) 
of ions in the waves, and hence the rate of diffusion 
perpendicular to H, increase when the pressure decreases. 

There is another consideration concerning the in- 
fluence of the magnetic field in our toroids which we 
have not as yet discussed in detail, namely, the effect of 
gradH which results from the toroidal geometry. This 
variation in H across the toroid, which is 40 percent in 
the microwave toroid, represents a far greater variation 
in H?/(8m) than can possibly be compensated for by 
nkT, i.e., the pressure balance equation cannot be 
satisfied. In an attempt to satisfy Eq. (14) the plasma 
should move to the region of lower magnetic field and 
build up nkT in this region. The manner in which the 
plasma crosses the magnetic field to the region of lower 
field is probably influenced by the turbulence in the 
form of waves. The rate (~D,x) at which the plasma 
crosses the field in an attempt to set up an equilibrium 
condition one would expect to increase with H. It may, 
therefore, be this outward motion produced by gradH 
which produces the high-field portion of the experi- 
mental curves of Fig. 8. The low-field portion of the 
curves of Fig. 8 presumably indicates Day~1/H or 
1/H?, and the minimum in Day (maximum in 77) 
comes where the ~1/H process and the ~H process are 
equal. We therefore have a possible explanation of the 
maxima in the experimental curves of Fig. 8. 

It is planned to repeat the microwave experiment in a 
straight tube which has no gradH and in which probes 
will be inserted for the possible detection of plasma 
waves. 
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The thickness of a film adsorbed on a vertical wall is derived from adsorption thermodynamics as a 
function of height. The thickness of the helium film calculated from adsorption data is, within the error of 
the experiments, consistent with those obtained by direct observation. 





OWERS'” has shown that the adsorption of A, Ne, 

Os, and of He even in the He 1 region obeys near 

saturation, i.e., for P/Po between 0.7 and 0.99 (P being 

the vapor pressure of the adsorbed layer, Po that of the 

bulk liquid), the adsorption isotherm proposed by 
Frenkel,’ Halsey,‘ and Hill :* 


—In(P/P,)=k/v, (1) 


where v is the number of adsorbed layers and k a 
constant. This relation, specifically the third power of » 
therein, is a consequence of the fact that the van der 
Waal’s potential of the wall decreases with the third 
power of the distance. 

From the same premise Schiff* and Frenkel’ found 
that the thickness ¢ of the saturated helium film should 
vary inversely with the 1/3 power of the height: 


th=t/h'?, (2) 


where /; is the thickness at the height 1. Experimental 
evidence has never confirmed relation (2) ; the exponent 
of h found to describe the experimental results varies 
from 1/7 to 1. Atkins,* Jackson,® Bowers,” and Picus" 
have recently found values between 0.4 and 0.5 rather 
than 1/3. Bijl, de Boer, and Michels” predict an 
exponent 1/2 for h in Eq. (2), by considering the zero- 
point energy of the more or less two-dimensional layer 
of film and by neglecting the van der Waals’ forces. 
However, their argument would require in Eq. (1) an 
exponent 2 instead of 3. 

It seems important, therefore, to find the reason for 
the apparent inconsistency and the great variety of the 
experimental evidence. 


1R. Bowers, Phil. Mag. 44, 467 (1953). 

2 R. Bowers, Phil. Mag. 44, 485 (1953). 

3J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, London, 1946), p. 332. 

4G. D. Halsey, J. Chem. Phys. 16, 931 (1948). 

5 T. L. Hill, review in Advances in Catalysis (Academic Press, 
Inc., New York, 1952), Vol. 4, p. 225. 

6L. I. Schiff, Phys. Rev. 59, 839 (1941). 

7J. Frenkel, 4 Phys. (US. SR. ) 2, 365 (1940). 

*K. R. Atkins, “Advances in Physics,” Phil. Mag. Supplement 
1, 169 (1952); Proc. Roy. Soc. (London) A203, 119 (1950). 

’® D. G. Henshaw and L. C. Jackson, Proceedings of the N ational 
Bureau of Standards Symposium on Low Temperature Physics, 
1951, National Bureau of Standards Circular 519 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1952), p. 183. 

10 R. Bowers, Phil. Mag. 44, 1309 (1953). 

1G. S. Picus, Phys. Rev. 94, 1459 (1954). 

12 Bijl, de Boer, and Michels, Physica 8, 655 (1941). 


As both Schiff* and Frenkel’ derive only the general 
form of the dependency of ¢ on h by Eq. (2), an alter- 
native derivation of t=t(k) shall be given here by using 
the thermodynamics of adsorption as given by Guggen- 
heim® and by Hill in order to evaluate the different 
constants numerically. 

The differential of the Gibbs free energy Fy of an 
adsorbed layer is 


dF y= —S dT + V ydP— Ady+psdn=psdn+ndpy, (3) 
or, written in analogy to the Gibbs-Duhem equations:"® 
—S§dT+ V sdP— Ady—ndps=0, (4) 

or, per mole, 
—sdT+0,dP—(A/n)dy—dyus=0. 


S; is the differential entropy of the film, V; its volume, 
uy the chemical potential, A the surface area, and m the 
number of moles. J denotes the temperature, P the 
pressure, and ¥ the surface tension. The adsorbed seadatl 
is in equilibrium with the vapor: 


dus=du,= —s dT +v,4P, (S) 


5S, being the molal entropy and »v, the molal volume of 
the gas. Combining (4a) with (5) at constant T, using 
the ideal gas law and neglecting vy compared with 2, 
yields: 


(4a) 


RTo@ \nP/dy=—(A/n), (6) 


often called the Gibbs adsorption isotherm. Equation 
(6) is derived without taking the gravitational field into 
account; it is, therefore, strictly valid only for an 
adsorbed phase and a vapor at the same height. 


TABLE I. Surface tension y in dynes/cm as a function of the 
thickness of the film in number of adsorbed layers. 








v Yr 


0 0.3 


100 0.33 
10 2.8 
> 10.3 
3 $1.2 











1%3E. A. Guggenheim, Thermodynamics (Interscience Publica- 
tions, New York, 1949), p. 36. 

“T, L. Hill, J. Chem. Phys. 17, 520 (1949). 

15 Compare reference 13, p. 59, or, reference 14, Eq. (10). 





THICKNESS OF He FILM 


Let us now assume an infinitely long and high wall 
dipping into a liquid as shown schematically in Fig. 1 (a). 
The height above the liquid level is 4. We want to 
calculate ‘=t(h). In Eq. (4) two terms have to be added: 
the weight per mole: (A/m)p;gidh (p; being the density 
of the film) hangs essentially on the surface tension, 
and furthermore the pressure exerted on the film is 


not P, but 
= P+ (1/7,+1/ro)y, (7) 


where 7; is the radius of curvature of the free surface of 
the film in vertical direction, and 7» an eventual radius 
of curvature of the wall itself in horizontal direction. 
From the fact that (du;/dh)7=0, and noting that 
(A/n)t=v; and M=pyvy, we get: 


Mgdh+v,dLy(1/re+1/r0) ]—(0,/t)dy=0. (8) 


In order to get a Yelationship between ¢ and h only, 
we have to eliminate y. Making the plausible assump- 
tion that y is a unique function of the thickness ¢ 
(at constant temperature), we can eliminate y in the 
range of validity of Eq. (1) by combining it with 
Eq. (6) and ¢=av, where a is the spacing of the layers 


TABLE II. Thickness of the helium film in number of layers as 
a function of height in cm and the corresponding change in equi- 
librium pressure. 

















assumed to be 3.6A for the numerical evaluation: 


dy = — (3RTka/v*v;)dv (9) 
and 
y=3(RThka/0;7") +700, 


where ‘y. is the surface tension of the bulk liquid for 
v=o, Using the value k=50 as found by Bowers? for 
helium in the neighborhood of the \ temperature, and 
Yo=0.3 dyne/cm (compare Keesom!*), we get for 
P/P,» between 1 and 0.6, i.e., for »v between © and 3 
layers, the values for y, listed in Table I. This table 
shows the rapid increase of y with decreasing v for thin 
films. Inserting Eq. (9) into Eq. (8) leads to 


Mgdh+ V sdLy(1/ra+ 1/20) ]+ (3RTR/4)dv=0, 
with 


(10) 


(11) 


1/r,= (@h/d?) (12) 


(1+-dh/dt)* 
1942) p.2 H. 7 ae Helium (Elsevier, Amsterdam-New York, 


(a) 


y 








Fic. 1. (a) Schematic profile of the surface of a liquid on an 
infinitely long plane wall dipping into the liquid. (b) Thin wall 
not touching the liquid. 


Equation (11) can be integrated in principle, at least 
numerically. However, in the case of helium and an 
infinitely long straight wall dipping into the liquid, the 
middle term of Eq. (11) can be neglected as r>= » and 
the minimum of 7, is greater than 10 cm in a region 
where y>10 and y<2. We then get:!” 


v=[RTk/Mg|*-(1/h*) or t=t,/h', (13) 


and the numerical values of Table IT. 

The absolute values of the film thickness derived in 
this way from adsorption data of the unsaturated film 
are in surprisingly good agreement with the experi- 
mental results for the saturated film (compare the 
review given by Bowers”). This result is a confirmation 
of a view expressed in a previous paper'* that the rela- 
tion between film thickness, pressure, and temperature 
is essentially “classical” even in the He 11 region. 

Column 3 in Table II gives the relative changes in gas 
pressure due to the gravitational field which are also 
the changes in equilibrium pressure of the film as a 
function of height #4. As pointed out in the earlier 
paper,'* experimental determinations of the film thick- 
ness are extremely sensitive to minute changes in P due 
to the asymptotic infinity of Eq. (1) near P/Po~1. 
This is again reflected by the third column of Table II. 
The whole change in film thickness from infinity at 
h=0 to 34 layers at a height of 50 cm corresponds to a 
relative change of equilibrium pressure of 10-*. A tem- 
perature difference of only 10~* degree can produce the 
same change in pressure due to the steepness of the 
vapor pressure curve. Even in extremely carefully con- 


17 Combining Eq. (1) with In(P/Po)= — Mgh/RT for the change 
of gas pressure with height or considering the balance of forces: 
The surface tension has to increase by decreasing the thickness of 
the film in order to carry the wei é of the film: dy=glpsdh, and 
using Eq. (9) leads again to Eq. (13). 

18, Meyer, Phys. Rev. 93, 655 (1954). 
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ducted experiments it is beyond the experimental ac- 
curacy to determine whether or not the inevitable heat 
influx from the top of the cryostat did not produce 
temperature differences of this order of magnitude over 
a length of 50 cm, i.e., gradients of 2.10-* °K/cm. This 
consideration is confirmed by Bowers’ observation 
that the film thickness is extremely sensitive to radiation. 

Any heat influx from the top of the cryostat producing 
temperature differences of only 10-® degree would, 
therefore, cause the film thickness to decrease with 
height faster than given by Eq. (12) or Table II, so 
that the exponent of # must become greater than 0.33. 
Jackson’s® value of 0.4 and Bowers” and Picus” value 
of 0.5 must therefore be considered as being consistent, 
within the errors of the experiments, with Eq. (13) 
or (2). 

A small heat influx from the top has the additional 
effect that in the He 11 range the film starts flowing to 
the source of heat. Picus!! found that the thickness of 
the film as a function of height is appreciably different 
for a flowing film than for a stationary film. This 
result is plausible because the kinetic energy of the 
motion should be included in a free energy consideration 
as used above to derive the film thickness. 

Such a minute and practically undetectable heat in- 
flux can also cause great differences in film thickness 
when passing the A point. The same heat influx pro- 
duces in the Her region much greater temperature 
differences due to the poor heat conductivity of the 
film compared with the Hem range and therefore re- 
duces the film thickness in a much greater degree above 
than below the A point. 

Equation (13) gives not only the approximately 
right value for the thickness of the film, but also its 
temperature dependence. Bowexs' and Jackson? report 
that the film thickness and its dependence on height is 
essentially independent of the temperature in the He 1 
region. 

Inserting Eq. (1) into the Clausius Clapeyron equa- 
tion yields 


d\n(P/Po)/d(1/T) = (AH ;— AHo)/R=dk/d(1/T), (14) 


where AH, is the differential heat of vaporization of the 
film (heat of adsorption) and AH) the heat of vaporiza- 
tion of the bulk liquid. The middle term of Eq. (14) 
represents the increase in heat of vaporization due to 
the van der Waals’ forces of the wall and is essentially 


independent of temperature. As a consequence k has 
to be inversely proportional to T as borne out by 
the Teller-McMillan” approximation.” The factor 
(RTk/Mg)* in Eq. (13) and the equivalent factor in 
Eq. (10) are therefore independent of the temperature 
just as the experimental results require. The physical 
reason is that the balance between the attractive forces 
of the wall and the gravitational field which produces 
the film profile is more or less unaffected by the 
temperature. 

There are many cases where the middle term in 
Eq. (12) arising from the curvature of the film sur- 
face does become important. Two of them shall be 
discussed : 

1. Film transfer rates and film oscillations usually 
have been measured by using beakers of a diameter of 
~0.1 cm. Such a small ro in Eq. (8) or (11) must 
influence the film thickness, and the asymmetry often 
found in filling dr emptying the beaker might be caused 
by this fact as ro has the opposite sign at the outer wall 
compared with the inner wall. 

2. It has been claimed that the so-called thick helium 
film is only formed on surfaces in contact with bulk 
liquid, and is absent on a specimen not touching the 
surface of the liquid as shown in Fig. 1(b). 

If the specimen touches the liquid, we have the case 
discussed above and the thickness of the film should 
correspond to the values of Table IT. If the specimen— 
which is usually a thin foil—does not touch the liquid, 
a rather sharp convex curvature of the order of 10-? cm 
is created at the bottom which produces a relative in- 
crease in vapor pressure of the film—just as for small 
drops—of 10~*. Column 3 of Table II shows that such 
a change in pressure reduces the film thickness at h=0 
to about 75 layers where it would approach infinity if 
the specimens touched the liquid. Furthermore, a minute 
heat influx would also cause a radical change in film 
thickness when the specimen was pulled out of the liquid, 
as the heat reaching the specimen cannot be delivered 
to the bulk liquid as a sink and consequently one gets 
appreciably greater overheating. 

Thanks are again due to Morrel H. Cohen for valuable 
discussions. 

19 W. G. McMillan and E. Teller, J. Chem. Phys. 19, 25 (1951). 

” The curve as drawn by Bowers (see reference 2) for k=k(T) 
is near the A point inconsistent with Eq. (14); however, a line 


obeying (14) can be drawn through his experimental points within 
the error of experiments. 
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The hydrodynamic properties of helium 1 have been studied by observation of the flow rate in a narrow 
slit between two flat glass plates. The isothermal, pressure-induced flow rates have been measured with 
hydrostatic pressures up to 2300 dynes/cm?, at temperatures between 1.39 and 2.10°K, and with average 
slit widths of 2.4 and 4.3 microns. For a fixed pressure head, the observed flow rates have the same tempera- 
ture dependence as the superfluid concentration in helium mu. At pressure heads below 1600 dynes/cm? the 
flow rate is proportional to a power of the pressure. This power is nearly independent of temperature, but 


may be a function of slit width. 





INTRODUCTION 


NE of the most characteristic properties of helium 

11 is the superfluid nature of the flow of the liquid 

through narrow channels. The flow of helium 11 can be 

initiated either by‘a mechanical potential or by a 

thermal potential. In the experiments described here 

only pressure-induced, isothermal flow has _ been 
investigated. 

A number of investigations!~> have shown that in 
channels wider than 10-* cm the flow properties of 
helium 1 are extremely complex, but in some respects 
are similar to those predicted for a viscous fluid by 
classical hydrodynamics. As the channel width is de- 
creased below 10~ cm the flow behavior departs from 
that of a classical viscous fluid. In channels whose 
width is of the order of one micron or less the flow 
velocity tends to become independent of the pressure 
head and the length of the flow channel. Bowers and 
Mendelssohn‘ have shown that in radial flow through a 
slit between two annular plates the pressure gradient 
is practically zero everywhere in the slit except at its 
narrowest perimeter. The pressure heads employed in 
their experiments did not exceed six cm of helium. The 
investigation reported here is an extension of the flow 
measurements to pressure heads of approximately 15 
cm of helium by means of the geometrical arrangement 
of Bowers and Mendelssohn. 


EXPERIMENTAL TECHNIQUE 


The apparatus used to study the flow properties of 
helium 1 under the influence of a hydrostatic pressure 
gradient is shown in Fig. 1. It consists of a glass tube 
(the liquid reservoir) which ends in a polished flange. 
A flat glass plate is pressed against the flange by means 
of a clamp and spring. In this way a flow channel whose 
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width is fairly uniform over the area of the slit is formed. 
The width of the slit is not constant, since after as- 
sembly of the apparatus a few broad and slightly curved 
interference fringes can be seen. From the shape of the 
fringes and from the shape of the clamping device it is 
probable that the slit is slightly wider at the inner 
perimeter than at the outer. In order to measure the 
hydrostatic pressure at an intermediate point in the 
flow channel, a one-mm diameter glass tube opens into 
a small circular groove cut in the flange. The pressure 
at this point is determined by the height of the liquid 
column in the tube. The size of the groove is chosen so 
that the Bernoulli force on the liquid column in the side 
tube is negligible. 

Both the central reservoir and the side tube are pro- 
vided with approximately 1-mm holes at the top. These 
holes insure that the temperature of the liquid in the 
reservoir and in the side tube is the same as the bath 
temperature. Temperature equalization occurs by 
evaporation of the liquid or condensation of the vapor, 
whichever is necessary.’ If such isothermal conditions 
were not maintained, the thermomechanical effect 
would contribute to the flow, and the results would be 
difficult to interpret. The holes also allow the mobile 
surface film of helium 1 to flow into or out of the 
reservoir. The direction of the film flow is such as to 
give an apparent increase in flow rate through the slit. 
To determine the correction to the measured flow rates, 
an experiment has been made with the slit blocked with 
glycerine. The rate of film flow was found to be 1X 10~ 
cm*/sec at a temperature of 1.4°K and to be nearly 
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Fic. 1. The experimental 
apparatus. 
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independent of pressure. At all the temperatures to be 
considered the correction for the film flow amounts to 
a few percent at very low pressures and is completely 
negligible at the higher pressures. Since the correction is 
within the experimental uncertainty in the measured 
flow rates, it has been ignored in the analysis of the 
results. 

In order to detect the presence of small temperature 
differences between the reservoir and the bath, a carbon 
resistance thermometer was placed in the reservoir, 
and a similar thermometer in the bath. These ther- 
mometers are quite sensitive at low temperatures,® and 
temperature changes of a few tenths of a millidegree 
can be measured. In the case of the resistor in the 
reservoir the electrical leads were brought out through 
the hole in the top of the reservoir. They were then 
dipped into the helium bath before being taken outside 
the cryostat in order to minimize heat leaks through the 
wires. As a further precaution these leads were made 
from No. 40 tantalum wire, which is superconducting at 
the temperatures under consideration and hence has a 
greater thermal resistance than normal metals. Any 
runs in which there was a measurable temperature dif- 
ference between the bath and the reservoir were dis- 
carded. However, the smallest temperature difference 
which could be measured was about 0.001°K, so that 
small thermomechanical pressures may have existed, 
particularly when the reservoir was above the bath 
level. Several runs- were also made with the resistors 
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removed. They yielded the same results as the runs in 
which the resistors were present. 

The apparatus was suspended from a brass holder, 
which could be raised out of the helium bath or lowered 
into it. The technique of measurement was as follows. 
The position of the reservoir relative to the bath level 
was quickly changed. Then readings were taken of the 
heights of the levels in the reservoir and in the side 
tube, relative to the bath level, as a function of time, 
as the liquid flowed either into or out of the reservoir. 
The level heights were determined by observation of a 
scale, graduated in millimeters and 17.5 cm in length, 
etched onto the side of the glass reservoir. Time meas- 
urements were made in two ways. The first measure- 
ments were made by concurrent visual observation of 
the reservoir level and a stop watch. These measure- 
ments were later checked with an Esterline-Angus 
recording milliammeter as a time indicator. A graphic 
record of the time intervals was made by energizing the 
meter with a hand switch while visually observing the 
reservoir. The roll speed was approximately 3 in./min, 
so that time measurements could be made to better 
than }-sec accuracy. The illumination necessary for 
these measurements was provided by six two-watt 
neon bulbs, mounted in a vertical column and located 
one meter from the cryostat. During a measurement the 
temperature of the bath was kept constant to within 
four thousandths of a degree by means of a differential 
oil manometer and a needle valve in the pumping line. 
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§ Boorse, Zemansky, and Brown, Phys. Rev. 84, 1050 (1951). 
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Fic. 3. Volume and linear flow rates vs pressure at constant 
temperature. Slit width= 4.3y. 


The vapor pressures were converted to temperatures 
on the 1949 temperature scale.’ 

In order to determine the flow velocities, the slope of 
the curves of height*h versus time ¢ must be obtained. 
(See Fig. 2.) This analysis has been done in two ways. 
The flow rates were first obtained by differentiation of 
the expression = ho+<a;t+-a2l?+-a3f*, where the con- 
stants ho, a1, d2, and a3 were obtained from the experi- 
mental data by the method of least squares. From five 
to twenty measurements were made at one temperature, 
and the resulting values of h versus ¢ plotted on a single 
graph. The least-squares fit was made to a smooth 
curve drawn through these points. 

The second method of obtaining the slopes of the 
h versus t curves utilizes the information obtained by 
the first method. The first method revealed that at 
least for low pressure heads, the discharge rate was 
proportional to a power of the pressure head h« (Ap)” 
with n~~}. Since the bath level is practically constant 
during a measurement, the flow rate is proportional to 
h and the pressure head proportional to #, where h is 
the difference between the bath level and the reservoir 
level. Integration of the relation h=—ah* yields an 
expression of the form 4=ho(1—t/t)#, which contains 
two adjustable parameters and can be fitted to the 
experimental points. One of the solid curves in Fig. 2 
is a plot of this function. Both of the above methods of 
analysis yield analytic curves that fit the data within 
the experimental error and give the same results at 
low pressure heads. They yield somewhat different 
results at the highest pressure heads. ; 

The volume rate of flow of liquid through the slit, V, 
at a given pressure head Ap is the derivative dh/dt, at 
a given value of /, multiplied by the cross-sectional area 
of the reservoir, which is 0.196 cm*. The pressure is 
given by pgh, where p is the density of liquid helium at 
the temperature under consideration, g the acceleration 
of gravity, and h the height. To determine the linear 
velocities of flow, the width of the slit must be meas- 
ured. This was done by observation of the rate of flow 
of helium 1 through the slit.* The average linear velocity 
of flow in the slit is given by 3(r) = V/(2mrd), where r is 


7H. van Dijk and D. Shoenberg, Nature 164, 151 (1949). 
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Fic. 4. Volume and linear flow rates vs pressure at constant 
temperature. Slit width= 2.4y. 


the distance from the axis of the reservoir to the point 
in the slit at which 0 is desired, and d is the average or 
effective width of the slit. In the curves to follow, the 
average linear velocity is calculated for r equal to the 
inner radius of the slit, which is 0.41 cm. This is the 
maximum velocity, since the velocity decreases as r—! 
as one proceeds to the outer perimeter of the slit. 


EXPERIMENTAL RESULTS 


By the methods described in the preceding section 
the volume rate of flow of liquid helium through the 
slit may be calculated as a function of the hydrostatic 
pressure head, at a constant temperature. Experiments 
have been made using two different slit widths, and the 
results will be classified into two groups, corresponding 
to the two widths. The first group, with a slit width of 
4.3X10-4 cm, covers the temperature range between 
1.39°K and 2.10°K in steps of at most 0.11°K. The 
pressures involved extend to 2300 dynes/cm?, i.e., 
that given by about 16 cm of helium. This range of 
temperatures and pressures represents the greatest 
variation which can be obtained in a simple way. At 
temperatures close to the A point the flow rate is so 
small that the normal fluid flow and the film flow be- 
come an appreciable fraction of the total flow. On the 
other hand, although temperatures below 1.39°K can 
be obtained, the quantity of liquid which remains is too 
small to allow the use of large pressure heads. The 
other group involves measurements at three tempera- 
tures made with a slit width of 2.4X10-* cm. From the 
results of the two groups it is possible to estimate the 
influence of the slit width on the flow rate. 

The pressure dependence of the flow rate for the two 
groups is shown in Figs. 3 and 4. The quantity V is 
the volume rate of flow of liquid in cm/sec. The quan- 
tity d(r1) is the average linear velocity of flow in 
cm/sec through the slit at its inner perimeter (r;). 
The curves give the results obtained by the first method 
of analysis. The second method gives values for the 
flow rates which are the same as those of the first 
method at low pressure heads but which are about 15 
percent larger at the highest pressure heads. In order 
to determine if a relation of the form V= (constant) 
(Ap)* is valid for these results, logarithmic plots of flow 
rate versus pressure head are given in Figs. 5 and 6. 
The solid lines indicate the results of the first method of 
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Fic. 5. Logarithmic plot of volume flow rate vs pressure at 
constant temperature for the 4.3- slit. Curves a~j represent tem- 
peratures of 1.39, 1.48, 1.60, 1.67, 1.70, 1.75, 1.81, 1.91, 2.00, and 
2.10°K respectively. The solid curves are obtained from the ist 
method of analysis and the dashed curves from the 2nd method. 


analysis. The second method of analysis yields straight 
lines that are extrapolations of the lower pressure 
curves obtained from the first method. Some of these 
lines are indicated with dashed lines. From Figs. 5 and 
6 it is evident that for the lower values of the pressure 
head the flow rate is proportional to a power of the 
pressure. In agreement with other workers,!*° the 
value of the index is nearly independent of tempera- 
ture, although there may be a slight increase in m at 
temperatures near the point. The following table 
gives ” as a function of temperature for the two slit 
widths: 


(a) d=4.3u, Ap=800 dynes/cm?: 
T=1.39 1.48 1.60 1.67 1.70 1.75 1.81 1.91 2.00 2.10 
n=0.33 0.34 0.33 0.33 0.33 0.33 0.33 0.35 0.37 0.36; 


(b) d=2.4u, Ap= 1400 dynes/cm?: 


T=1.40 1.64 1.77 
n=0.27 0.27 0.28. 


Figures 5 and 6 show that the first method of analysis 
yields flow rates that approach saturation values at 
the highest pressures. Since these saturation values do 
not appear in the second method of analysis, we con- 
clude that they may well be due to a systematic error 
inherent in the first method of analysis. Since the dif- 
ference between a pressure independent flow rate and 
a flow rate depending on the 3 power of the pressure 
cannot be distinguished at these pressures, we must 


wait for measurements at higher pressure heads to 
settle this question. These measurements are in prog- 
ress at the present time. 

The side tube behavior is the same as that reported 
by Bowers and Mendelssohn.‘ For either inflow or 
outflow, the side tube follows the bath level within the 
capillary rise of 1 mm. During one set of three runs with 
substantially the same average slit width as in previous 
runs, the side tube registered approximately 75 of the 
reservoir pressure. This may have been caused by a 
chance confluence of small irregularities in the glass 
which did not affect the flow of helium 1, from which 
the slit width was determined, but which did affect the 
flow of helium 11. However, the reservoir level behaved 
in the usual way in these runs, and we have not been 
able to reproduce the unusual side tube behavior. 

The linear velocities of flow through the slit have 
also been determined in these studies. Since the deter- 
mination of these velocities requires a knowledge of the 
slit width, they are subject to a greater uncertainty 
than are the volume flow rates. The uncertainty in the 
measured width of the slit amounts to about 15 percent. 
In view of this it is not possible to make a precise com- 
parison between the results for the two slit widths. 
However, it is evident from the curves of Figs. 3 and 
4 that the average linear velocity of flow does not de- 
crease when the slit is made narrower. It is likely that 
the average linear velocity actually increases as the slit 
width is decreased, as has been found to be the case by 
Allen and Misener! and by Bowers and Mendelssohn.‘ 

Figure 7 shows the temperature variation of the vol- 
ume flow rate at various values of the pressure head, 
for the 4.3-micron slit. In Fig. 8 the temperature de- 
pendence of the flow rate is compared with that of the 
superfluid concentration p,/p. The values of p,/p are 
taken from Andronikashvili.2 The comparison is made 
at pressures of 200, 700, and 1800 dynes/cm?. The 
values of V are normalized to agree with the p,/p curve 
at 1.81°K. It is evident that the temperature depend- 
ence of the flow is essentially the same as that of the 
superfluid concentration. 
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Fic. 6. Logarithmic plot of volume flow rate vs pressure at 
constant temperature for the 2.4-y slit. Curves a, 6, and ¢ repre- 
sent temperatures of 1.40, 1.64, and 1.77°K respectively. The 
solid curves are obtained from the first method of analysis and the 
dashed curves from the second method. 


*E. L. Andronikashvili, J. Exptl. Theoret. Phys. (U.S.S.R.) 
18, 424 (1948). 
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Fic. 7. Volume flow rate vs temperature at constant pressure. 
Slit width=4.3 y (first method of analysis). 


DISCUSSION OF THE RESULTS 


(A) Accuracy of the Flow Rates 


The maximum uncertainty in the experimental ob- 
servations amounts to 0.05 cm in the height of the 
liquid column and 0.25 second in the time. This leads 
to a maximum uncertainty in flow rate of 15 percent 
at high rates and 10 percent at very low flow rates, or 
at high pressures and low pressures respectively. The 
associated uncertainty in the pressure varies from a 
negligible quantity at high pressures to about 10 percent 
at low pressures. These uncertainties are greater than 
the errors of measurement of the geometrical constants 
of the apparatus by a factor of 2 or more, so that the 
latter errors were neglected. The power z in the relation 
V « (Ap)" which best fits the experimental points over 
the whole range of pressure heads can be determined 
within approximately 10 percent. It cannot be ac- 
curately determined at high pressure heads, as evi- 
denced by the different results of the two methods of 
analysis. 

Several mechanisms exist which can give rise to 
errors in the observed flow rates. These errors will vary 
with the pressure head and can influence the measured 
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pressure dependence of the flow rates. If isothermal 
conditions are not maintained in the flow process, the 
resulting thermomechanical pressure gradient will be 
opposite in sign to the hydrostatic pressure gradient. 
Thus the net pressure on the liquid in the reservoir will 
be smaller than the measured pressure. Another possible 
source of error, which will have the same effect on the 
flow rates as the above situation, is the absorption of 
radiant energy by the liquid in the reservoir when the 
latter is raised above the bath level. The contribution 
of this effect to the flow velocities should be greatest at 
low pressures, i.e., when the volume of liquid in the 
reservoir is small. Excessive evaporation losses can also 
cause high apparent flow rates if the reservoir is too 
far above the bath level. 

Experimental verification of these errors has been 
obtained. Upon plotting the experimental results of 
height versus time, nearly all the points corresponding 
to measurements made with the reservoir below the 
bath level lie on a smooth curve. On the other hand, the 
points corresponding to the reservoir above the bath 
level show much more scatter and deviate slightly from 
the points obtained with the reservoir below the bath 
(see Fig. 2). In view of these observations, and also in 
view of the divergence of the streamlines during outflow, 
the flow rates have been calculated from only those 
measurements made with the reservoir below the bath 
level. It is felt that in this way the errors introduced 
by the thermomechanical effect and excess evaporation 
are minimized, because temperature equalization will 
take place more rapidly when the reservoir is below the 
bath level than when it is above the bath. 
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Fic. 8. Comparison of the temperature dependence of the vol- 
ume flow rate with that of the superfluid concentration. The solid 
curve represents p,/p. The flow rate is normalized to p,./p at 
1.81°K. Slit width=4.3 x. 
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A further possibility of error arises from the presence 
of the side tube. When the position of the reservoir and 
side tube is changed relative to the bath level, the 
liquid level in the side tube adjusts itself rapidly to 
approximate coincidence with the bath level. During 
the time of equalization of levels, the flow in the side 
tube will decrease the flow in the reservoir. Such an 
error is avoided by delaying the start of a measurement 
until the level in the side tube is static. The time re- 
quired for this is from 6 to 10 seconds, depending on 
the temperature. 

Contamination by solidified gases is a frequent source 
of difficulty in flow measurements. This is especially 
true in the case of the helium film. Little is known of the 
effect of contamination on flow in narrow channels. 
We have taken no special care to outgas the flow equip- 
ment, other than to carefully evacuate the apparatus 
and flush it with helium. Elaborate vacuum techniques? 
are required to obtain a surface free from any adsorbed 
gases. Extremely high temperatures and low pressures 
(10-” to 10-" mm Hg) are necessary to remove the 
last layer. It is likely that no flow measurements have 
been made on surfaces not contaminated by at least 
one layer of adsorbed gas. A test was made to deter- 
mine the effect of allowing air to come in contact with 
the flow apparatus. At the end of two of the runs, a 
small amount of air was let into the system. No observ- 
able difference could be detected in the flow rates or 
side tube behavior. It seems likely that contamination 
does not easily occur unless the flow surfaces are directly 
exposed to the gas, as is the case jn film experiments. 

These mechanisms are believed to be the only im- 
portant ones which could falsify the observed pressure 
dependence of the flow velocity. The measurements are 
made in such a way as to minimize these errors. 


(B) Theoretical Considerations 


To summarize the experimental results, the de- 
pendence of volume flow rate on pressure head indicates 
the following facts. For pressure heads below approxi- 
mately 10 cm of helium, the flow rate is proportional 
to a power m of the pressure head. The constant of 
proportionality depends on the temperature as the 
superfluid concentration, p,/p. The index x is nearly 
independent of temperature, but may decrease with 
decreasing slit width. Its value is approximately 3. For 
the highest pressure heads, there is some indication 
that the flow rates become less dependent on the pres- 
sure, although this behavior can only be established by 
measurements at higher pressures. The flow rates can 
be expressed as: 


V=B(p./p)(Ap)* cm*/sec, 


with Ap the pressure head in dynes/cm? and B=2.1 
X10- cgs units for the 4.3-y slit. 
An attempt has been made to correlate the experi- 


®* Homer D. Hagstrum, Rev. Sci. Instr. 24, 1122 (1953). 
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mental observations with the existing theories of the 
hydrodynamical properties of helium um. In the ab- 
sence of a temperature gradient, the equations of 
motion as given by Gorter and Mellink’ may be 
written as: 


dv, Ps 
|) | aiiegsitiiaaal —Ve— F,,.— F,, 
dt p 


dv», Pn 
Pn = —Vp+ Pea 


dt p 
+nnl—VXVX va t4/3V(V- vn) I— Fi. 


The flow of the normal fluid in the 4.3-y slit is a small 
fraction of the total flow, except at temperatures very 
close to the A point. Measurements in helium 1 indicate 
that the normal fluid flow is of the order of 1/100 of 
the superfluid flow. Under these circumstances, we may 
disregard the second equation and put »v,=0. The 
pressure distribution and flow characteristics will then 
be determined by the properties of the superfluid. The 
first equation becomes: 


dv; p 
SS Vp— ay Pets 
dt Ps 


where F,,, is the force between the superfluid, and the 
normal fluid and the walls. We consider several dif- 
ferent possibilities. 


(a) Perfect Fluid: F,,.=0 


For this case the equation of motion integrates to 
give Bernoulli’s equation. If we assume streamline flow 
filling the slit, the following behavior would be expected : 

1. The index m in the relation for the pressure de- 
pendence of the flow rate should be =} (Torricelli’s 
theorem). This value is not observed. In addition, the 
pressure drop necessary to produce the average ve- 
locities of approximately 20 cm/sec is much smaller 
than the measured drop :" 


h= (v°/2g)*~2 mm of He. 


2. Because of the increase of the cross section of the 
flow channel with increase in r, the flow rates for flow 
out should be greater than those for flow in. However, 
the streamlines are diverging for flow out, and the flow 
pattern is extremely unstable.” It is probable that 
streamline flow would break down near the narrowest 
section of the slit and the liquid would break away from 
one wall. In this case the two rates would be nearly 
equal. This consideration suggests that the flow ge- 


1 C. J. Gorter and J. H. Mellink, Physica 15, 285 (1949). 

11 This drop would be increased by the assumption of an effec- 
tive mass for the acceleration of the superfluid in the slit greater 
than the gravitational mass. 

21. Prandtl and O. G. Tietjens, Applied Hydro- and Aero- 
a (McGraw-Hill Book Company, Inc., New York, 1934), 
p. 52. 
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ometry is probably not a good one to use to determine 
in what ways He m behaves as a perfect fluid. 

3. The side tube behavior depends on the conditions 
that exist in the groove. If there is no dissipation 
(streamline flow from the inner radius to the outer), 
the side tube should follow the reservoir for flow out 
and the bath for flow in. If the kinetic energy of the 
fluid flowing into the groove is completely dissipated, 
then the side tube pressure should be ¢ of the total 
pressure head for flow out and } the total head for flow 
in. On the other hand, if the flow breaks down as de- 
scribed under 2, the side tube would follow the bath 
for either flow in or flow out. 

The model of a perfect fluid is thus not very satis- 
factory, since it gives the wrong magnitude for the flow 
rate and also a wrong power dependence. Qualitatively, 
the behavior of the side tube and the equality of inflow 
and outflow rates can be explained if we assume that 
the flow does not fill the channel except in the narrowest 
constriction. 


(6) Mutual Friction: F,n=ApnpsVs* 


This expression for F,,, due to Gorter and Mellink,! 
can be used in the equation for the superfluid motion 
and a solution obtained for the slit geometry of these 
experiments. We assume a constant velocity profile and 
take from the equation of continuity: 


va(r)=0.(rs)Lri/r Jit, 


where »,(7;) is the (maximum) velocity at the inner 
radius of the slit and i, is the unit vector in the r direc- 
tion. We must solve: , 


p—=p 
dt 


dv, [= 


——$(¥,: m.| = —Vp—Appnv.. 
at 


Now, 
(v,:V)v,=$VV2—VeaXVXV,. 


The first term on the right (the Bernoulli term) is 
negligible, as shown in (a), and we take VXv,=0 
(irrotational flow). Also, for steady flow dv,/d/=0. 
Then we obtain 

Vp=—Appnv,’, 


or, since Vp= (0p/dr)i,, a 
Pr— pro= Mone stedra| -——] 


r ro 
with ro=outer radius of flow channel. The following 
results are obtained: 


1. For the total pressure drop, we obtain 
Ap=0.026Apn»,.*(r;), or 0.(7;) =38(Apn)—*(Ap)!. 


The dependence of the average velocity on pressure 
head is correctly given, However, the temperature de- 
pendence of the velocity at constant pressure is wrong, 
if we take A as a constant. Also, the pressure heads 
required to produce the observed average velocities of 
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approximately 20 cm/sec are too low. If we take Apa 
=2 cgs units, in accordance with the work of Hung, 
Hunt, and Winkel,"* then Ap=3 cm of He is the re- 
quired pressure head. This is too small by almost an 
order of magnitude. 

2. Side tube behavior. The observed behavior is a 
strong argument against the presence of any dissipative 
force, such as mutual friction, in the slit. The side tube 
pressure should be 3 of the total pressure head, or at 
least § of 3 cm of helium, according to the mutual 
friction theory. It has been suggested by Heaps" that 
the dissipation could occur in a wider part of the flow 
channel as the fluid enters the slit, since the mutual 
friction seems operative in wide channels. However, it 
is likely that this success of the mutual friction theory 
is associated with the presence of normal fluid flow, 
and in any event there should be a similar dissipation 
as the fluid leaves the slit. 

The mutual friction theory does not seem adequate 
to explain the observed behavior. Although the correct 
pressure dependence of the flow rates is given, the tem- 
perature dependence and the side tube behavior are in 
disagreement with the theory. This conclusion does not 
mean that the mutual friction theory is not of import- 
ance for higher velocities and wider slits. In fact, much 
of the most recent work" indicates that it is not appli- 
cable to the low velocities and narrow slits encountered 
in our experiments. 


(c) Critical Velocity Theory 


Mendelssohn and his co-workers! have advanced a 
theory for the flow of helium 1 involving the existence 
of a critical velocity. The theory has not been formal- 
ized to the extent of the Gorter-Mellink theory. The 
liquid flow is described as a frictionless transport under 
zero pressure gradient if the flow velocity is less than a 
critical velocity of the order of 20-50 cm/sec. The 
entire pressure drop is supposed to occur across the 
part of the flow channel having the greatest resistance 
to flow, and in particular across the narrowest con- 
striction. For velocities greater than critical, frictional 
forces come into consideration which in some cases 
can be described by the Gorter-Mellink equations. 

Since many of the elements of the critical velocity 
theory were inferred from experiments similar to those 
presented here, the results obtained are in qualitative 
agreement with the theory. However, the theory is not 
quantitative, and there are many unclarified points. 
The pressure dependence of the flow for velocities less 
than critical is not given, and in fact no reason is given 
for any pressure drop at all. There is no positive evi- 
dence of a critical velocity in our experiments, although 
sufficiently high pressure heads may not have been used. 

Thus, the critical velocity theory is capable of ex- 
plaining some of the qualitative features of the results. 


13 Hung, Hunt, and Winkel, Physica 18, 629 (1952). 
4 W. V. Houston and C. W. Heaps (private communication). 
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It fails in providing any quantitative relations for the 
flow behavior. In the next section we suggest a way of 
providing some of these relations by combining some 
of the characteristics of the critical velocity theory 
with the properties of a perfect fluid. 


(d) Modification of the Velocity Profile 


It has been suggested by Houston" that the anoma- 
lous pressure dependence of the flow could be brought 
into a theoretical frame-work by modifying the velocity 
profile. Prandtl'® has shown how a velocity profile can 
be chosen to yield any given pressure dependence for 
the average velocity. However, his arguments apply 
only to turbulent flow, and imply a dissipative inter- 
action with the walls. The behavior of the side tube 
rules out such dissipation, and Prandtl’s theory is not 
directly applicable. 

Most interpretations of the flow velocities suffer 
from two defects: the velocity of flow is taken as a 
constant across the flow channel, and the average flow 
velocity is equated to the superfluid velocity. There is 
considerable evidence'® to indicate that the velocity 
profile is not a straight line, but that the transfer in 
narrow channels is a surface effect. Mott!” has pre- 
sented arguments to show that a surface flow of the 
superfluid around a stationary core of liquid can be 
stable under certain conditions. Kapitza!* suggested 
the same picture on the basis of the results of his experi- 
ments on heat conduction in capillaries. We tentatively 
adopt such a picture and choose a velocity profile as 
in Fig. 9. The experimental results can be summarized 
as: 


evry . 
Ap= | - , V=2nrd((ps/p)vs(r:))w- 


Ps 


(The average flow velocity is set equal to ((p./p)v.) sv.) 
If we adopt a modified Bernoulli theorem, then Ap 
=4(pv,”)4 gives the pressure drop at the entrance to 
the slit. For the velocity profile of Fig. 9, 


2 da/2 

Pm me f shila~ Qn), 
dJ 

(02) n= 200%/d, 


WALL 
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15 L, Prandtl and O. G. Tietjens, reference 12, p. 70; L. Prandtl, 
Z. angew. Math. u. Mech. 5, 136 (1925). 
( = ee Daunt and R. S. ‘Smith, Revs. Modern Phys. 26, 177 
1954 

17N. F. Mott, Phil. Mag. 40, 61 (1949). 

Pp. L, Kapitza, J. Phys. (U.SS.R.) 4, 181 (1941). 


Es RORSCHACH, TR: 
where v is the average velocity of the superfluid in a 
layer of thickness ¢. To satisfy the Bernoulli equation, 


we must have 
p/ps\*. 
1 5°) -( ) y3 
3(p A B 


o(0 n= (3 (=) (“) (oa(r))nt. 


Putting in the values of (v,)1 and_(v,?)m, we obtain 


pf 3B. y° 
vof?=C, c="(—). 
d Arr; 


The quantity C is a constant and can be evaluated from 
the experimental results: C=23X10- cm*/sec. The 
product vf is proportional to the flow rate: (p,/p)vof 
=V/4nr;. Therefore, as the discharge rate increases, 
% must increase and ¢ decrease. Values of v and ¢ can 
be obtained from the experimental results: v= 7.2(Ap)! 
cm/sec, =5.7X10-5(Ap)-* cm. For Ap=2100 dynes/ 
cm? the values are »1=12 m/sec and t=4.5X10-* cm. 
These figures are in some respects reasonable. 2% is of 
the order of the critical velocities calculated on the 
basis of Landau’s theory,” and ¢ is of the order of the 
film thickness. 

The temperature dependence of the flow is explained 
on the basis of the two-fluid theory. If we assume ther- 
mal equilibrium in the slit, only a fraction p,/p of the 
slit cross section will be available for flow of the super- 
fluid. At a given pressure head, the velocity of the 
superfluid is determined. Therefore, the flow rate will 
have the same temperature dependence as the “ef- 
fective” slit cross section, or as p,/p. Also, the average 
velocity of the superfinid is, on this picture, not equal 
to d. Instead, 1,=dp/p, gives the average superfluid 
velocity.” 5, is, of course, the average velocity meas- 
ured at sufficiently low temperatures. 
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The Mott theory of double scattering of electrons by nuclei is extended to the case where a constant 
homogeneous magnetic field intervenes between the two scattering centers. The problem is treated in the 
Foldy-Wouthuysen representation. It is found that the presence of the magnetic field causes the asymmetry 
in the double-scattering cross section to be altered, and that this change in the asymmetry can be utilized 
to determine the gyromagnetic ratio of the free electron. 





I, INTRODUCTION 


HE Mott theory! of double scattering of electrons 
by nuclei is extended to the case where a constant 
homogeneous magnetic field intervenes between the two 
targets. If there is no anomalous moment interaction, it 
is found that the double-scattering cross section into a 
given direction is the same cross section, as in the field- 
free case, into another direction. The new direction 
(magnetic field present) can be obtained from the first 
direction (field-free) by rotating about the direction of 
the field by an amount equal to the space rotation of the 
particles between the scatterers. However, with an 
anomalous-moment interaction, there is an additional 
change in the cross section which depends upon the 
relative orientation of the constant homogeneous mag- 
netic field with the directions of motion of the initial 
beam and first scattered beam. The way in which the 
asymmetry is altered is discussed, and it is demonstrated 
how it can be employed to determine the gyromagnetic 
ratio of the free electron. 


II. MOTT THEORY 


We will briefly outline the Mott theory of double 
scattering in a vacuum, and then show how the inter- 
vention of a magnetic field between the two scatterers 
alters the cross section. 

An unpolarized beam along the direction JA (Fig. 1) 
is incident upon the first target at A. The part of the 
beam which is scattered into the direction of AB is 
allowed to fall upon the target at B. The beam is then 
scattered into direction BC. It is found that for a given 
angle 62 (Fig. 1), the double scattering cross section 
exhibits an asymmetry about the azimuthal direction 
in the x’y’z’ coordinate system. 

Although the Mott theory starts with the Dirac 
equation, it restricts itself to transitions between posi- 
tive energy states and neglects all contributions to the 
cross section arising from transitions from negative 
energy states. This approximation is quite good because 
it is found that the asymmetry in the double scattering 
cross section washes out for energies such that B=2/c 


* Supported in part by the U. S. Atomic Energy Commission. 
ii at National Bureau of Standards, Washington, D. C. 
. F. Mott, Proc. Roy. Soc. (London) A124 425 (1929); 
A135, 429 (1932). 
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is greater than about 0.7.2 This can be explained by 
noting that transitions between the positive and nega- 
tive energy states can cause a depolarization of the first 
scattered beam. Thus, only where the contribution to 
the cross section from the negative-energy states is 
negligible can we expect that the asymmetry will not be 
negligible. 

Because we limit the discussion to positive-energy 
states only, we can describe the spin polarization of the 
beam in terms of a two-by-two spin density matrix.’ 
The original beam which is incident on the first target 
is unpolarized. The spin density matrix is given by 


® (1) 
where m and m’ refer to two states of spin polarization. 
The beam of particles are considered to have the same 
momentum, and so the momentum density matrix 
describes a pure momentum state. In order that our 
notation be close to that of Mott,! we take the z com- 
ponent Pauli spin matrix diagonal. The scattering is 
described by a scalar transition operator (scalar under 
simultaneous rotations of spin and space) which trans- 
forms an initial momentum and spin state to a final 
state. It is given by 


V=f(0)+ig(0) (cz sing+o, cos¢). 


‘ieee 
Pmn' = 55mm! 


(2) 


The f(6) and g(6) are the Mott f and g functions which 
depend on the polar angle @ between the beam incident 
on the target and the scattered beam (Fig. 1), and 9 
is the azimuthal angle. The angles 6 and ¢ describe the 
difference in direction between the initial momentum 
and momentum after the scattering. The o’s are the 
usual Pauli spin matrices. 
After the initial scattering, the density matrix is 


p=V (61, ¢1)pVt(61,¢1). (3) 


2N. F. Mott, Proc. Roy. Soc. (London) A135, 429 (1932); 
H. A. Tolhoek and S. R. deGroot, Physica 17, 1 (1951). This does 
not mean that the single scattering Mott formula is not exact, 
because there it is legitimate to consider only the positive energy 
states. 

3 Density matrices are discussed by: J. von Neuman, Géttingen 
Nachr. 245 (1927); R. C. Tolman, Principles of Statistical Me- 
chanics (Oxford University Press, London, 1938), p. 327; H. A. 
Tolhoek and S. R. deGroot, Physica 17, 1 (1951); U. Fano, 
— Bureau of Standard Report 1214 (unpublished) and 
others. 
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Fic. 1. Schematic dia- 
gram of double-scatter- 
ing experiment. 





Since V is a function of the angle between the initial 
and scattered directions, the density matrix after the 
first scattering f is a function of 41, gi (Fig. 1). The 
direction of the incident beam being taken as the polar 
axis. The cross section can be obtained by taking the 
trace over the spin states, and is 


do (1,¢:)~L | f(A) | ~~ | g(01) 7], (4) 


which is independent of the azimuthal angle gy. If 
instead of measuring the cross section after the first 
scattering, the beam is then scattered by the target at 
B (Fig. 1), the cross section after the second scattering 
will exhibit an asymmetry in the azimuthal direction. 

Following Mott, we consider the first scattered beam 
to be in the direction 0=6, and g,=0. It is incident on 
the second target. The spin density matrix of this beam 
is, from Eq. (3), 


p=3N {| £01) |?+ | ¢(61) |? 
—ioyl_f(01)g* (01) — f*(1)g(@1) J}, (5) 


where JN is a normalization constant. It will be dropped 
in future calculations but its presence is implied. Note 
that the form of p“* differs from the spin density matrix 
of the incident beam. This means that the portion of 
the scattered beam in a specified direction in space is 
polarized. The degree of polarization of the beam 
incident on the second target is given by‘ 


pu 2! FO l*la@ P-L Orde" +F° Cres) ] 
C1 £061) 2+ | g(6s) 2] 


If the f and g functions are real, the polarization 
vanishes as has been pointed out by Mott. 





4 The degree of polarization is defined as P=|a|*, where the 
spin density matrix is defined in terms of the Pauli spin vector as 
p=43[1+a-e]. 

This is the same as Fano’s definition in reference 3. Fano’s de- 


finition differs from that of Tolhoek and deGroot, but both are 
related to the same invariant properties of the density matrix. 


The beam incident on the second target is a partially 
polarized beam and the momentum density matrix 
describes a pure momentum state along the 2’ direction 
(Fig. 1). The second scattering is described by the scalar 
operator V(@2,y2) which is given by Eq. (2) in that 
representation where o, is diagonal. The spin density 
matrix p® is transformed to this representation by 
rotating about the y axis through an angle 6, (Fig. 1). 

Since the y direction remains invariant, the spin 
density matrix p’“) in the representation where o,’ is 
diagonal is given by Eq. (5) with c, replaced by oy. The 
density matrix after the second scattering is 


pb’ = V (62, 92)p' Vt (82, y2), (7) 


and the double-scattering cross section is obtained by 
taking the trace of p’ over the spin states. Thus, 


dom~{C| fil?+ | e117 IC] fol?+ | g2l7] 
—[figi*— fi* gi JL foge*— fe*ge] cosys}, (8) 


where f; means f(6:) and fz means f(62), etc. This can 
be written as 
do~1—5 cosys, (9) 


si Cfigi*— fi*gi JL foge*— fo*ge] 
Cl fil?+feal*IC| fol?+ eel?) 


Equation (9) gives the Mott double-scattering formula 
in free space. f 

If the transition operator V were independent of the 
spin, the first scattered beam would have remained 
unpolarized. The cross section of the double scattering 
would have been given by the first term of (8), and 
would not have exhibited any asymmetry in the azi- 
muthal direction. Thus, the asymmetry is seen to arise 
from the spin dependence of the scattering potential. 
Therefore, in principle, one could determine the spin 
magnetic moment by measuring the asymmetry. How- 
ever, it is difficult to measure an absolute cross section 
in the double-scattering experiment, and so it would not 
be feasible to employ this method to measure the gyro- 
magnetic ratio of the free electron. The fact that there 
is an asymmetry in the cross section demonstrates the 
existence of the spin magnetic moment of the free 
electron. In order to make a quantitative measurement 
of the gyromagnetic ratio of an electron not bound to 
an atom, one can allow the spin magnetic moment to 
interact with a magnetic field between the two scat- 
tering events. The magnetic interaction causes the 
asymmetry to be altered and this can be utilized to 
determine the gyromagnetic ratio. 


where 


(10) 





Ill. EXTENSION OF THE MOTT THEORY 


The Mott theory is adequate to describe the double 
scattering experiment in free space. However, it has to 
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be modified where there is a magnetic field present 
between the two scattering centers. 

It is assumed that within a region of about 10° wave- 
lengths from the scatterer, about 10-° cm for an elec- 
tron with energy as low as one hundred kilovolts, the 
effect of the magnetic field upon the particle is neg- 
ligible compared to the scattering potential. This is 
justified, because for magnetic field of about one 
hundred gauss, the spin precession frequency is given by 


we= (€5C/moc) (1—B)!g/2, (it) 


where g=gyromagnetic ratio (about 2), e=electronic 
charge, 3C=magnetic field strength, m)»=rest mass of 
electron, c=velocity of light, 8=v/c (the ratio of elec- 
tron’s velocity to the velocity of light), and the spin 
precession will be about the order of 10~* radian. The 
change in orbit direction will be of the same order of 
magnitude. For electrons of higher energy this approxi- 
mation will be even better. Within this region the par- 
ticle can be considered as traveling in free space. The 
scattering is then completely determined by the scat- 
tering potential. The same assumption is made for the 
second scattering. Thus the only effect of the magnetic 
field will be to change the wave function between the 
two scattering events. 

The equations of motion of the wave function is dis- 
cussed in the Foldy-Wouthuysen representation.’ Al- 
though the Mott theory is based on the Dirac repre- 
sentation,! Mott actually employs a Pauli type approxi- 
mation® as has been noted previously. It has been 
demonstrated that in the low-energy limit the positive 
energy eigenfunctions of this new representation readily 
go over to the Pauli limit. 

If we consider only positive-energy states, the 
Hamiltonian is shown in the appendix to be, up to terms 
of first order in wo5C (uo is the Bohr magneton), 


H= 4 &,—poo- KL (1—6")!+a] 


(o-v)(v-H 
dig ———— 


699] . (12) 


v 


Furthermore &, is the energy operator in the absence 
of spin and is 
&,=[me'+en*}}, (13) 


where x=p—eA/c=mv, p=momentum, A=vector 
potential, and a=a/2zm is the second order radiative 


5 L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950); 
K. M. Case, Phys. Rev. 95, 1323 (1954); H. Mendlowitz, thesis, 
University of Michigan, 1954 (unpublished), gives a detailed 
treatment in the Foldy-Wouthuysen representation of an electron 
with an anomalous moment in a constant magnetic field. 


6 This is because he allows only positive energy eigenfunctions ° 


of the Dirac equation to be incident upon the second target. 


correction to the spin magnetic moment.’ This can be 
shown to be independent of the momentum for a par- 
ticle in a constant magnetic field. 

The equations of motion of the coordinate operator 
r is given by 


1 
=_ [eH ]=(p—eA/0)/8,, (14) 
7 


which is just the equation of motion of a particle in a 
magnetic field rotating with the relativistic cyclotron 
frequency w,=e3C(1—6?)!/moc. If we consider the 
terms in the Hamiltonian containing the spin operator 
(defined as o acting in this representation), we find 
the equations of motion for the spin operator for the 
following interesting cases aré given as: 


(1) H\lv:  de/dt=[1+a]wz0Xh, 


(2) HLv: do/dt=[1+a/(1—6)"}wr0Xh; 


(15a) 
(15b) 


h is a unit vector in the direction of the field. Thus, we 
find that the spin can be considered as precessing about 
the direction of the field with a frequency different from 
the cyclotron frequency by an amount that depends 
upon the relative orientation of the field and the par- 
ticle’s velocity. 

The effect of the Hamiltonian can be considered as 
changing the space state and the spin state separately. 
The Hamiltonian acting on the initial space part of the 
wave function gives a wave function which describes a 
particle which has been displaced along the direction 
of the field and rotated about the direction of the field 
by an amount wz/, ¢ being the time spent between the 
two scattering events. Similarly one can see that the 
action of the field on the spin state is to rotate the spin 
state about the direction of the field by an amount wf, 
where w, is given by Eq. (15).° 

Thus, if the wave function after the first scattering 
is Y, then just prior to the second scattering it is . 


Vineo= e'P(AO(AW. (16) 


7J. Schwinger, Phys. Rev. 76, 790 (1949); 82, 664 (1951). 
8 Schwinger has shown in Phys. Rev. 76, 790 (1949), Eq. (1.114) 
that the extra term appears as 


(«/2m) oe Fo(x— 2" )ity(x" des! A (x). 


Also 
Fo(x)=6 (x) + (1/6x2)(P6(x)+ - - -0(04), 
where 
k=h/moc. 


Following K. M. Case, Phys. Rev. 76, 1 (1949), and S. Borowitz 
and W. Kohn, Phys. Rev. 76, 818 (1949), we integrate by parts 
and apply the d’Alembertian operator on the vector potential. 
For a constant magnetic field, the terms in [? and all higher 
order terms in this operator fall out. 

® Note that w, depends on the relative directions of the motion 
of the particle and the magnetic field, 
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The operators P(é) and Q(é) are operators which rotate 
the space and spin states respectively, and are given by 


4 _ 
P()= exp| oul -hi |, (17a) 
a 


(17b) 





00) k Ws h 7 
= ——e-hi a 
exp; h2 o | 


where L is the angular momentum operator. The term 
e*”' in (16) can be considered as a constant phase factor 
arising from the displacement of the particle along the 
direction of the field, and it will be dropped in future 
calculations. 

After the first scattering, the spin density matrix 
in the representation where og, is diagonal is given by 
[from Eq. (15) ] 


o O=HE| frl2+| gi]? ]—toy[ figi*—fitgi]}. (18) 


The momentum density matrix describes a beam of 
particles traveling along the z’ direction, a pure mo- 
mentum state. If there were no magnetic field, the 
density matrix p’ would describe the beam incident on 
the second target. However, in the presence of the 
magnetic field, both the spin and space states of the 
beam are altered. The density matrix (in the primed 
coordinate system) describing the beam incident on the 
second target, after spending a time ¢ in the field, is 


p”=P()O()p'O"()P*(). (19) 
The density matrix after the second scattering is then 
B°=VPWHODP'Q*HPAOV1, (20) 


where V is defined by Eq. (2) in the representation 
where o, is diagonal. 


Let 
2) =Or(HQ.(H), (21) 


where Qp(t) corresponds to the same angle of rotation 
as P(t), and Q,(#) rotates the spin state through the 
angle corresponding to the difference between Q(#) and 
Op(t). Then 


B”=VPMQrHR(e'QAWOPAWPAWV'. (2) 


Since V is a scalar under simultaneous spin and space 


rotations, p’’ can be expressed as 


B”=P()Or()VO.()p'OAMVIOE*(P->(). (23) 


The scattering cross section for the double scattering 
is obtained by taking the trace of Eq. (23) over the spin 
states. This gives 


do~P(t)} trace [VQ.()p'Q7(Vt]}} P(A). (24) 
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Consider Q,(¢) to be given in the primed coordinate 
system by 
Q.(t)=exp(io-né/2), (25) 


where n is a unit vector in the direction specified by 


nz=sinO cos8, ny,=sin# sin8, n,=cos#, 


where @ is the polar angle 6 is the azimuthal angle in 
the primed coordinate system. The cases of interest 
are when n is along the direction of the field. Now 


trace {VQ.(i)p'Q7()V"} 


= {01 fil?+|erl* IC] fol?+ | g2/7} 
—{Lfigi*— fr*gi JL foge*— fo*ge)} 
X {cosye[cos?(£/2) cos@ sin?(E/2) ] 
—sin’6 sin?(£/2) cos(2B— yg) 
—sings cos@ sint}. (26) 


Therefore, the cross section given by (24) can be 
obtained from Eq. (26) by rotating the primed coordi- 
nate system about the direction of the field in the 
direction of rotation of the particle and through the 
same angle. 

Consider the case Q,(#)=1. This is true when §=0, 
which means the anomalous moment vanishes. Then 
(26) reduces to 


{C] fal? | ga] IC fol?+ | ge|7] 
—Lfigi*— fi*gi IL foge*— fo*ge] cosg2}. (27) 


The double-scattering cross section of (24) into a 
given direction is the same as the field-free cross section 
into another direction. The new direction is obtained by 
rotating the direction specified by Eq. (27) in the primed 
coordinate system about the field by an angle corre- 
sponding to P(é). If the space state was rotated through 
angle 2nm (n being an integer), the cross section would 
correspond to the field free cross section. 

If the magnetic field is oriented along the y’ direction, 
the direction perpendicular to the initial and first scat- 
tered beams, then 


Q.(é) =exp(ioy€/2), 
O=n/2, B=n/2, t=. 


This is substituted into Eq. (26) and gives Eq. (27). 
Thus, this case does not differ from the case where there 
is no anomalous moment, and the effects of the anoma- 
lous moment cannot be detected. 

If the magnetic field is along the 2’ direction, the 
direction of the first scattered beam, 


Q.(t)=exp(ioz€/2), 


6=0. 


and 


and 
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Then Eq. (26) gives 


(C1 fal?+]gxl7ICI fel?+ | ge/?] 
—Lfigi*— fir*gi I fogs*— fo*ge] cos(yet+e)}. (28) 
The scattering cross section for the double-scattering 
experiment is obtained from (28) by rotating the 
direction about the z’ axis. If, before the rotation, a 
direction is specified by 6 and ¢ in the primed system, 
after it has been rotated through an angle wz, the direc- 
tion is specified by 6 and g+wz/ in the primed system. 
Therefore, the cross section (24) is, in the primed system, 
dom{C| frl?+|ga]7 ICI fel?+ | g2|7) 
—(higr*— fi*gr IL fogs*— fo*ge 
Xcos(yotwitt+e)}, (29) 


do~1—6 cos(y2+wit+e). (30) 


or 


For these experimental conditions, if € is not too small, 
one can determine both the magnitude and sign of the 
anomalous moment. If wzt=2nm (n being an integer), 
the effect of the anomalous moment on the asymmetry 
could be detected. In the experiment of Louisell, Crane, 
and Pidd," the time of flight between the two scatterers 
was too small for ¢ to be significantly different from 
zero, and so they effectively measured the rotation of 
the asymmetry about the direction of the field which 
was caused by the normal moment. This corresponds to 
the case where Q,=1 discussed above. 

If the magnetic field is along the x’ direction, then 


Q.(t) =exp(ioz€/2), 


6=n/2, B=0, t=e. 
Equation (26) gives 


Cl fil?-+ | gal? IC] fol?+ | 2217] 
—(figi*— fi* gi lL foge*— fo*go] cosy2 cose. (31) 


If P(¢) corresponds to a rotation of 2mm radians (n being 
an integer), then the double scattering cross section, for 
the case where the magnetic field is in the same plane 
as the initial and first scattered beams but perpendicular 
to the scattered beam, is given by 


and 


da~1—6 cos¢e cose. (32) 


It is seen that the effects of the anomalous moment on 
the cross section are detectable because of the alteration 
of the asymmetry. However, in this case the sign of the 
anomalous moment cannot be determined because the 
change is independent of the sign of e. Also, the direction 
of the field along the x’ axis is not important. In the 
limit of small e, 

da~1—5 cos¢o. (32a) 


It is therefore necessary that the time between the two 
scatterings be long enough that ¢ be at least a signi- 
ficant fraction of 7. 


1 Louisell, Pidd, and Crane, Phys. Rev. 94, 7 (1954). 


In the experiment to measure the magnitude of the 
gyromagnetic ratio to such accuracy that the second 
order radiative corrections are significant, it will be 
necessary for the number of spatial revolutions about 
the field to be of the order of 10* to 104. 


IV. CONCLUSION 


It is shown, that up to first order of uo 5C in the energy, 
the precession frequency of the spin about the direction 
of the magnetic field is given by: 

(1) Field parallel to velocity of the particle, 


w.=wz[1+a]. (33) 


(2) Field perpendicular to the direction of the 
velocity of the particle, 


ws=wz[1+a/(1—f*)*]. (34) 


The ratio of the spin precession frequency w, to the 
cyclotron frequency wz is for the two cases: 


(1) ,/w.=g/2=[1+a], (35) 
(2) ws/wi=g/2=[1+a/(1—-6")'], (36) 


where g is the gyromagnetic ratio for the spin moment. 
Although the magnitude of the second order correction 
to the moment is constant in a time-independent homo- 
geneous magnetic field, the gyromagnetic ratio depends 
upon the relative orientation of the field to the velocity 
of the particle and also on the magnitude of the 
velocity. 

The Mott double-scattering cross section is modified 
by the intervention of a magnetic field between the two 
scattering centers. For the case where the magnetic 
field is along the direction of the first scattered beam 
(z’ direction), the cross section is given by 


doy~1—6 cos[_ get+wzt(1+<) ]. (37) 


When the magnetic field is perpendicular to the direc- 
tion of the first scattered beam but parallel to the plane 
of the initial and first scattered beams, the expression 
for the cross section is more complicated. If the particle 
executes an integral number of revolutions about the 
direction of the field, the cross section is given by 


doy~1—5 cos¢e cos[_awzt/(1—f?)?]. (38) 


If the particles do not make an integral number of 
revolutions, the double scattering cross section can be 
obtained from Eq. (38) by rotating the primed coordi- 
nate system about the field through the same angle that 
the electrons have been rotated. The cross section is 
given by Eq. (38) in the new coordinate system. 

The effects of depolarization of the electron beam on 
the double-scattering cross section will be discussed in 


a later paper. 
APPENDIX 


Consider the Dirac equation for a particle in a 
constant homogeneous magnetic field, 
Hp=cpio-x+psmyec* 


= p101+ 9:03, (A-1) 
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where QO, and OQ; are the operators which are the coef- 
ficients of the p; and p;, respectively. This Hamiltonian 
is then transformed to another representation by the 


following transformation 
H=e-invl2A petme!?, 


(A-2) 


where ¢ is independent of the p operators and assumed 
to be independent of time. Then 


H=p;[03 cosg—O; sing] | 


+p:[01 cosg+0; sing]. (A-3) 
If yg is chosen such that 
tang= —0,/0;, (A-4) 
then 
H=p;L02+0; }}. (A-5) 


This new Hamiltonian is the Hamiltonian of the 
particle in the Foldy-Wouthuysen representation, and 
for the above case it is 


H=p;(moc!-+cx—ehco- 3 }}=p:E, (A-6) 


If ps is taken diagonal with the eigenvalues of +1, the 
energy eigenvalues are just + the square bracket above. 
In this representation the positive eigenvalue of p; 
refers to the positive-energy states and the negative 
eigenvalues to the negative-energy states. 
In the usual Dirac representation, a particle with an 
anomalous moment of magnitude ayo is described by a 


Hamiltonian given by 
Hp’ =cpio-x+p3(moc?—apoo- 3). (A-7) 


This is transformed to the Foldy-Wouthuysen repre- 
sentation and gives 


H! =e¢-imel2 7] pete? = A — apoB, (A-8) 
where A is given by Eq. (A-6) and B is 
B=e-imeltg. Heine? (A-9) 
Therefore 
B=p;{cos(¢/2)e@- KH cos(¢/2)—sin(¢/2)e- 3H} 
+pi{sin(¢/2)e-5€ cos(¢/2) 
+cos(¢/2)e-5 sin(g/2)}. (A-10) 


Now ¢ is given by Eq. (A-4), so that cos(g/2) is a 
function of 


[(o-x) (0-2) »~Lx?— (eh/c)o- 3)". 


Since # is a constant homogeneous field, cos(¢/2) 
commutes with o- 3. However, sin(¢/2) is a function of 


(o-x)[ (o-2)(o-) ]"~(o-x)[°— (eh/c)o- #])” 
so that 
sin(¢/2)(e- #)=[(1—cosg)/2]!(e-x)(o- )/| x]. 
(A-11 


Therefore 





(o-x)(o- H)(o-) 


sin?(p/ »| 


B=ol o- # cos(¢/2)— 


T 





(o-x)(o- H)+(e- H)(o-=) 
+o] ial 


sin(¢/2) cos(o/2)] 


where the trigonometric functions in Eq. (A-11) are now 
independent of o-z. Now 


(o-x)(o- H) (0-2) =2(0-2) (x: KX) 
— (eh/c)K?—2(ae- KX), 
(o-2)(o-H)+(e- KH) (0-2) =22- K. 
Therefore, 
B=p3{o- H— (1—mygc?/E,) 
XL (o- 2) (2+ 5) /2?— (ehc/2) H?/c?n*} 
— pis: 5¢/||)(1—metct/E,?). (A-12) 


Since we are restricting ourselves only to positive- 
energy solutions of the wave equation, the terms in p1 
are dropped, and for ps we substitute its positive eigen- 
value. The Hamiltonian is then given by 


H=6&,[1—ehco- #/&," }'—apo{o- H— (1—moc?/E,) 
X[o-2(x- 5)/m?— (ehc/2) (5C?/c2n) }}. (A-13) 
The first term in (A-13) is expanded to give 


eh 1 /ehnx \? 
E,= &,———o: K— ( )--». 
2&,/c 28% 2&,/c 


Since the minimum eigenvalue of &, is moc’, then up 
to terms which are linear in yo] 3], we can write 


eh 
B.= 8,—( er K i 
28,/c 


The correction terms are smaller by a factor of 10~" 
for a field of about one hundred gauss. Therefore up to 
terms which are linear in yo| 5C|, the Hamiltonian in 
Eq. (A-13) becomes 


eh 


and 














H=€&,—- 





Cc: H—apoo- KG 
2&,/¢ 


+-apo(1—moc*/&,)(o-m) (x: H)/a*. (A-14) 


If we consider wave functions which are product func- 
tions of eigenfunctions of €, and a function of o, then 
we can replace &, in the denominator by its eigenvalue 
myc?/(1—*)*, which gives 


H=&,—0- #[(1—6")!+-a] 


(o-v)(v- 5) 


ay {1—(1—6*)#], (A-15) 
y2 
because 


MVN=. 


Thus this now corresponds to Eq. (12) in the text. 
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Infrared Lattice Absorption in Ionic and Homopolar Crystals* 


MELVIN Lax, Physics Department, Syracuse University, Syracuse, New York and Naval Research Laboratory, Washington, D. C. 


AND 


ExtAs BurstEIN, Crystal Branch, Naval Research Laboratory, Washington, D. C. 
(Received July 12, 1954) 


The evidence, from the photoelastic properties of alkali halides 
and MgO, and from the deviations from the Cauchy relation 
among the elastic constants in these crystals, for the existence of 
an appreciable deformation of the charge distribution about the 
atoms during lattice vibration, is discussed. The deformation of 
the charge distribution is suggested as a possible alternative ex- 
planation to that of anharmonic forces for the auxiliary bands in 
the infrared absorption and reflection spectra of the alkali halides 
and MgO. It is suggested, on the other hand, that the infrared 
absorption spectra of pure homopolar crystals, such as diamond, 
silicon, and germanium in which a linear moment is absent, must 
involve the deformation of the charge distribution during vibra- 
tion, since anharmonic forces alone cannot account for any infrared 
absorption in the absence of a linear moment. 

The deformation of the charge distribution in a crystal during 
vibration is shown to lead to a second order electric moment 


(quadratic in the displacements) as well as to a modification of the 
first order moment. A qualitative understanding of the contribu- 
tion of the second order moment to infrared absorption is obtained 
with the help of a one-dimensional calculation. 

An analysis is made of the infrared absorption in diamond, 
silicon, and germanium. Part of the absorption is judged to be 
intrinsic and to be reasonably explained by a second order electric 
moment arising from charge deformation. The remainder seems 
to vary with the specimen and is explained as an impurity-induced 
first order moment. The second order electric moment can also be 
used to explain the side bands in the absorption and reflection 
spectra of the alkali halides. However, it fails to explain the ob- 
served broadening of the main absorption line, indicating that 
anharmonic forces are probably the principal mechanism in the 
latter phenomenon. 





1. INTRODUCTION 


HE absorption of infrared light by an ionic cubic 
diatomic crystal would be expected, according 
to elementary theory, to yield a single band associated 
with the optical mode of essentially zero propagation 
constant. Observations of Czerny,! Barnes, and others! 
on alkali halide crystals indicated, however, the 
presence of side bands on the short wavelength side of 
the main absorption or reflection band. Attempts at 
explaining these side bands by Born and Blackman,? 
Blackman,’ and Barnes, Brattain, and Seitz,‘ were 
based on the presence of anharmonic terms (e.g., 
cubic) in the potential energy associated with lattice 
vibrations. Since these terms are difficult to calculate 
from fundamental considerations they were introduced 
phenomenologically. The location of the bands could 
reasonably be explained by regarding them as com- 
bination bands. 
Recently, Born’ in his work on pyroelectricity, and 
Burstein e¢ al.6 in explaining the infrared properties of 
MgO, have suggested that the side bands may be due 


* This work has also been supported in part by the U. S. Air 
Force under a contract monitored by the Office of Scientific Re- 
search, Air Research and Development Command, and in part by 
the Office of Naval Research. 

1M. Czerny, Z. Physik 65, 600 (1930); R. B. Barnes and M. 
Czerny, Z. Physik 72, 447 (1931); R.B. Barnes, Z. Physik 75, 723 
(1932); K. Korth, Nachr. Akad. Wiss. Gottingen, Math. -phys 
KL, 576 (1932); C.H. Cartwright and M. Czerny, Z. Physik 5, 
268 (a (1933); 90, 457 (1934); H. W. Hohls, Ann. Physik 29, 433 

3 ” ‘Born and M. Blackman, Z Physik 82, 551 (1933). 

3M. Blackman, Z. Physik 86, 421 (1933); Trans. Roy. Soc. 
(London) A236, 102 (1936). 

4 Barnes, Brattain, and Seitz, Phys. Rev. * 582 (1935). 

5M. Born, Revs. Modern Phys. 7, 245 (1945). 

ape, Oberly, and Plyler, Proc. Indian Acad. Sci. 28, 388 
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to second order terms in the electric moment rather 
than to third order terms in the potential energy. Fur- 
thermore, in hompolar materials like diamond, silicon, 
and germanium where the linear terms in the electric 
moment are absent, Burstein and Oberly’ have sug- 
gested that the intrinsic lattice absorption must be 
explained on the basis of a second order electric moment, 
since an harmonicity alone provides no mechanism for 
absorption. 

The purpose of the present paper is: (1) to review the 
experimental evidence for second order electric moment 
terms; (2) to define the concepts more precisely by 
formulating the transition probabilities on a quantum 
mechanical basis; and (3) to illustrate the qualitative 
nature of the results to be expected by performing a 
one-dimensional calculation. 


2. EXPERIMENTAL BACKGROUND 
Polar Crystals 


The reflection spectra for a series of alkali halides and 
for MgO are given in Fig. 1. These spectra exhibit a 
main peak and a secondary side peak at a shorter wave- 
length. As can be seen from Table I, the relative width 
of the main peak decreases in the order LiF, MgO, 
NaF, NaCl, KCl. The relative heights of the secondary 
to the major peak also decrease in exactly the same 
order. A similar trend is found in these crystals for the 
deviation from the Cauchy relations (C44/Ci2)—1 and 
for the strain polarizability constant A» (see Table I). 

The deviation from the Cauchy relations in a classical 
treatment implies a deviation from central forces. 
Léwdin,® in a quantum-mechanical treatment using free 


7E. Burstein and J. J. Oberly, Phys. Rev. 78, 642 (1950). 
8 Per Olav Léwdin, J. Chem. Phys. 18, 365 (1950). 
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spherical-ion wave functions, was able to show that 
some Cauchy relation deviations could be obtained 
from the non-orthogonality terms arising in his Heitler- 
London treatment. However the deviations he obtained 
did not follow the trend exhibited in Table I. It therefore 
seems necessary to take account of the deformation of 
the ionic wave functions to explain the experimental 
results. (Such a deformation and its changes during 
vibration will lead to terms in the electric moment of 
second order in the displacement, as well as to a modi- 
fication of the “effective charge” in the first order 
terms.) 

The strain polarizability \» represents the fractional 
change in molar polarizability with fractional change in 
density. The existence of a strain polarizability also 
suggests the existence of charge deformation, and its 
magnitude is also a measure of the extent of charge 
deformation with strain. As a consequence, both the 
Cauchy deviations and the strain polarizability repre- 
sent a measure of the charge deformation that will 
occur during lattice vibrations. 

The experimental evidence therefore indicates a cor- 
relation between the peak widths and side-band inten- 
sities with a measure of the size of the second order 
terms in the electric moment. As we shall show later in 
this paper, second order moments can give rise to com- 
bination bands and the latter may constitute the 
mechanism for the side-band absorption. 

We can visualize the mechanism for absorption in- 
volving second order terms in the electric moment by 
considering the effect of compressional modes on a 
rocksalt lattice. A compressional mode produces a 
shift in the effective charges on the ions, but no moment. 
If in addition an optical vibration is present, a second 
order contribution to the electric moment will be made 
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Fic. 1. Infrared reflection spectra of alkali halides and 
magnesium oxide. 


TaBLe I. Infrared reflection peaks. 














Fractional 
Major band Minor Height Cu_y 
Crystal peak(u) width  peak(x) ratio ro Cis 
MgO 228 0.43 16 0.7 1.4° 0.44 
LiF 26> 0.46 17 0.85 0.7° 0.3¢ 
NaF 36> 0.34 25 0.56 see 0.2! 


NaCl ed 0.28 39 0.32 0.6° 0.1°-4 
KCl 63> 0.18 46 0.25 0.6° 0.0.4 








® See reference 6. 

b H. W. Hohls, Ann. Physik 29, 433. (1937). 

¢ FE. Burstein and P. L. Smith, Proc. Indian Acad. Sci. 28, 377 (1948). 
4M. A. Durand, Phys. Rev. 50, 449 (1936). 

eH. Huntington, Phys. Rev. 72, 321 (1947). 

f Burstein, Smith, and ‘Arenberg, Phys. Rev. 82, 314 (1951). 


by the vibration of the charge increments. This con- 
tribution is proportional to the product of the ampli- 
tudes of both the acoustical and optical modes, and 
results in absorption at the sum and difference fre- 
quencies. Because of the high density of short-wave- 
length modes, a combination of short-wavelength 
acoustical and optical modes will lead to side bands. 


Homopolar Crystals 


In this section we shall be concerned primarily with 
homopolar crystals of diamond structure (e.g., diamond, 
silicon, germanium, and gray tin). The diamond struc- 
ture consists of two identical interpenetrating face- 
centered cubic lattices with one of these lattices dis- 
placed relative to the othe? one-quarter of the distance 
up the main body diagonal. Because of the crystal 
symmetry (O,), the displacement of one sublattice 
relative to another will not result in an electric moment. 
The fundamental optical vibration is therefore infrared- 
inactive, although it is Raman-active. Weak absorption 
bands have been observed, however, in diamond,’ and 
more recently in silicon’ and germanium.”9-! 

The lattice vibration absorption bands in diamond 
are shown in Fig. 2. Diamond crystals are found to fall 
into two types which exhibit different absorption 
spectra. Type I diamonds exhibit absorption in two 
regions: from 2 to 6u and from 8 to 13u. Type II 
diamonds, on the other hand, exhibit absorption only 
in the 2 to 6u region. The absorption in the 8 to 13u 
region for Type I diamonds varies from specimen to 
specimen and appears therefore to be an impurity or 
structure sensitive property. The 2 to 6u absorption 
does not vary from specimen to specimen nor from Type 
I to Type II diamonds” and therefore may be re- 
garded as an intrinsic property of diamond. 

The classification of diamond into two types is based 

® Robertson, Fox, and Martin, Trans. Roy. Soc. (London) 
A232, 463 (1934). 

ORC. Lord, Phys. Rev. 85, 140 (1952). 

1H. B. Briggs, J. Opt. Soc. Am. ie 686 (1952); R. J. Collins 
and H. Y. Fan, Phys. Rev. 86, 648 (1952). 

G. B. B. M. Sutherland and H. H. Willis, Trans. Faraday 
41, 289 (1945). 
4 G. Ramanathan, Proc. Indian. Acad. Sci. A24, 130 (1946). 


s E. Blackwell and G. B. B. M. Sutherland, J. ‘chim. phys. 
46, 9 (1949). 
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TABLE II. Some properties in which Type I and Type II 
diamonds differ. 











Type I Type II 
Infrared absorption* 2 to 6u and Only 2 to 6u 
8 to 134 
Ultraviolet absorption* Below 3000A 


Below 2250A 
Photoconductivity* Poor Good 


Radiation counting» Poor Good 
Anomalous x-ray spots* Present Absent 
Crystal texture Perfect Mosaic 








( — Fox, and Martin, Trans. Roy. Soc. (London) A232, 463 
1 
>R. Hofstadter, — Rev. 73, 631 (1948); F. C. Champion, Proc. Phys. 
Soc. (London) B65, 465 (1952). 

¢ K, Lonsdale, Proc. Roy. Soc. (London) A179, 315 (1942). 

4K. Lonsdale, Phys. Rev. 73, 1467 (1948). 


on differences in physical properties’ (see Table II). 
The properties that distinguish the two types of diamond 
are those which are commonly sensitive to impurities 
and structure defects in other materials. Properties such 
as ‘lattice constant, refractive index, dielectric constant, 
Raman spectra, and specific heat which are not struc- 
ture-sensitive exhibit essentially no differences between 
the two diamond types. 

We believe that Type I diamonds have the same 
fundamental octahedral structure as Type II diamonds, 
but differ from the latter by the presence of impurities’""® 
or structure defects which are introduced during growth, 
and whose concentration determines the extent to 
which the properties of a given crystal differ from the 
perfect octahedral structure. 

Recent data,!® obtained at the Naval Research 
Laboratory, on the influence of impurities on the 
growth and properties of a wide variety of crystals 
indicate that certain types and concentrations of im- 
purities reduce the mosaic structure of crystals and 
make possible the growth of large, clear crystals which 
could not otherwise be obtained. It is therefore probable 
that it is precisely the presence of appropriate impurities 
that enable near-perfect Type I diamonds to grow in 
nature. 

The infrared absorption bands from 8 to 13y in 
Type I diamond occur in the region of the fundamental 
optical vibration frequencies of the diamond lattice in 
spite of the fact that absorption associated with the 
“optical modes” of vibration are explicitly forbidden by 
the selection rules associated with the octahedral sym- 
metry of the diamond lattice. The presence of these 
bands can be readily accounted for by impurities since 
they destroy locally the center of symmetry of the 
diamond structure and thereby permit an electromag- 
netic coupling to the fundamental optical vibration 
frequencies. 

The 2 to 6-u bands do not vary from specimen to 
specimen and hence constitute intrinsic absorption. 


15 Blackwell and Sutherland (reference 14) have also suggested 
that impurities may play a role. 

16 Paul H. Egli and S. Zerfoss, Discussions Faraday Soc. No. 5, 
61 (1949). 


They cannot be explained on the basis of a first order 
(fundamental) lattice absorption, -since the latter is 
forbidden for the perfect diamond lattice. Furthermore 
these bands occur at a higher frequency than the 
fundamental optical vibration at 1332 cm—!. We suggest 
that this 2 to 6-u intrinsic absorption is lattice absorp- 
tion associated with two-phonon processes arising from 
second-order terms in the electric moment produced by 
charge deformation. 

The customary mechanism for explaining summation 
bands (in the alkali halides), namely anharmonic 
forces, is inadequate in diamond structures since anhar- 
monic forces without charge deformation can produce 
no electric moment of any order and hence no 
absorption. 

Second order electric moments are adequate to 
explain the existence of summation bands without 
benefit of anharmonic terms, although the latter may 
indeed be present and produce additional broadening 
and/or side bands. 

It may be of interest to note that a charge deforma- 
tion mechanism has also been invoked to explain the 
pressure dependent fundamental infrared absorption of 
homonuclear molecules.!7 Although anharmonic forces 
are present in such molecules, no vibrational absorption 
is to be expected unless an electric moment is induced, 
viz., by collisions. 

We can visualize the second-order terms in the electric 
moment in a manner similar to that described in the 
alkali halides: one vibrational mode induces charges on 
the atoms (which would otherwise not be present). A 
second mode simultaneously causes a vibration of the 
induced charges thus producing an electric moment and 
coupling to the radiation field. Since a long-wavelength 
acoustical or optical mode does not alter the effective 
charges of the atoms on the two equivalent Bravais 
lattices, we expect that such long-wavelength modes 
will be ineffective in producing second order moments. 
On the other hand, short-wavelength modes introduce 
asymmetric displacements within the two sublattices 
and therefore produce charge deformations. Thus we 
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17 Crawford, Walsh, and Locke, Phys. Rev. 75, 1607 (1949); 
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may expect that the absorption will be produced pri- 
marily by a pair of short-wavelength phonons. 


3. THE TRANSITION PROBABILITY 


Let the initial and final states of the crystal be denoted 
by ¥.(1,x) and y,(r,x), where r is an abbreviation for 
the electronic coordinates rr2---rj;--- and x is an 
abbreviation for the nuclear positions x;X2- + -x:---. In 
the presence of an incident electromagnetic field de- 
scribed by the vector potential A(r), the perturbing 
potential, 


= —) (e;/mjc)A(r;)-pj— Do (Zi/Mic)A(x:)- Pi, (3.1) 


determines the rate at which transitions occur. Here 
e;=—e is the charge on the jth electron and Z; is the 
charge on the /th nucleus. Also M; is the mass of the /th 
nucleus, pP;= —ihVr;, P,= —ihVx. 

For a system such as a crystal, whose size is large 
compared to the wavelength, the customary electric 
dipole approximation cannot be applied. Since we are 
dealing, however, with valence or core electrons, we are 
always concerned with filled bands. And such a deter- 
minant of band functions can always be rewritten as a 
determinant of localized orbitals. Finally, since we are 
concerned with the matrix elements of one-body opera- 
tors, the determinant may be replaced by the corre- 
sponding Hartree product of localized orbitals. Thus 
we may regard each electron r; as attached to a given 
atom, of equilibrium position r,° in the lattice. It is 


then permissible to make the “dipole” approximation ; 


exp(iv-r;) > exp(iv-r;), (3.2) 


dX exp(iv-r,°)Lespj/mj+Z;P;/M;] 
— 2rivl> exp(iv-r,)(ejr;+Z;x;) ]. (3.3) 


The effect of phase retardation is therefore taken into 
account by adding the dipole moments of each atom 
with an appropriate phase factor. With this modification 
all of the formulas associated with electric dipole radia- 
tion and absorption may be applied. The transition 
from the initial Born-Oppenheimer state, 


¥i(1,x) eo ¢a(¥,X)Xam(X), (3.4) 
to the final state, 
¥;(1,x) om 90(1,X)X bn (x), : (3.5) 
is accordingly described by an absorption cross section :!8 
n { Ee\? 82° v 
“=|"(=) nm, 66 
e\E c 


2 


Ta(v)= Adm Don f Xon*(x)Moa(X,v) Xam (x)dx 








X6(E>n—Eam—hyv). (3.7) 


18 See M. Lax, J. Chem. Phys. 20, 1752 (1952), Eqs. (2.1), (2.3), 
ff for further discussion. 
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The “phased” transition electric moment Mba(x,v) is 
defined by: 


Mia(x,v) =>; exp(iv-r;°) 
x f est (nx)(esn;+Zxga(tx)dr. (38) 


For electronic transitions (6a), the term in x; vanishes 
because of orthogonality. We shall be concerned pri- 
marily with pure vibrational transitions: b=a. In this 
case, the nuclear charge Z; is of importance. It will, 
however, be largely cancelled by the moments associ- 
ated with the core electrons that move “rigidly” with 
the nucleus, namely those electrons 7 for which the 
wave function, ga(r,x)= 9(1,T2,° ++; X1,X2,°°*), is a 
function only of 9;=1;—x;. By introducing the change 
of variable, 


$a(¥,X) = ¢a(o+x, x) =x(0,x), (3.9) 
the electric moment can be written 


kann E peaphteelh 
x| Zinn fron (iedx(oaddo} (3.10) 


where Z;'" is the net charge of the nucleus plus all 
electrons at the site 7, i.e. it is the ionic charge in an 
ionic crystal, or zero in a nonionic crystal. The moment 
M.a(0,v) is usually zero, and if not, is a static moment 
of no consequence for optical transitions. We are con- 
cerned, therefore, only with the part of M(x,v) that 
depends on the nuclear positions x. For all of the core 
electrons, however, x depends only on @;, so these yield 
no contribution to the x dependence. We shall call 
deformable those electrons whose wave function depend 
on x as well as 9. It is then permissible to regard x(9,x) 
as the many-body wave function of all the deformable 
electrons. 

If we expand x(o,x) in powers of x= (X1,X2, ---) and 
set 


J x eeenlox)de=¥ Brix 
+E x1 Cim?-Xm+-++, (3.11) 
l,m 


the electric moment (3.10) can be written 
M(x,v) => exp(iv-r°)[Br-x:+x1-Cim:Xm], (3.12) 


where 


B,=); expLiv- (r°— 1?) Byi+Z,', 
Cim = 5 exp[iv : (rf— r)°) ]Cim?. 


We may interpret B, as the effective charge on atom /, 
with the lattice in its equilibrium position, and Cim+Xm 


(3.13) 
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as the charge induced at / due to displacement xm of 
atom m from its equilibrium position. 

Note that in three dimensions, x; and M are vectors, 
so that B, is a dyad, and C;,, is a triad. 


4. GENERAL INVARIANCE REQUIREMENTS 


In this section, we shall be concerned with deriving 
those relations obeyed by the expansion coefficients B, 
and C;,, of the electric moment that follow from general 
invariance requirements. For this purpose it will usually 
be convenient to work with the static moment M(x) 
=M(x,0) whose transformation properties are known 
to be those of an ordinary vector. 

The requirement that a crystal be invariant against 
lattice displacements may be expressed in the state- 
ments that B,’ is a function only of (j7—/) and Cim? is 
a function only of the relative indices (j—/) and (l—m). 
It follows from (3.13) then, that B, is independent of / 
and C;,, is a function only of —m. Of course, if there 
are several atoms per unit cell, the type of atom denoted 
by a or 8, our statement would take the more com- 
plicated form 


B,z=Bz, 
C,,,% = C8 (m—l1). 


(4.1) 
(4.2) 


The expansions (3.13) for B; and C;, converge ex- 
tremely rapidly since we may expect the displacement 
of a nucleus introduces moments only on nearby atoms. 
Furthermore, since the infrared wavelengths are large 
compared to the lattice spacing, it is permissible to set 
v0 in (3.13) so that B,* and C;,,°° are closely approxi- 
mated by their static (v=0) values. 
The static moment can now be written in the form 


M(x)=> Be-x2+D xt: Cin? xn?, 
lla lla 
m,B 


(4.3) 


where x;* is the displacement of the atom of type a in 
cell 7 and 

Cin%=C,, 2, (4.4) 
since any coefficient of a quadratic form can be 
symmetrized. 

If the complete crystal is electrically neutral, the 
electric moment is independent of the origin used to 
calculate it, i.e., it is invariant against an arbitrary 
displacement : 


M(x+d)= M(x). 
This leads to the requirements 


Dd Be=0, YL Cin¥=0, Yo Cin%=0, (4.6) 
a m,B la 


(4.5) 


the first of which states that any adjustment of the 
equilibrium effective charges must be such as to preserve 
the neutrality of the unit cell. The second requirement 
is equivalent to the third because of (4.4). 


5. THE ABSORPTION CONSTANT 


The linear absorption constant, k(v), may be ob- 
tained from the cross section for absorption of the 
crystal (3.6) by dividing by the volume of the crystal: 


Ho)= way)=["(—) FO (5.1) 


where JW is the total number of cells and Q is the volume 
of each. Using (3.7) and omitting unnecessary indices 
(since b=a), one gets 

2 


and E, f X;*(x)M (x,v) X,(x)dx 








X6(E;—E;—hyv), (5.2) 


where the electric moment from (3.12) and (4.1) takes 
the form 


M(x,v) =>. exp(iv- r?)Be-x, 
la 


+ SX exp(iv-rf)x;%- Crm? -XnP. 


l,a,m,B 


(5.3) 


The vibrational wave functions X,,(«) are products 
of harmonic oscillator wave functions, one for each 
normal coordinate. The normal coordinates may be 
obtained by solving the equations of motion associated 
with the Hamiltonian: 


H=}3 z. (pi*)?/Mat} Le xi Kin? XmP, 


where K;,,°° obeys the same general invariance require- 
ments (4.2, 4.4, and 4.6) as C;,.2%. A typical solution of 
these equations may be written in the form 


(5.4) 


x/°= b¢ exp(ik- 1°) exp(—iw/), (5.5) 


where 5*(k) and w(k) are obtained by solving the set 
of simultaneous equations: 


Lis R*(k) = Mw*b*, 
R¥(k)= > m Kim® exp[ik: (tm°— 1?) J. 


(5.6) 
(5.7) 


where 


The number of solutions of (5.6) is equal to three 
times the number of atoms per cell, in three dimensions. 
These solutions are labelled by the index ¢ (e.g., longi- 
tudinal acoustic) and can be made to obey the ortho- 
normality requirement: 


pe by*(k)*-Mab“(k) =8¢. (5.8) 
Because R*(—k) = R*(k)*, we can require that 
be(—k)=b,2(k)*. (5.9) 


The electric moment (5.3) can be expressed in terms 
of normal coordinates gx,; by the transformation: 


x=N-? > gx, cb.«(k) exp(ik-r/). (5.10) 
kt 
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The linear part of the moment becomes 


M,=N? > Be-b¢(—v)¢-v, 1 (5.11) 
a,t 


and the second order moment becomes 


Me= DO dutye*Qe, Hes, (5.12) 
t’,t,k 


where 
(5. 13) 


Hy *= pa by*(k+v)* P S*8(k) ' bA(k), 
a,B 


$*(k) => m Cim™ exp[tk- (rn°— 17°) ]. 


Reality requirements on x;* imply that 


(5.14) 


(5.15) 


q—x, t= 4, . 


The operator gx,; can be expressed in terms of con- 
ventional “creation” and “destruction” operators, ax, : 
and dx,:, by the (canonical) transformation: 


Qu, = [ht/2c4(k) ]*(ax, e+a_x,:*), 
where the operators ax, ; obey the commutation rules, 


(5.17) 


(5.16) 


(dx, 0x, e*) =Sxxedet, 


with all other commutators vanishing. 

The linear part of M leads to a vibrational transition 
in which one phonon is created or destroyed. On ab- 
sorption, we need only consider the creation part of 
g-y,+ oF [h/2w;(v) }tay, + so that (5.2) yields 


I(v)=N Ye| Va Be-b(—v) |?Lh/2er(v) ] 
X [ai(wi(v))+1]6(hv— hw (v)). (5.18) 


Thus the absorption is a line spectrum. Since the optical 
wavelength is large compared to the lattice constant, 
v is small on the vibrational scale and the absorption 
peak occurs essentially at hy-~hw,(0). It is sufficiently 
accurate, therefore, to set the photon propagation 
constant v~0 everywhere in (5.18). 

We note that for any of the (three) acoustic modes, 
b,“(0) is independent of a. The absorption is then pro- 
portional to >> B* which vanishes according to (4.6). 
Thus the requirement of displacement invariance shows 
that the acoustical modes make no contribution to the 
first order electric moment absorption—a well-known 
result. t 

In general, >>. B*-b,*(0) represents the electric 
moment induced in one cell by the displacements b,*(0) 
associated with a normal mode of type ¢. The long-wave- 
length optical modes are thus completely intra-cell 
vibrations. The symmetry of these intra-cell vibrations 
can then be examined as one would the vibrations of a 
molecule to determine which normal modes are “‘opti- 
cally active.” 

The quadratic part of the electric moment M2 of 
(5.12) leads to two-phonon transitions. Because of 
(5.16) and (5.17), matrix elements are available to 
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create two phonons, to create one and destroy one, or 
to destroy two phonons. The last process is inconsistent 
with conservation of energy. The first process will lead 
to a “summation band” and the second process to a 
“difference band.” 

Upon inserting (5.13) and (5.16) into (5.2), the sum- 
mation band yields the result 


h 

Qe (k-+¥) 2co4(—k) 

XCar (k+¥))+1][n@(—k))+1] 
X(hv— he,(—k)— hay (k-+v)). 





I(v)=Av DY |He*|? 
k t 


rt’, 


(5.19) 


The process ‘‘Av”’ over the initial states replaces the 
initial occupation number by its thermal equilibrium 


value: 
fiw) = [exp (hiw/kT)—1}". (5.20) 


Since vk, we can set v~0 in (5.19). Roughly speaking, 
the photon has zero momentum, so that the two 
phonons are created with equal and opposite propaga- 
tion constants, k and —k. A further simplification in 
(5.19) can be made for nonpiezoelectric crystals by 
noting that 

w:(—k)=w,(k). (5.21) 


At temperatures well below the Debye temperature, 
kT<Khw and 7<1, so that only the spontaneous part 
(in the Einstein sense) contributes to the emission of 
phonons, the induced part being sniall since no phonons 
are present before the absorption of light. In this limit- 
ing case, the absorption is practically independent of 
temperature. If kT ~/w, the absorption increases with 
increasing temperature. 

The difference band has two contributions of the 
form 


h 
I)= H,|2 
= 2% | ork) 2e01(k) 


X [aioe (k+v))+1]A@:(k)) 
Xd(hy— hoy (k-+v)+hwr(k)), 
h 
I(v)= Hy «|? 
) &, | | 2wy(—k—v) 2w,(—k) 


X Wwe (—k—v))[A(—-k)) +1] 
X 6(hy+ hoy (—k—v)— he(k)). 





(5.22) 





(5.23) 


If one sets v~0 and uses (5.21), these two contributions 
are equal. At temperatures well below the Debye tem- 
perature, 7<1 for the optical modes. Thus the con- 
tribution in which an optical phonon is absorbed will 
be small. It is possible, however, to get an appreciable 
contribution from the creation of an optical (or acous- 
tic) phonon, and the destruction of a low energy acoustic 
phonon. In this case % can be given its classical value 
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kT/hw, and the absorption associated with the dif- 
ference band will be approximately proportional to the 
temperature. 

The extent to which a given pair of modes ¢’ and ¢ 
will interact to give absorption is determined by the 
coefficient H,,*. This coefficient may be readily inter- 
preted using (5.13) and (5.14). If the electric moment 
for an arbitrary displacement x is written in the sup- 
pressed index form 


M=xCx, 
the coefficient Hy,* is given by 
Hy *=xy (k)-C-x,(k), 


(5.24) 


(5.25) 


where x,(k) represents the displacements associated 
with the normal mode b,*(k) exp(ik-r). We can inter- 
pret Q=C-x, as the charge induced by the normal 
mode x,, and H=x,)-Q as the moment produced by 
allowing the induced charge Q to vibrate in the mode 
x(k). A comparison between the symmetry properties 
of C,,°® compared to the vibrational matrix Ky,,% 
will lead to selection rules for H,,;*. 


6. ONE-DIMENSIONAL MODEL FOR 
DIAMOND-TYPE LATTICES 


The coefficients C;,% in the electric moment expan- 
sion are not all independent when any crystal symmetry 


is present. The symmetry requirements available to all 
crystals have already been considered in Sec. 4. A 
given crystal will in addition be characterized by a group 
of symmetry operators S that transform the crystal into 
itself. Under such a symmetry operation, the displace- 
ment x gets replaced by Sx and the electric moment, as 
a function of the displacements x, becomes 


SM (x)= M(Sx). (6.1) 


On the other hand, the electric moment must transform 
as an ordinary vector under rotations, reflections, etc., 
so that we also have 


SM (x)= M’(x), 


where M’ is related to M by a rotation or reflection. 
The requirement that (6.1) and (6.2) be consistent with 
one another leads to a set of conditions on the coeffi- 
cients C;,,2°, This consistency requirement can be applied 
for each element of the group, but some of the condi- 
tions obtained will be redundant. It is sufficient to use 
the generating elements of the group. 

One point should be kept in mind: not only does Sx;* 
perform some rotation or reflection of the components 
of the vector x;*, it also produces the same rotation or 
reflection of the equilibrium position (a,/) from which 
x;* is the displacement, i.e., it converts X;* to Xm 
where (6,m) is the new position of equilibrium point 
(a,l) . , 

To illustrate the concepts involved, and to obtain 
some qualitative conclusions, we shall apply the above 


(6.2) 


procedure to a one-dimensional model of the diamond 
structure. 

The diamond structure can be represented by a one- 
dimensional chain with two identical atoms per unit 
cell equidistant from the center of each cell (see Fig. 3). 

The center of each cell is a center of symmetry. The 
cell is labelled by the index /, and the left and right 
hand atoms of any cell are labelled a= —1 and a=+1 
respectively. 

This model exhibits the inversion symmetry of the 
three-dimensional diamond lattice but not the latter’s 
tetrahedral symmetry. The symmetry requirements on 
the electric moment matrix Cy,% derived from this 
one-dimensional model remain valid in three dimen- 
sions. The presence of tetrahedral symmetry simply 
leads to additional requirements. 

We shall consider displacements only along the 
chain, and we shall regard the electric moment M as a 
vector that changes sign under inversion, i.e., 


M’'=IM=—M, (6.3) 


under the transformation 


Ixfe= —x_*. (6.4) 


Application of (6.3) and (4.6a) demonstrates that the 
linear part of M vanishes. For the quadratic part, 


M=>, LLC in tf, (6.5) 


and 


IM =D (—4_1-*)Cim® (—x_m*) 


= Zz sfC_1 —_m @ Fy, 8, (6.6) 


From (4.2), 


Cop * Ome, OF, (6. 7) 


The requirement (6.3) then leads to the condition, 


Cm, po t=—Ci_”. (6.8) 


If we set a= —1, B=1 in (6.8) and use (4.4), we learn 
that 


Cat t=—C,, 2 1=0, (6.9) 


CELL 0 
DIAMOND LATTICE 


CELL*) 





CELL 0 CELL +2 
NaCl LATTICE 


Fic. 3. One-dimensional diamond and sodium chlorice lattices. 
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for all m, 1. If we set a=1, B=1 in (6.8) and use sym- 
metry (4.2), we find that 


CR rt —l— —C;, oat tems —Cn?. 


(6.10) 


If one uses the notation Ciml'=C"™(m—/), the only 
independent coefficients that remain are C"(m) for 
m=0, 1, 2, 3---. [Note that C"(m) is even in m. ] 

Displacement invariance (4.6b) then leads to one 
additional constraint : 


> C"(m)=C"(0)+2C%(1)+2C4(2)+---=0. (6.11) 


The number of coefficients Cin has therefore been 
drastically reduced by symmetry requirements. A 
further reduction can be made by requiring that inter- 
actions extend no further than second nearest neighbors. 
In this case C"(m)=0 for m>1 and 


C4(0)=—2C"(1), (6.12) 
so that only one independent coefficient remains! 

These results (6.9) to (6.12) may be summarized by 
writing the general matrix in the form 


Cm = a8 asl 614-1, m+-51-1, m— 251, mJC%(1). (6.13) 


Thus Cin is completely known except for a nor- 
malizing constant. 

To calculate the infrared absorption we need the 
quantities 


S8(k) = —2(1—coskd)C"(1)adag=S(k)adas, (6.14) 
Hy =S(k) [by (k)*b2(k)—by(k)*071(k)], (6.15) 


calculated from (5.14) and (5.13) with d as the lattice 
constant. 

To obtain selection rules on H,-;*, we need informa- 
tion concerning the normal modes b,*(k). The require- 
ment that the potential energy remain invariant under 
inversion leads to the conditions: 


|b4(k)| = |bA(k)| = (2M), 


where the mass dependence of the result follows from 
the orthonormality condition (5.8). Combining (6.16) 
with (6.15) we obtain the selection rule that 


Ay, =0. 


(6.16) 


(6.17) 


In other words, there are no two-phonon contributions 
to infrared absorption with both phonons coming from 
the same branch. In the one-dimensional case this 
implies that one phonon is optical and the other phonon 
acoustical. In three dimensions there will in addition be 
the possibility of infrared absorption by optical phonons 
from two distinct optical branches, or acoustical 
phonons from two distinct acoustic branches. 


If use is made of the orthogonality of the optical (0) 
and acoustical (a) modes, it follows from (6.15) that 
| Hoa*| = | Hao*| = M| S(k)| 


=2(1—coskd)C"(1)/M. (6.18) 


The absorption spectrum (5.19) may be simplified by 
converting the sum over & to an integral: 


(6.19) 


T(W/x) J dt 


where ¢=hd, and introducing the change of variable 
x= (1—cos¢): 


Nh 2 dx 
ee os 
(%-+1) (%iy+1) 
fi(x) fu (x) 
Nh | Here*|? (Hi1+1) (Hiv +1) dx 


 drws8(0) ¥tEx(2—a)P filafv(®)  dfleyeo 
(6.21) 


(6.22) 


I(v)= 


| Hv* |? 





5(e—f(x)), (6.20) 








where 


e=hyv/ hw (0) 


is a measure of the photon energy in units of the long- 
wave optical energy fw(0), 


fi(x) =ax(F)/w0(0), 
f(a) = fix) + fe (2). 


To illustrate this result more specifically, we shall 
assume that the stiffness constant between two atoms 
in the same cell is K, and that between a pair of ad- 
jacent atoms in neighboring cells is K’=aK. Then the 
two vibrational branches are given by 


(6.23) 
(6.24) 


Mw,?(k) 


Mue(b)) sini 


+[(K+K’)*—2KK’(1—coskd) }}. 
we(0)=[2K (1+a)/M}}, 
fo(%)=2-{1+[1— (20x/1+-a)*}}}}, 
a(x) =2-{1—[1— (20x) /(1+a)?}}3, 
x= (1+-a)*(e—1)?/(2a). 


(6.25) 
Then 
(6.26) 


(6.27) 
(6.28) 
(6.29) 


In terms of the dimensionless photon energy e, the 
spectrum J(v) can now be rewritten in the form: 


I()= 2Nh | ool? €L 7 (wo) +1 ][H(w.) +1] 
(@—1)[(2—e?) (en’—€) 





ra.8(0) (6.30) 
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where 
| Hoa|?= |C™(1) |?(1+a)*(e— 
= (1—v/a)/(1+a)}, 
én= (1+V/a)/(1+a)!, 
A (w)=[Lexp(hw/kT)—1)", 


1)*/(Ma)’, (6.31) 


(6 32) 
(6.33) 
(6.34) 


°F 9,(0)[1ctee(2— 2) 2-4 (6.35) 


Wa 


An examination of the spectrum (6.30) indicates that 
it covers the range 1<¢<eém. The point e; is outside 
this range. The factor (e’— 1)* emphasizes the high end 
of the spectrum over the low end. In addition, the 
factor (€n—¢)~? exhibits an integrable singularity at the 
top of the spectrum. This singularity arises because 
dw/dk vanishes for the highest propagation constant. 
The nature of this singularity is similar to the one 
which usually arises in the calculation of the density of 
states (per unit frequency interval). In two dimensions 
a log|€m—e| singularity would be expected, and in three 
dimensions a (€,—¢)? singularity would be expected.” 
The singularity need not always occur at the maximum 
of the spectrum. In general, its location depends on the 
vanishing of Vyhv(k). In most cases, however, the 
maximum energy €m will also be a relative maximum, 
so that a singularity will frequently occur at the top of 
the spectrum. 

The ratio of the maximum energy to the minimum 
energy, or to the long wave optical energy is simply ém. 
An examination of (6.27) shows that ém<v2 and the 
latter value is assumed when a= (K’/K)=1. The par- 
ticular value v2 depends on our assumption of nearest 
neighbor forces and cannot be expected to hold too 
accurately in three dimensions. Furthermore, in a 
three-dimensional polyatomic lattice, many pairs of 
vibrational branches will interact. Each pair will give 
a spectrum of finite width, with one or more peaks. The 
complete spectrum will be a superposition of these 
many contributions. 


7. ONE-DIMENSIONAL MODEL FOR NaCl TYPE 
LATTICES 


The NaCl type lattice can be represented by a one- 
dimensional chain of equidistant atoms alternating Na, 
Cl, Na, Cl, etc. (see Fig. 3). Let us choose one Na atom 
as origin. That Na atom and its Cl neighbor to the 
right will be the members of a cell 0. The displacement 
of an arbitrary atom can be denoted by x;“, where a=0 
for Na and a=1 for Cl, and the integer 1 indicates the 
cell index. 

For NaCl, the linear term in the electric moment 
makes the dominant contribution. With the help of 
(4.6), however, the effective charge on the sodium ion 
and that on the chlorine ion are related by B°=—B! 


1 L. van Hove, Phys. Rev. 89, 1189 (1953). 


so that the ions have equal and opposite charges even 
in the presence of deformation. Thus the usual theory 
of absorption due to the linear terms results, with the 
ionic charge replaced by an “effective charge.” Such 

n “effective charge” has already been introduced 
heuristically to explain the experimental results.” The 
formula for the absorption has, indeed, already been 
given: (5.18). It is simply necessary to insert the fact 
that for the long-wavelength optical mode, the ampli- 
tudes of the Na and Cl are out of phase and inversely 
proportional to the respective masses :”! 


o/bi~— (M,/M»). (7.1) 
Together with the normalization condition (5.8), (7.1) 
and (5.18) determine the first order absorption. 

The second order electric moment may be investigated 
by introducing an inversion through the Na atom at the 
origin: 

Ix jfe= —X_j-0%. (7.2) 
The condition JM=-—M leads to the general require- 
ment: 


(7.3) 
(7.4) 


(7.5) 


C+ 8(l—m-+a—) = —C*(m—l), 
or 
C=(m)=0, 


C"(—m) = —C™(m—1). 


and 


Thus the only independent coefficients are C%(0), 
(1), C(2), etc. Displacement invariance (4.6b) leads 
to 


(7.6) 


+00 
> C"(m)=0. 


However, (7.6) is automatically obeyed because of (7.5). 

The final limitation on the number of independent 
constants can be made by limiting the interactions to 
second nearest neighbors. But C(1) is a third neighbo- 
interaction. Thus C”(0) is the sole remaining inder 
pendent coefficient : 


C%(0)=C™(0), C%(—1)=—C™(0). (7.7) 


Using (5.13) and (5.14) we obtain 
S!(k) =C"(0)[1—exp(—ig)];_ S°(k) =S"'(k),* 


Hoo* = 2C" (0)[(1—cos@) Re b,°(k)*b.1(k) 
+i sind Im b,.°(k)*b,1(k) J, 


Heat =2C" (0)[ (1—cosd) Re b,°(k)*ba}(k) 
+i sind Im b,0(k)*b2(k)], (7.10) 


Hat =C" (0) (1—cos@)[[b.°(k)*ba! (k) +b! (k)*b.°(R) ] 
+i0" (0) sing[b.0(k)*ba! (k) —b.1(k)*b.°(k)]. (7.11) 


2” B. Szigeti, Trans. Faraday Soc. 45, 155 (1949); ane, Rept. 

Brit. Elect. Allied Industr. Research Assoc. (Ref. L/T 203). 
21. Brillouin, Wave Propagation in Periodic Structures 

(McGraw-Hill Book Company, Inc., New York, 1946). 


(7.8) 


(7.9) 
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To illustrate these results more specifically we shall 
assume nearest neighbor interactions only with stiffness 
K. The frequencies and relative amplitudes are then 
given by” 


MoM w= (Mo+-Mi)+ (Me?+M72+2M oM, cos¢)!, ' 
(7.12 


b°/b'=2 cos($¢)/[1—aF (1+0?+ 2a cosd)*], (7.13) 
a=M)/M,, (7.14) 


where the upper and lower signs refer to the optical and 
acoustical cases respectively. 

It follows from (7.13) that the amplitudes 5° and 5! 
are always in phase and hence can be chosen real. Thus 
the second terms in (7.9) and (7.10) may be dropped. 

We see from (7.9)-(7.11) that all of the coefficients 
H vanish for ¢=0. Thus long-wavelength modes of any 
type are ineffective in producing an electric moment or 
dipole absorption. 

The only other value of @ that can lead to a singu- 
larity or peak in the absorption is $= (the shortest 
wavelength). However, an examination of (7.13) near 
¢=7 shows that for the acoustic mode the light par- 
ticle obeys 5,°=0 whereas for the optical mode the 
heavy particle obeys 5,'=0. Thus 6,°,'=6,°b,'=0 and 
Hoa™=H..=0. Thus the double optical transition and 
the double acoustical transition will show no strong 
peak. 

The mixed transition H._ however takes the value 


oO] (1—cos$)(1—a) 
*  My/el (1-+02-+20 cosd)? 





2% sno | (7.15) 


which does not vanish at ¢=7. In addition, 


d[ wo()+wa($) ]/do=0 


at @=7, so that as in the diamond case a singularity 
of the form (€m—¢)~} will be observed in the spectrum. 
With the vibration spectrum (7.12), the absorption is 
still given by the diamond result (6.30) providing we 
replace |H..|* by the value appropriate to NaCl: 


IC™) (1-a)*(e— 1" 
4M lL (2—&)e 
+4(I+a}(e—DXe—e\(e2— 2) (7.16) 





| Hoa|?= 


To summarize then, the only important transition for 
the NaC] case is the mixed optical acoustical transition, 
and its spectrum is qualitatively similar to the corre- 
sponding spectrum for the diamond case. We note that 
Eqs. (6.27)-(6.29) for diamond are directly applicable 
to the NaCl model with the new definition of a. So too 
are Eqs. (6.32)-(6.35). 

If we interpret the observed side band in NaCl as 
due to the acoustical optical transition at ¢=~, the 


peak should be located at 
= ém=([1+V/a]/(1+2)}, 


measured in units of the main absorption frequency. 
The function ¢em(@) has an absolute and a relative 
maximum of v2 at a=1 and is not sensitive to a over 
a wide range. Since the observed ratio of side band/main 
band frequency is close to V2 for all of the alkali halides 
the above suggested interpretation is plausible. 


(7.17) 


8. IMPURITY INDUCED LATTICE ABSORPTION 


We have already considered in some detail the linear 
and quadratic terms in the electric moment for perfect 
lattices. If impurities are present, certain of the in- 
variance requirements used to simplify or eliminate 
terms in the electric moment expansion are no longer 
valid. In this section we shall indicate qualitatively the 
major changes brought about by abandoning these 
invariance requirements. 

If an impurity is introduced into the lattice that 
modifies the electronic structure in its neighborhood, 
the predominate effect will be the introduction of a 
polar character, i.e., linear terms in the electric moment, 
in the immediate vicinity of the impurity. To see this 
point we note that the crystal is no longer perfectly 
periodic, or invariant against lattice displacements so 
that (4.1) is no longer valid. The effective charge B,* 
does depend on /. In addition it depends on the position 
(8,m) at which the impurity is introduced. Thus an 
additional term in the electric moment will be intro- 
duced of the form 


M=). Br(" ) -x)* exp(iv-r/). (8.1) 


The effective charges B,* (°) will depend on /—m and 


will decrease rapidly as /— m increases, since the presence 
of an impurity will disturb the electronic structure only 
locally. If (8.1) is re-expressed by using (5.10) in terms 
of the normal coordinates, q;: 


M=N4Y Da bit(k) -D¥(k+v)q:(k) 
Xexpli(k+v)-tm°], (8.2) 


where 


B 
D¥(k-+v)=>; Br( a exp[i(k-+v):(r’—r,9)]. (8.3) 


The coefficient D#(k), that measures the extent to 
which mode k will contribute to the electric moment, 
is the Fourier transform of Br(° ). If Br(*,) is 
appreciable to a certain range of values of ]—m, D8(k) 
will be appreciable for all k whose wavelengths are 
comparable to, or longer than, the range associated 
with J—m. Since these wavelengths for an optical 
branch usually have only a small range of frequencies, 
we may expect in the absence of damping effects a 
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fairly sharp absorption maximum close to the funda- 
mental optical vibration frequency. 

If the presence of the impurity does not modify the 
vibration properties of the lattice in the immediate 
neighborhood of the impurity, an absorption peak 
should occur at each of the maxima in the density of 
optical modes (per unit energy). In such a case the ab- 
sorption bands would provide a rough mapping of this 
density of modes. 

If on the other hand, the impurity distorts the lattice 
in its vicinity, the vibrational spectrum will be modified 
near the impurity and a quasi-molecular viewpoint 
toward the absorption can be adopted. In such cases 
the observed frequencies will be shifted from those 
determined by the density of modes of the normal 
lattice. 


If Br(*) had an extremely long range, i.e., if it 


were essentially independent of /, then we would redis- 
cover in D*#(k+) the usual selection rule 6(k+v, 0) 
appropriate to a perfect crystal. 

In addition to the impurity induced linear term (8.1), 
corresponding additional terms will appear in the 
second order electric moment. Since the concentration 
of impurities is not large, these second order terms may 
be difficult to observe in presence of the absorption 
associated with the intrinsic second order terms. 


9. COMPARISON BETWEEN THEORY AND 
EXPERIMENT 

The body of this paper has been concerned primarily 
with charge deformation effects, the resulting second 
order electric moments and the infrared absorption 
associated with the latter. The infrared absorption is 
also influenced by the presence of cubic terms in the 
potential energy. In this section, we shall review the 
experimental evidence briefly in the light of the present 
theory and of Born and Blackman’s*® so as to assess 
the relative importance of charge deformation and 
anharmonic effects in various situations. 


A. The Side Bands in the Alkali Halides 


According to the treatment of Born and Blackman,? 
Blackman,’ and Seitz,‘ the radiation couples to the linear 
part of the electric moment, which would producea single 
band, but the anharmonicity introduces combination fre- 
quencies in the vibration and hence also in the absorp- 
tion. Blackman, who studied the alkali halides in detail, 
predicted the location of the side bands by treating them 
as summation bands. In the deformation theory the 
second order terms in the electric moment also give rise 
to summation bands. Thus both theories predict the 
same location of the major side. band. 

In Sec. 2 we discussed the ratio of the height of the 
reflection side band to that: of the corresponding main 
reflection peak. This height decreased in the order LiF, 
MgO, NaF, NaCl, and KCI. This order correlated with 


changes in Cauchy relation deviations and with the 
strain polarizability both of which may be related to 
the charge deformation. Thus the side-band intensities 
support a charge deformation hypothesis. We do not 
mean to imply by these remarks that cubic terms in the 
potential have no important influence on the absorption 
or reflection spectrum, but that second order electric 
moments must, on the experimental evidence, be 
considered. 


B. Fundamental Absorption in the Alkali Halides 


The integrated strength of the fundamental absorp- 
tion line depends on the effective charge B* on the 
ions. This effective charge may differ from e because 
of the presence of some “homopolar bonding” in the 
formation of the crystal. In addition, we have shown 
that there will be a dynamic contribution to B* asso- 
ciated with charge deformation, i.e., the displacement 
of the center of charge of the electrons on an ion may 
differ from the displacement of the corresponding 
nucleus. The presence of cubic terms as such will not 
yield any dynamic modification of the effective charge 
on the ions. No attempt has as yet been made to esti- 
mate the effective charge from the infrared absorption 
intensity. Szigeti® has, however, been able to estimate 
the effective charge on the ions using the static dielectric 
constant, the refractive index and the fundamental 
lattice absorption frequency. He obtains an effective 
charge of the order of 0.9e for the alkali halides indicat- 
ing that homopolar and dynamic contributions together 
are of the order of 10 percent. 


C. Broadening of Bands in the Alkali Halides 


Second order electric moments can produce absorp- 
tion near the main band by combining an optical phonon 
with a low-energy acoustical phonon. (This process is 
not too probable in the one-dimensional calculation.) 
Such a two-phonon process occurs independently of 
the main absorption, however, and will not change the 
latter from an infinitely sharp line. It merely super- 
imposes a continuous background to the main line. 

Anharmonicity has been shown by Blackman to 
provide a logical explanation of the broadening of the 
main absorption line into a band. Since the experi- 
mental results exhibit a broad band, we can conclude 
that an harmonic terms are appreciable in the alkali 
halides. 

The second order electric moment yields side bands 
that are already a continuum. The breadths so obtained 
are relatively insensitive to temperature (well below the 
Debye temperature). Similar conclusions apply to the 
side bands produced by anharmonic terms. 

Since we have concluded that anharmonic broadening 
is important for the main band, we can use the relative 
width of the main band as a measure of the importance 
of the cubic terms. There is a systematic correlation, 
through the alkali halides, between the main band 
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width and the side-band intensity (see Table I). A 
mechanism based on anharmonicity as an explanation 
of the side bands is therefore also consistent with the 
trends in the data. 


D. Diamond: Intrinsic Absorption 


Anharmonic forces are undoubtedly present in the 
diamond structure, but without the help of second order 
electric moment terms they can yield no absorption. 
The second order moment due to charge deformation is 
therefore necessary to account for the absorption. Since 
absorption resulting from a second order moment is 
already a continuum consisting of sum and difference 
bands, anharmonicity is not necessary to explain 
broadening. The effect of anharmonicity is to produce 
additional broadening and to produce higher order 
side bands. 

The prominent peaks in the intrinsic absorption of 
diamond (see Fig. 2) at 3.98, 4.20, 4.59, 4.85, and 4.98u 
(2510, 2380, 2180, 2060, 2010 cm™) are within a factor 
of 2 of the fundamental vibration at 1332 cm™ and 
may reasonably be designated as summation bands 
associated with two-phonon processes of the sort dis- 
cussed in this paper. An accurate prediction of the 
locations of these peaks requires a detailed analysis of 
the vibration spectrum of the sort carried out by Smith.” 
In addition, a determination of the electric moment 
coefficients C;,,°* and the intensity factors | Hy "|? must 
be made to determine which lines will appear in strength 
and which will be forbidden. Simeral* has made a 
detailed analysis of the locations of the summation 
bands based on the peaks in the vibration spectrum as 
determined by Helen Smith. F. Herman and J. Cal- 
loway (private communication) have made a corre- 
sponding analysis for germanium, extending Helen 
Smith’s vibrational calculations by adding interactions 
to third neighbors. Such analyses lead in general to a 
great number of possible lines because there are six 
vibrational branches which may combine in pairs at 
many different propagation constants. Simeral elimi- 
nates lines by assuming that the selection rules for 
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1948). 
2% W. G. Simeral, thesis, University of Michigan (unpublished) ; 
also presented as a technical report of the Engineering Research 
Institute of Michigan. 
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infrared absorption are complementary to the second 
order Raman selection rules which were obtained by 
Helen Smith. The major contribution of the present 
paper, in this connection, is to indicate the basis on 
which correct selection rules may be obtained. An 
extension of the present analysis to the three-dimen- 
sional diamond structure is now being made by 
Hirshberg.* The selection rules that she has obtained 
thus far indicate that Simeral’s complementarity 
assumption is not valid. 

The weak intrinsic absorption lines at 3660 and 3120 
cm~ are in a region to be explained by three-phonon 
processes. Such three-phonon processes could occur 
through third order terms in the electric moment, or 
the absorption could be produced by second order 
electric moment terms in conjunction with anhar- 
monicity effects. 


E. Diamond: Impurity Absorption 


According to our discussion in Sec. 8, linear terms in 
the electric moment can contribute to lattice absorption 
in the diamond structure if “impurities” are present. 
The strongest band in the absorption spectrum of Type 
I diamond at 1280 cm™ can indeed be interpreted as an 
impurity-induced coupling of the radiation to the 
fundamental optical vibrations of the diamond lattice. 
The fact that this band has about 4 percent lower fre- 
quency than the Raman frequency (1332 cm-') is in 
agreement with Smith’s result” (see her Fig. 6) that 
maximum density of the optical modes occurs at 5 or 6 
percent below the Raman frequency. From the observed 
sharpness of this fundamental line we can conclude 
that anharmonic forces are considerably less important 
in diamond than in the alkali halides. 

The bands in the region from 1000 to 1330 cm—! may 
perhaps be regarded as a rough mapping of the density 
of the optical vibrational modes in the diamond spec- 
trum for low impurity densities. Distortion occurs 
because of the presence of the weighting coefficient 
De*(k) of (8.3) that favors long-wavelength modes. 


4 J. F. Hirshberg, thesis in progress, Syracuse University (un- 
published). fe <i 
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But the correspondence between the absorption and the 
density of modes in Fig. 6 of Helen Smith’s paper is 
not too unreasonable considering the distortions involved. 

Since the relative intensities of the 1010, 1190, and 
1280 cm™ peaks change somewhat from specimen to 
specimen, it is also possible that these peaks are asso- 
ciated with different impurities.” 

The peak at 1390 cm™ is so much sharper than the 
other impurity bands and so much lower in integrated 
strength that it may be due to an impurity whose 
mechanical coupling to the lattice is weak. Other very 
sharp impurity peaks have been observed by Blackwell 
and Sutherland,“ even in the intrinsic region. These 
impurities are apparently not simple substitutional 
impurities. 


F. Silicon and Germanium 


The conclusions given above apply to all diamond 
structures, vz., to silicon, germanium, and gray tin. 
Infrared absorption measurements on a wide variety of 
single crystal and polycrystalline specimens of silicon 
and germanium have been reported.” -” There have 

. been no data as yet reported for gray tin. 

The lattice absorption spectrum in silicon is given 
in Figs. 4 and 5. Variations”* have been observed from 
specimen to specimen in the structure of the 625-cm™ 
and 1110-cm™ bands in silicon, thus indicating that 
these bands may be due to impurities or imperfections. 

In the absence of data for the fundamental Raman 
frequency the classification of the observed bands into 
fundamental and combination bands is somewhat am- 
biguous. An estimate of the fundamental optical fre- 
quency from the elastic constants by using Smith’s” 
procedure yields 850 cm™. For comparison, the Debye 
temperature in the same units is 460 cm™. The impurity 
induced band at 625 cm™ probably provides the most 
reliable estimate of the Raman frequency. This would 


TABLE III. Elastic constants. 








Calculated 
Raman line 


A(c) ATE 
cm7! cm7! 


1370° 1360 


850 460 
390 =.250 


Debye 


temperature Elastic constants* 
0°K 


Cu Cr Cu 


957 437 3.94 
1.657f 0.639! 0.796 
1.288 0.483¢ 0.6718 


Crystal 





1950° 
658! 
362 


Diamond 
Silicon 
Germanium 








* All stiffnesses measured in units of 10!2 dynes/cm?. 

“b First column A~1(c) is Raman line calculated from elastic constants by 
Helen Smith’s method. Second column \~1!(@) is Debye temperature con- 
verted to units of reciprocal centimeters. 

¢K. S. Pitzer, J. Chem. Phys. 6, 68 (1938). 

4S, Bhagavantam and J. Bhimasenachar, Proc. Roy. Soc. (London) 
ae, 381 (1946). The value of Cas is questionable according to Helen 
mith. 

¢ Experimental Raman line is at 1332 cm™. 

{N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952); H. J. 
McSkimin, J. Appl. Phys. 24, 988 (1953). 
«P. H. Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 


* Chesley has carried out a spectrographic analysis of a wide 
variety of diamonds and found the presence of an appreciable 
‘oa of impurities. F. G. Chesley, Am. Minerologist 27, 20 
; We are indebted to Mrs. Bertha W. Henvis for the data given 
in Fig. 5. 
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manium due to lattice vibration. 


indicate that the bands at 770, 830, and 910 cm™ are 
intrinsic summation bands. The band at 1110 cm™ 
which varies from specimen to specimen is possibly 
due to the presence of oxygen impurities. 

The lattice absorption spectrum in germanium is 
shown in Fig. 6. Except for the occasional presence of 
a band at 830 cm™ (not shown in the figure) due to 
presence of impurities (analogous to the 1110 cm™ 
in silicon), the bands from 345 cm™ to 640 cm™ 
do not appear to vary significantly from specimen to 
specimen even with the addition of appreciable amounts 
of silicon as an impurity. 

The Raman frequency for germanium has not yet 
been measured directly. An estimate from the elastic 
constants (see Table III) using Smith’s” procedure is 
390 cm™. The Debye frequency for comparison is 250 
cm~!, It would appear then, that the strong absorption 
at 345 cm™ is close to the Raman frequency, and may 
actually correspond to the fundamental optical vibra- 
tion frequency of the’germanium lattice. Since the 
345-cm™ band has been observed in the purest speci- 
mens of germanium, and does not vary significantly 
with addition of 1 percent silicon, the present evidence 
is against interpreting this band as an impurity band. 

There is always the possibility that the Raman fre- 
quency, when measured, will occur at a lower frequency 
than the above estimate, and the 345-cm™ band might 
then be an ordinary summation band. . 

Another possible explanation for this band is the 
high isotope content for germanium: Simeral” has sug- 
gested that this high isotope concentration breaks down 
the selection rule against a linear moment. However, in 
the Born-Oppenheimer approximation the electronic 
structure for a given configuration is unchanged by an 
isotopic substitution, so that the electric moment and 
its selection rules will be unaltered. The magnitude and 
character of the vibrations in the neighborhood of the 
isotope will, however, be altered by the change in mass. 
Thus a pair of modes which at large distances from the 
isotope impurity would not absorb, may have an ap- 
preciable absorption near the impurity. This can lead, 
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for example, to a combination band absorption with 
frequency near the fundamental optical absorption. 
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Collins and H. Y. Fan*’ have recently reported measure- 
ments on the infrared lattice absorption of germanium, 
silicon, and diamond as a function of temperature. 
They conclude that the observed absorption in silicon 
and germanium and of Type II diamond is made pos- 
sible by the thermal vibrations of the atoms. However, 
they do not suggest any mechanism for the absorption. 


27R. J. Collins and H. Y. Fan, Phys. Rev. 93, 674 (1954). 
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Soft X-Ray Absorption of Evaporated Thin Films of Tellurium* 


RoBEerT W. Wooprurrt AND M. PARKER GIVENS 
Institute of Optics, University of Rochester, Rochester, New York 
(Received July 28, 1954) 


The linear absorption coefficient of tellurium has been measured in the wavelength region 100A to 400A. 
A double peak was observed at about 300A; it is due to transitions from the Nyy and Ny levels to the 
conduction band. A large peak at shorter wavelengths was also observed. 


I. INTRODUCTION 


HE energy levels of materials in the solid state are 
broadened into bands by the interaction of the 
overlapping atomic wave functions. The bands may be 
considered to be composed of a very large number of 
levels so close together that they may be described by a 
continuous function N (£), where N (£)dE is the number 
of energy levels between E and E+dE. 

The absorption of light associated with an electronic 
transition from some lower energy level to the levels 
in the range E to E+dE is proportional to the function 
N(E), and also to the transition probability, f(£). 
Since f(£) depends on the exact wave functions, its 
value is not known and, hence, measurement of the 
absorption can give only a qualitative picture of V (£). 
Also to be considered is the fact that raising an electron 
out of an inner level alters the charge of one ion so 
that the observed energy level structure is that of a 
slightly perturbed lattice. 

The lower or x-ray levels are broadened due to radia- 
tion damping and Auger transitions. These two effects 
have been studied by Prins.! He showed that on a linear 
energy scale the soft x-ray levels, which are about 100 
volts below the valence band, are narrower than the 
deeper-lying levels such as the K and ZL levels. In 
studying the structure of the conduction band it is 
advantageous, therefore, to use the soft x-ray levels 
rather than the deeper-lying levels. 

The experimental resolving power required to reveal 
a conduction band structure 0.1 volt wide is only about 


* This research was supported by the U. S. Office of Naval 
Research. 

t Now with the Research Division, Photo Products Department, 
E. I. du Pont de Nemours and Company, Inc., Parlin, New Jersey. 

1J. A. Prins, Physica 2, 231 (1935). 


1000 when using soft x-rays, but will be more than 


a hundred times that much when using transitions from 
the K levels. The soft x-ray region therefore offers ex- 
perimental as well as theoretical advantage over the con- 
ventional x-ray region. 


II. EXPERIMENT 


The vacuum spectrograph used in this research was 
modeled after one used by Skinner and Johnston? and 
has been described by Siegmund? with certain modifica- 
tions discussed by Carter.‘ In brief, the instrument is a 
grazing incidence mount of a two meter aluminum 
grating with 30 000 lines/inch. The source, the grating 
and the photographic plate holder are on the Rowland 
circle. The angle of incidence is 85°. 

A vacuum of 5X 10-° mm Hg is maintained by means 
of two oil diffusion pumps, one on the main chamber and 
the other on the source chamber. The source is a spark 
between copper or silver electrodes from a 0.15-uf con- 
denser charged to about 30000 volts. This was effec- 
tively controlled by an air gap in series with the 
internal spark. The plate holder, situated behind an 
occulting diaphragm, was designed to be movable from 
outside through an “O” ring seal. Five exposures could 
be made on Eastman Kodak Spectroscopic Plates, 
type SWR Extra-thin, size 2 in.X 10 in. 

The wavelengths were determined from tables of 
the copper spark spectrum prepared by Kruger and 


2H. W. B. Skinner and J. E. Johnston, Proc. Roy. Soc. 
(London) A161, 420 (1937). 

3 W. P. Siegmund, thesis, The University of Rochester Library, 
1951 (unpublished); for a brief account of this work see Phys. 
Rev. 85, 313-314 (1952). 

4D. E. Carter, thesis, The University of Rochester Library, 
1954 (unpublished). 
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Cooper.® They list the prominent lines found in a similar 
vacuum spark. Using this data and the calculated 
position, a fit can be made between existing lines and 
listed lines on a smooth curve of wavelength versus 
distance along the plate. Once this curve is firmly 
established, the wavelength may be read off for any 
plate so long as any one line is recognized. 

Two films of tellurium, one thick and one thin to 
eliminate the effects of the interface, were deposited by 
vacuum evaporation onto two identical celluloid sub- 
strates. These were mounted close to the slit on the 
grating side in a device that allowed change from one 
absorber to the other from outside the spectrograph. 
Celluloid was chosen for a substrate because tellurium 
deposits on it in a continuous layer; because thin films 
of it are easily made by dropping cellulose nitrate dis- 
solved in amyl acetate on water; and because the 
absorption in this région is known to be small from a 
measurement by O’Bryan.® The thicknesses of several 
tellurium films were measured with a Fizeau-type inter- 
ferometer and a curve of thickness versus optical 
density established. It was then only necessary to 
measure optical density of later tellurium films to 
ascertain the physical thickness. The accuracy of these 
measurements was approximately 5 percent. 

Recently it has been shown’ that evaporated films of 
tellurium are not completely crystalline when deposited 
on substrates below 200°C. The resistivity of these 
films is, however, of the same order of magnitude as 
bulk tellurium. This indicates that there is probably a 
tendency for microcrystals to anneal into near-crystal- 
line form. That the films are continuous layers is borne 
out by microscopic study of the evaporated films on 
celluloid. There is no evidence of grainy appearance. 
It has been concluded from the work of Keck*® and 
Hendus® on selenium that the valence structure is the 
same in amorphous and crystalline forms. Since selenium 
and tellurium are isomorphous, the same argument is 
applicable here. 

Five exposures were made with each set of absorbers, 
two through the thick film differing by a factor of two 
in number of sparks, two through the thin film with 
the same factor but different numbers of sparks, and a 
repeat exposure through the thin film to check the re- 
producibility. The plates were developed in D-19 in a 
tray with continuous agitation supplied by rocking while 
the temperature was maintained at 65°F. Care was 
taken to avoid contamination of the plates in any way. 

A microdensitometer trace was made of each spec- 
trum using a radiometer type device in which the 
deflection of the vane is proportional to the intensity 
transmitted by the plate. The instrument was run 


5 F, S. Kruger and P. G. Cooper, Phys. Rev. *. 826 (1933). 
6H. M. O’Bryan, J. Opt. Soc. Am. 39 (1932). 

7 T. Sakurai and S. Munesue, Ph Rev. 85, 921 (1952). 

8 P. H. Keck, J. Opt. Soc. Am. 41, 53 (1951). 
°H. Hendus, 7g. Physik 119, 265 (1942). 
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Fic. 1. Calibration of the photographic emulsion. (a) Deflection 
for twice exposure vs deflection for single exposure. (b) Plate sensi- 
tivity, relative exposure vs densitometer deflection. 


slowly enough to give accurate values for the narrow 
lines. 

Mounting appropriate traces on a comparator, the 
deflections for one exposure and twice that exposure 
can be read and plotted as in Fig. 1(a). This was done 
for both thick and thin absorbers and the average taken. 
Data from this curve were then used to construct a 
plot of relative exposure versus deflection, Fig. 1(b). 
First there was arbitrarily taken some point, ya, on 
the curve Fig. 1(a) in the region of small deflection. 
This was established as relative exposure 1 and plotted 
in Fig. 1(b). Now it can be seen that for twice that 
exposure the deflection was 24. This was relative ex- 
posure of 2. Now for deflection y= yo, there was found 
a corresponding 2, for which exposure was 2X2 or 4. 
This process, continued to the largest values of y avail- 
able, established a curve. More points were determined 
by taking as a starting value some other point on the 
relative exposure curve and repeating the process. 
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Fic. 2. The absorption of tellurium. 





54 R. W. WOODRUFF AND M. P. GIVENS 


From this curve can be read an exposure to corre- 
spond to each measured deflection of every spectral 
line. The ratio of these exposures, thick to thin, multi- 
plied by the inverse ratio of the actual number of sparks 
through each film gives the transmission at that line 
of the spectrum of a thickness of tellurium equal to the 
difference in thickness of the thick and thin samples. 
Using T=e-**, where x is the thickness, the value of u, 
the absorption coefficient, can be computed for the 
wavelength of each spectral line. 

If one compares curves from different samples, and 
allows for possible errors in thickness measurements, 
some discrepancies in the curves were still observed. 
For example, the slope of the curve (Fig. 2) at 200A 
was uncertain by about 10 percent. A short calculation 
showed that this could be accounted for by very large 
variations in the film thickness (i.e., pinholes) covering 
approximately 0.05 percent of the useful area of the 
sample. Microscopic examination of the samples indi- 
cated that this was quite possible. As a result of these 
calculations and observations the curves showing maxi- 
mum slope were selected as being most typical of 
tellurium without pinholes. 


Ill. RESULTS 


Figure 2 shows the plot of absorption coefficient from 
100A to 400A. The salient features are the double peak 
at about 300A and the large peak at about 155A. The 
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Fic. 3. Schematic diagram of the energy levels of tellurium 
(after Nussbaum and Callen) showing the broadening of the 
bands as the atoms are brought together. The subscripts indicate 
that the symmetry of the wave functions is perpendicular or 
parallel to the chain axis of the crystal. 


double peak indicates that the transitions from the 
Nrvy and Ny levels to the valence band are separated 
in this experiment. The peaks occur at 292A and 302A 
with width at half-maximum of 20A for the double peak. 
The edges as defined by Skinner" are estimated to be at 
309A and 299A (40.0ev and 41.3ev). Bohr and 
Coster" predicted these edges from limiting frequencies 
of emission bands to be at 303A and 314A. More 
recently Chamberlain and Lindsay” proposed 289A 
and 291A. 

The shape of the band can be interpreted to mean 
that there is a relatively narrow band with a high 
density of states superimposed on a broader band of 
low density. Figure 3 shows a diagram by Callen" and 
Nussbaum" indicating the band structure of tellurium 
as a function of the lattice parameter. The _L and || sub- 
scripts indicate that the symmetry of the wave func- 
tions is prependicular or parallel to the chain axis of 
the crystal, the parallel functions overlapping first. 
The /-selection rule requires that AJ=-+1 so the final 
state must be # or f since the Nry_v levels are d states. 
It is possible that the peak arises from transitions from 
an JN level to the middle part of d-perpendicular, which 
can be nearly pure p (of f) from mixing of d and p 
(or f) type states. The broadening at the base of the 
absorption curve can be attributed to the p (or f) states 
within the d-parallel band. Of course, the argument 
applies to both the Nyy and Ny levels separately. 

The broad absorption band centered around 155A 
has an estimated width at half maximum of nearly 100A. 
The “edge” falls at 207A (59.6 ev). The expected transi- 
tion is from Ny~11 to the conduction band and should 
occur at about 105A (117.5 ev) according to Bohr and 
Coster® or 108A (114.5 ev) according to Nishina.'* 
The discrepancy between these values and the experi- 
mental one is so large that there is serious doubt of the 
identification. The width of the band is very large, too 
large to be explained by the width of the NW levels or 
valence band with any reasonable numbers. It may 
possibly be due to Kronig structure. 


10H. W. B. Skinner, Trans. Roy. Soc. A239, 95-134 (1940). 

11N. Bohr and D. Coster, Z. Physik 12, 342 (1923). 

12K, Chamberlain and G. A. Lindsay, Phys. Rev. 30, 369 (1927). 
There is no mention in their paper of their recognition of the 
doublet nature of one of the initial levels. Disregard of this fact 
could produce error in the 291A value of the Wy level. 

18H. B. Callen, J. Chem. Phys. 22, 518-522 (1954). 

14 A. Nussbaum, Phys. Rev. 94, 337-342 (1954). 

18 N. Bohr and D. Coster, Z. Physik 12, 342-374 (1923). 

16 V, Nishina, Phil. Mag. 49, 521 (1925). 
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An experiment has been performed which leads to the conclusion that the initial permeability and radio- 
frequency dispersion in sintered nickel ferrite are due principally to rotation of crystallite magnetic moments 
in an equivalent anisotropy field. Samples have been prepared by the partial sintering of nickel ferrite par- 
ticles of size 0.5 to 1.0 micron. For a series of samples sintered to various maximum temperatures, complete 
permeability spectra have been obtained, and it has been found that the susceptibility at low frequencies is 
related to the resonant frequency of the dispersion, defined as the point where susceptibility reduces to 
one-half its low-frequency value, in a manner which is predictable from the theory of domain rotation. 
Significant contribution from domain wall motion is probably inhibited by the small grain size in the samples 
studied. Our results do not preclude the existence of domain wall motion as a significant phenomenon in the 
behavior of certain ferrites, but indicate the importance of polycrystalline structure in determining the 


mechanism of initial polarization. 





INTRODUCTION 


HE process by which ferrites polarize in an ex- 
ternal magnetic field has been studied in the past 
by a number of workers. Using single crystals of mag- 
netite, Galt! has shown that the initial permeability is 
due to motion of a domain boundary and that the dis- 
persion region at 3000 cps is due to this mechanism. In 
the case of polycrystalline ferrites formed by a sintering 
process the evidence has not been as clear. 

Snoek’s original work? on the permeability spectra of 
various Ni—Zn and Mn—Zn ferrites has shown that 
the resonant absorption of energy in the radio-fre- 
quency region could be explained as a gyromagnetic 
resonance of the magnetic moments of the crystallites 
in internal anisotropy fields. This conclusion was based 
on a comparison of the susceptibility at very low fre- 
quencies, as attributed to rotation of the magnetic 
moments, with the frequency at which these moments 
resonate. The assumption was made that the governing 
equations are those of Landau and Lifshitz* and that 
the equivalent internal fields tending to orient the 
moments of grains along certain equilibrium positions 
were the same for the static as for the dynamic case. 
The existence of heavy damping, distributions of 
resonant frequencies. among crystallites, internal de- 
magnetization, and the effective g factor for the two- 
sublattice ferrites were not considered by Snoek. It 
was further assumed that, in the sintered ferrites studied, 
the motion of domain walls did not contribute to the 
susceptibility. Nevertheless, Snoek obtained rough 
agreement between theory and experiment. The view 
that the initial permeability of these materials is due 
mainly to domain rotations and that the dispersion of 
the permeability at high frequencies is a process of 


1J. K. Galt, Phys. Rev. 85, 664 (1952); Revs. Modern Phys. 
25, 93 (1953). 

2 J. L. Snoek, Nature 160, 90 (1947). 
(1938) Landau and E. Lifshitz, Physik Z. Sowjetunion 8, 153 

4R. K. Wangsness, Phys. Rev. 93, 68 (1954); F. Brown and 
D. Park, Phys. Rev. 93, 381 (1954). 
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gyromagnetic resonance has also been expressed by 
Wijn.® 

More recently the measurements of Rado eé¢ al.® on 
Ferramic A, a commercial sintered magnesium ferrite, 
have been interpreted to demonstrate the existence of 
domain wall motions and to show that this process is 
the principal one evident in the initial susceptibility. In 
observing the permeability spectrum of Ferramic A, 
Rado found two dispersion regions, one at approxi- 
mately 40 Mc/sec and another at 1400 Mc/sec. The 
former resonance disappeared when the material was 
divided into particles of approximately single domain 
size, whereas the higher-frequency resonance remained 
in altered form. From this fact it was concluded that 
the lower-frequency resonance was due to a domain 
wall resonance which was removed when the domain 
walls were eliminated by subdivision. Quantitative 
tests of this hypothesis gave approximate agreement 
between the experimental data and the theory of 
domain wall motion. 

Before describing the present results on the initial 
permeability spectra of sintered nickel ferrites, it seems 
worthwhile to emphasize the importance of differences 
in composition and preparation in determining the 
behavior of ferrites. Thus, although a number of inves- 
tigators have found domain rotation to be predominant, 
the possibility of wall motions in other samples is by 
no means excluded. For instance, in Ferramic A the wall 
resonance observed by Rado can be ascribed to the 
existence of relatively large grains in the solid material 
(5-50 microns) although the samples of ferrite composed 
of much smaller grains, as for the cases we will describe, 
may show a resonance understandable only on the 
basis of domain rotation. It is the purpose of the present 
work to describe experiments done on certain specially 
prepared materials which serve as examples of the case 
in which the initial polarization of the material proceeds 
mainly by rotation of magnetization within a domain 


5H. P. J. Wijn, Leiden University, thesis, 1953 (unpublished). 
6G. T. Rado, Revs. Modern Phys. 25, 81 (1953). 
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under the joint influence of the applied signal and an 
equivalent anisotropy field. 


EXPERIMENTAL 


In initiating the present work it was our purpose to 
attempt a stepwise reversal of the experimental pro- 
cedure used by Rado® in which the permeability spec- 
trum of solid Ferramic A was compared with the 
subsequently obtained spectrum of the material in 
finely powdered form. Our procedure was, therefore, to 
start with a fine ferrite powder whose spectrum had 
been determined and to sinter pressed samples of this 
powder at various maximum temperatures in order to 
trace the appearance of the lower-frequency absorption 
peak described by Rado. 


A. Sample Preparation 


The toroidal samples used for measurements of the 
permeability spectrum were prepared in a manner 
similar to that used in standard ferrite manufacture 
except that extra precaution was taken to assure a 
powder of known properties as the starting material. 
To do this, stoichiometric proportions of NiO and 
Fe,O3; were thoroughly mixed with KCl in powdered 
form in the ratio of approximately twenty parts by 
weight of KC] to NiO and Fe.0;. This mixture was 
then heated to 960°C in an “Alundum” crucible, a 
temperature sufficient to melt the salt. Upon cooling 
the contents and dissolving away the KCl, a fine 
brown ferromagnetic powder was obtained which was 
shown by x-ray analysis to consist of more than 95 
percent nickel ferrite. Chemical tests showed that the 
ratio of nickel to iron was stoichiometric nor could we 
detect by chemical analysis the presence of unreacted 
NiO or Fe,03. The particle sizes of this powder were 
determined by electron microscope observation and 
were found to be principally within the range of 0.5 to 
1.0 micron. 

After washing and drying the powder, the toroidal 
samples were pressed using a pressure of about 30 000 
lb/in.2 The nominal dimensions of the samples were 
3 in. o.d.X} in. id.X7¢ in., but the subsequent firing 
caused shrinkage so that permeability measurements 
were based on final dimensions. Individual samples were 
fired to maximum sintering temperatures in the range 
960°C-1327°C in such a way that a distribution of 
permeability values was obtained. Results and con- 
clusions have been based on comparison of the spectra 
obtained for the various samples, no quantitative 
reference being made to the firing conditions with the 
exception that the packing factor (relative density) of 
each sample was determined and used in applying the 
theory of domain rotation. 

We have noted a distinct color change in the material 
as sintering was carried to higher temperatures. Before 
sintering, the powder was reddish brown changing 

' gradually to black at the highest firing temperatures. 
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We attribute this change to an increase in particle size 
as sintering progresses, and have found by microscopic 
observation that the most thoroughly sintered samples 
were made up of grains as large as 2 to 3 microns in 
diameter. Color changes were not attended by detect- 
able changes in chemical composition. 


B. Measurements 


In determining the magnetic spectra of the various 
partially sintered toroids, Rado’s method® was used in 
the frequency region above 140 megacycles. This is 
essentially a standing wave technique in which the 
standing wave pattern of a short-circuited coaxial line is 
measured with and without a specimen placed next to 
the short circuit. The shift in position of the voltage 
minimum gives the real part of the permeability, y’, 
whereas the standing wave ratios give the imaginary 
part, w’’. Rather than grind the numerous samples to 
an exact fit with the coaxial line, we have adjusted the 
measured values of »’ and yw” according to relations 
given previously.? When corrected for misprints, these 
relations are 


#’/wo=[(um’/ mo) log(Ds/D1) —log(D2/D) 
—log(D4/Ds) Llog(D3/D2) T", 


B/! = (tm /pm') [log (D2/D1) +log (D4/Ds) 
+ (u’/uo) log(Ds/Dz) JL (u’/uo) log(D3/D2)}", (1b) 


where y’ and yw” are the corrected values, fm’ and pm’ 
are the corresponding measured values, D, is the inside 
diameter of the outer conductor of the coaxial line, D; 
is the outside diameter of the sample toroid, D» the 
inside diameter of the sample, and D, is the diameter of 
the inner conductor of the coaxial line. yo is the per- 
meability of free space. 

In the frequency range between 30 Mc/sec and 140 
Mc/sec we have used a measuring technique adapted 
from a method of van der Burgt ef a/.* This consists of 
determining the capacity required to resonate a small 
section of short-circuited coaxial line (L«4)) with and 
without a sample toroid at the shorted end. If the Q 
of this resonant circuit is also found in both cases, p’ 
and yw” can be calculated. The relations are 


w= (Lp) "(Cr !—-Ca), (2a) 
a” = (Lp) (CrQr)'—(CaQa)*], (2b) 
where Lz, the inductance of the space occupied by the 
toroid, is given by Lg=0.4606 h log(b/a)X10-* henry, 
in which b/a is the ratio of outer to inner diameter of 
the toroidal specimen and / is its height in meters. 


Further, C4 and Q,4 are the resonant capacity and Q of 
the circuit with the specimen absent, and Cr and Qr 


(1a) 


7 Massachusetts Institute of Technology Technical Report 
XXXVI, Laboratory for Insulation Research, July, 1950 (un- 
published). 

( $ o der Burgt, Gevers, and Wijn, Philips Tech. Rev. 14, 245 

1953). 
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are the corresponding values with the toroid in place. 
In practice, the Q’s and capacities were measured using 
a Q meter with a 3-inch coaxial line suitably mounted 
at its terminals to receive specimens. For each spectrum 
an additional measurement was made at 2 Mc/sec using 
a separate permeameter’ designed for use at this fre- 
quency in conjunction with a Q meter. Since it is 
important in all magnetic measurements on ferrities at 
radio-frequencies to eliminate the possibility of dimen- 
sional resonance, we have checked our permeability 
spectra with samples of thickness from 3 millimeters to 
0.5 millimeter with no significant changes in our results. 


RESULTS 


In Fig. 1 are shown the spectra of five of the sample 
toroids sintered at progressively higher temperatures 
and consequently exhibiting progressively higher pack- 
ing factors (density of samples relative to that of a 
single crystal of nickel ferrite). All of the curves show 
a marked disperion region occurring around 2000 
Mc/sec for the lightly sintered sample and moving to 
lower frequencies as the sintering temperature is in- 
creased. The toroids with packing factor 0.746 and 
0.770 have spectra in qualitative agreement with that 
measured by Rado.® However, we have been unable to 
identify, within the significance of our measurements, 
the slight absorption peak which occurs in Rado’s 
measurement at around 3000 Mc/sec. The fact that 
others have observed this peak whereas we do not 
strongly suggests that the high-frequency peak in this 
this material is dependent upon the nature of the 
specific sample used and is not an inherent property of 
nickel ferrite. On the other hand, the broad resonance 
occurring at some hundreds of Mc/sec is certainly a 
general characteristic of the material. We have therefore 
concentrated our attention on the nature of the proc- 
esses underlying this lower frequency peak. 

As proposed by Snoek,? the dispersion may be due to 
the precession of the magnetic moments of domains in 
an equivalent anisotropy field. This anisotropy field 
may have contributions from magnetocrystalline anisot- 
ropy such as has been found to affect the resonance 
conditions in single crystals at microwave frequencies, 
from internal strains in the sintered material, from the 
internal magnetic fields created by a distribution in 
direction of crystallites, and from the shape anisotropy 
of grains. Polder has pointed out” further that the rela- 
tive orientation and interaction of adjacent grains in 
the material may cause the dynamic demagnetizing 
factor to differ from the static one, thus shifting the 
position of the resonance frequency away from a value 
predicted taking only the other above mentioned anisot- 
ropy sources into account. It is very difficult to estimate 
the magnitudes of these effects in a sintered ferrite, so 
that it is sufficient to note that the resonances we 
observed between 200 and 2000 Mc/sec occur at roughly 


9 Made by National Electronics Laboratories, Inc. 
0 T), Polder and J. Smit, Revs. Modern Phys. 25, 89 (1953). 
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Fic. 1. Permeability spectra of partially sintered nickel ferrite. 
From top to bottom the five samples represented were sintered 
at progressively higher maximum temperatures in the range 960- 
1327°C. The circles represent »’—1 and the crosses represent yp”, 
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TABLE I. Comparison of observed susceptibilities with those calculated from the theory of domain rotation. 














0, 0, 0, Bracket Bracket 
’ wor X10° w2 X10° w1 X10" e2, cex"Ga)) cex"Sny] CEq. (a)] (Eq. (3b)] 
0.569 12.6 3.8 0.31 0.23 0.28 0.28 1.0 1.0 
0.616 10.7 3.8 0.25 0.29 0.32 0.32 0.99 1.0 
0.638 6.0 3.8 0.13 0.60 0.50 0.47 0.87 0.82 
0.565 4.4 eee 1.0 0.76 tee 0.74 ne 0.95 
0.746 4.4 3.8 0.13 0.83 0.74 0.80 0.95 1.0 
0.662 3.5 see 0.75 0.96 tee 0.91 tee 0.93 
0.777 2.5 3.8 1.1 1.39 12 1.4 0.85 1.0 
0.805 1.9 tee 0.75 1.45 tee 1.8 tee 1.0 








the same frequencies as that predicted by an extra- 
polation of microwave resonance conditions to the 
case of zero field. On the above basis one would expect 
a zero-field intercept at around 900 Mc/sec for the 
case of single crystals of nickel ferrite, or 1400 Mc/sec 
extrapolating the data of Okamura" on sintered 
samples. 

In our analysis we have therefore assumed that the 
resonance field is determined in some unknown manner 
by the above factors, but that in every case the position 
of the resonance frequency is related to the initial sus- 
ceptibility by a relation, similar to that of Snoek,? which 
has recently been derived by Park.” Park’s theoretical 
expression is 


w&r(xo/p)= FEM s[ (2w1/w2)4 In(w2/w1)], (3a) 


where w,=angular frequency at which x reduces to 
one-half its low-frequency value, x0; xo= (u’—1)/4m at 
low frequencies; p=packing factor of the sintered 
ferrite, i.e., the density of the material relative to that 
of a single crystal ; yz= effective value of ge/2mc= 19.4 
X10® (oersted)-'; M,=saturation moment of nickel 
ferrite= 265 emu ; w.= angular frequency at which u’—1 
is a minimum, and w;=angular frequency at which 
p’—1 is a maximum. It can be seen that Eq. (3a) is 
similar to that given by Snoek, except that porosity of 
the material is accounted for through #, and that an 
additional factor appears on the right-hand side of the 
equation. 

However, in applying Eq. (3a) it is necessary to 
determine the spectrum up to the frequency at which 
p’—1 is a minimum (about 6000 Mc/sec) so that it is 
often more convenient to use a slightly modified form 


Fic. 2. Comparison of magnetic 
spectral data on partially sintered 
nickel ferrites with theory of do- 
main rotation. xo= (u’—1)/47 is 
the low-frequency susceptibility, 
p is the packing factor, and w, is 
the angular frequency where 
x= 4x0. The circles give the experi- 
mental points, and the solid line is 
a plot of Eq. (3a) in which the 
term in brackets has been taken 
as unity. 





w, x0” 


4 Okamura, Torizuka, and Kojima, Phys. Rev. 88, 1425 (1952). 
2 D. Park, Phys. Rev. 95, 652(A) (1954). See also the succeeding 
article [Phys. Rev. 97, 60 (1954) ]. 


of the expression. In most cases encountered experi- 
mentally, it can be shown that w,* (w,ws)!, in which 
case Eq. (3a) becomes 


V2w1 





2 
oxo #)=trels| in(a,/o) (3b) 
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Under these conditions it is only necessary to extend 
the measurement up to w,, which in the present case 
would never exceed 2000 Mc/sec. 

In Table I are shown experimental values of the 
various quantities which enter Eqs. (3a) and (3b), as 
determined from the curves of Fig. 1, along with data 
from other spectra not shown. In column 5 of the table, 
the experimental values of xo/p are to be compared 
with the calculated values in columns 6 and 7 which 
have been determined from the two forms of the theory 
mentioned. It can be seen that the agreement is quite 
good in both cases, being well within experimental 
uncertainties. In columns 8 and 9, it is also seen that 
the approximation used to get Eq. (3b) is quite valid 
in those cases where our data have permitted use of the 
more exact expression. It is further interesting to note 
that the inclusion of a distribution of resonant fre- 
quencies among crystallites in the derivation of Eqs. 
(3), giving rise to the term in brackets, does not strongly 
modify Snoek’s original equation in which such a dis- 
tribution was not considered, since the bracket never 
departs from values close to unity. 

The inverse proportionality indicated by Eqs. (3), 
and exhibited by the data, is shown in Fig. 2, where the 
solid line represents the theoretical expression plotted 
under the assumption that the term in brackets is in 
fact unity. For values of xo/p less than 1.5 the agree- 
ment is adequate but is not as satisfactory for larger 
ordinates, a possible explanation being that the 
bracketed term of Eqs. (3) could depart strongly from 
unity in these cases. However, since the spectra asso- 
ciated with the points of highest xo/p contained no 
resonant rise of u’—1, the bracketed term could not be 
determined. 

Inherent in the derivation of Eqs. (3) has been the 
assumption that the equivalent anisotropy field for 
resonance is the same as that experienced at very low 
frequencies. The absence of any appreciable effect of 
the type proposed by Polder’ has thus been assumed, 
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In view of the present agreement between theory and 
experiment, an agreement obtained without recourse 
to the Polder effect, it can be concluded that the initial 
susceptibility in the nickel ferrites we have studied is 
due principally to domain rotation in an equivalent 
anisotropy field with little contribution from the 
dynamic interaction of crystallite magnetic moments. 

For comparison we may estimate the resonance con- 
ditions to be expected if the initial suceptibility in our 
material were principally due to the motion of domain 
walls. Rado et al.* give an approximate expression for 
the relation between the susceptibility at low frequencies 
due to wall motion, which we will call xo, and the 
resonance frequency of walls, designated here as wo1 
Their expression can be written as 


wo1(xo1/p)*=y2M,(825/d)}, (4) 


where 6~(kT./Ka)} and d is an average domain size. 
Clearly, if we assume that 6 and d do not change suf- 
ficiently during sintering to alter the right-hand side of 
(4), the predicted relationship between wo: and xo: is 
quite different from the one we have observed experi- 
mentally in which wo and xo are inversely proportional. 
We have further observed that d does not increase in 
our material to values larger than 2 io 3 microns (as- 
suming that each grain contains one or more domains) 
in those samples sintered to highest packing factor. 
For the lightly sintered samples d was 0.5 to 1.0 micron 
so that the right side of (4) could not decrease by a 
factor of more than 2.5 in the sintering process. The 
anisotropy constant, K, is the only other quantity in 
(4) which could change in sintering in such a way as 
to cause ambiguity in applying (4). In order that wall 
resonance give an inverse proportion between these 
two quantities, we find that K would have to increase 
by a factor of 10* which seems quite unlikely. 

It is also worthwhile to inquire to what extent our 
dispersion phenomena may be explained by domain 
wall relaxation, since the approximate governing 
equation™ predicts an inverse proportion between x01, 


18 Rado, Wright, and Emerson, Phys. Rev. 80, 273 (1950). 
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and the relaxation frequency, wor, We write Rado’s 
expression as 


wo2(xo1/p) =M2R/n, (5) 


where R=6/d, n=6yd, and B is the wall velocity 
parameter. Inserting B=0.026,"% we obtain M,?R/n 
-~2X10". Inasmuch as our experimental results indi- 
cate a woxo product of around 2X 10°, it seems unlikely 
that domain wall relaxation can contribute strongly. 
Further qualitative evidence in agreement with this 
conclusion is obtained by noting the distinct rise in 
p’—1 which occurs in most of our samples just below 
the region of maximum absorption; this aspect of our 
curves suggests a resonance process rather than a pure 
relaxation. 


CONCLUSIONS 


The experiment described above has lead to the con- 
clusion that the initial permeability in our samples is 
due principally to domain rotation. This result is prob- 
ably due to the fact that the crystallite size in the 
materials studied was restricted to values small enough 
to inhibit the formation and motion of domain bound- 
aries in the usual sense. In this respect our samples 
exhibit pronounced single domain behavior. 

It seems hardly necessary to emphasize that the 
results of our experiment do not preclude the existence 
of domain wall motion as an important model in under- 
standing the initial permeability in certain ferrites. 
Nor can contributions from wall motion be completely 
excluded in the present case. Our experiment presents, 
however, an example of a situation in which, because of 
the relatively small size of crystallites in the sintered 
material, the principal contribution to initial perme- 
ability comes from domain rotation. 

We wish to acknowledge our debt to David Park and 
J. Kenneth Moore for continued discussions and sug- 
gestions on all phases of the work and to V. R. Abate 
for help in making the measurements. 


( u J K. Galt and H. G. Hopper, Revs. Modern Phys. 25, 93 
1953). 
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In order to calculate the initial susceptibility at high frequencies of a polycrystalline sample of ferrite, 
one must take account of the interaction between neighboring crystallites, and of the fact that the crystal- 
lites differ from each other in their orientation (assumed random) and in their characteristic resonant fre- 
quencies. Each crystallite is acted upon by an oblique alternating field, and its magnetization precesses in an 
elliptical cone. A simple solution of this problem is given by the use of complex variables involving two dif- 
ferent imaginaries. It is found that the interaction between crystallites has little effect on the magnetic 
spectrum other than to raise the effective value of the resonant frequencies, and that the spectrum obtained 
is not very sensitive to the exact form chosen for the distribution of resonant frequencies among the 
crystallites. 

The resulting expressions for the real and imaginary parts of the susceptibility are compared with the 
results of some measurements by F. Brown and C. L. Gravel on a lightly-sintered sample of nickel ferrite, 
assuming that the major part of the susceptibility is due to rotation processes. The agreement is satisfactory 
and shows among other things that the damping constant need be no larger in these materials than it is 


found to be in a single crystal. 





1. INTRODUCTION 


HE magnetic spectrum of unmagnetized poly- 

crystalline samples of ferrite has usually been 
considered in two ranges, the boundary between them 
lying roughly at 500 Mc/sec. Above this value, the 
effects of domain rotation are identified, while below 
it the permeability is attributed largely to the effects 
of domain wall motion. Recently, however, an exten- 
sive series of experiments” has been done on samples of 
nickel ferrite in which the crystallite sizes are rather 
small—of the order of a few microns—and there ap- 
pears to be considerable evidence’ that rotation phe- 
nomena are largely responsible for the permeability over 
the entire range of frequencies studied (2 to 10000 
Mc/sec).* Since these conclusions have been discussed 
elsewhere,” we shall only summarize them briefly here. 
First, the spectra of grains of single-domain size em- 
bedded in wax (where wall motions would not be 
expected to play any part) are qualitatively similar to, 
and form part of a continuous progression with, the 
spectra of samples sintered at progressively higher 
temperatures. Second, the evidence provided by Snoek’s 
relation between initial susceptibility and resonant 
frequency‘ (see Sec. 4) is against the hypothesis of 
wall motion, and third, there is the intuitive objection 
that the numerous holes, traps and impurities present 
in any sintered mass would so immobilize any domain 
walls which might be formed there that they would 


* This work was supported by the Sprague Electric Company, 
North Adams, Massachusetts. 

1G. T. Rado, Revs. Modern Phys. 25, 81 (1953). This article 
reviews the extensive evidence in support of this view, and con- 
tains references to most of the earlier work. See also H. P. J. Wijn, 
dissertation, Leyden, 1953 (unpublished). 

? F. Brown and C. L. Gravel, Phys. Rev. 95, 652(A) (1954); see 
also preceding article [Phys. Rev.-97, 55 (1954)]. 

3 The possibility that the dispersion is all due to rotation was 
first put forward by members of the Philips group [J. Went and 
H. Wijn, Phys. Rev. 82, 269 (1951). 

‘J. L. Snoek, Physica 14, 207 (1948). 
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hardly be expected to react at all to an applied field. 
This objection ceases to apply, of course, when the 
crystallites are large enough to contain several domains. 


2. THE THEORETICAL MODEL 


The theory of domain rotations in a sintered mass of 
ferrimagnetic material differs from that previously 
developed for a crystalline sample® in three respects. 
First, the sintered crystallites must be taken to be 
randomly oriented; second, they will interact mag- 
netically with each other somewhat in the manner of 
coupled oscillators; and third, the magnetic properties 
of the material will vary from one crystallite to another, 
according to their chemical purity, shape, size, state of 
stress, etc. In what follows we shall suppose that the 
resonant frequencies characterizing the individual crys- 
tallites are distributed in some arbitrary manner. The 
problem of determining the magnetic response of such 
a substance is, as it stands, of course quite insoluble, 
so we shall approximate it by means of the following 
model, which is capable of exact calculation. 

We shall suppose that any given crystallite X is sur- 
rounded by several neighbors N, oriented at random, 
but numerous enough so that their, average magnetiza- 
tion is the same as that characterizing the sample as a 
whole. Let us suppose that under the influence of an 
external alternating magnetic field h, whose frequency 
is w, this average magnetization is M(w,f). It is clear 
from symmetry that the average magnetization of a 
randomly oriented mass cannot have its direction other 
than parallel to the external magnetizing field h. 
Clearly also, the averaged field produced by the neigh- 
boring crystallites must lie along this line; though it 
will be directed oppositely to M, since the lines of force 
external to a magnetized body go round continuously 
outside it. If a crystallite (or lump of crystallites) N is 
of size /, it will have a magnetic moment of the order of 


5 F, Brown and D. Park, Phys. Rev. 93, 381 (1954). 
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MBP, and will produce at X a field of the order of MP/P, 
so that the total field acting upon X is given by 


H=h-—pM, (1) 


with p, depending on permeability and on crystalline 
properties, at least of the order of unity.* In such a field 
(we assume a toroidal sample so that h is not demag- 
netized) the crystallite X will exhibit a certain rotating 
magnetization Mx, characteristic of the individual 
magnetic properties of X. To find the magnetization of 
a large number of crystallites X, we average this re- 
sponse to the applied field over their resonant fre- 
quencies (and, later, over their orientations). But this 
average M, characterizing the whole mass, must be the 
same as that which was assumed to characterize the 
neighbors of any X. This identification will be written 
in the form of an equation which can then be solved for 
M. Finally, comparison of this average magnetization 
with the exciting field h permits us to find the real and 
imaginary parts of the susceptibility, which can be 
compared with experiment. 


3. THE SUSCEPTIBILITY 


We shall write the equation of motion for the mag- 
netization of the crystallite X in the form given by 
Landau and Lifschitz :’ 


: nN 
Mx=yMxX Hr———MxXMxXHr7, (2) 


x? 


where Hz, composed of the alternating field H and the 
fixed anisotropy field Ho (we assume that there is no 
fixed external field), is the total magnetic field acting 
on M, and y is the effective value of the gyromagnetic 
ratio for the two-lattice system.’ Let us adopt a co- 
ordinate system X, with the z-axis chosen to coincide 
with the direction of Hao. Then if the applied field is 
not too large, we can neglect its z-component entirely. 
With respect to these axes, the direction of h will have 
some arbitrary orientation, given by the polar angles 
6 and ¢: 


hxz=ho sin0 cosge~ it, hxy= ho sind sin ge~ fut, (3) 


where the time variation has been put into complex 
form in order to facilitate the consideration of phase 
relationships later. It is convenient to consider the «-y 
plane in the coordinate system X¥ as a complex plane 
in which the y-direction is denoted by the imaginary 
quantity 7. This is, of course, an actual physical plane, 
as contrasted with that whose imaginary unit is j, 


6 This pre a of averaging is somewhat similar to that en- 
countered by Lorentz in calculating the internal field of an elec- 
trically polarized body [H. A. Lorentz, The Theory of Electrons 
(Dover Publications, Inc., New York, 1952), p . 138 and Note 55]. 
The approach in this paper consists capeniialie in assuming that 
there is no appreciable short-range order in the precession of the 
spins 

agg) anaes and E. Lifschitz, Physik. Z. Sowjetunion 8, 153 


and which is merely a computational device. Letting 
Mx:+iMx,=Mx:, and similarly with other quan- 
tities, we find that (2) can be expressed in the simple 
form ; 
Mx+=—iy' (HaoMx+—Hx+M,), (4) 
where 
=(l1—-ia)y, a=/yM,, (5) 


and M,, the saturation magnetization of the crystallite, 
is the approximately constant value of M,. Thus the 
only effect of the damping, as introduced in this way, 
is to give to the effective value of the gyromagnetic 
ratio a negative imaginary part in 1. 

To put in the field h, let us introduce an average 
alternating susceptibility of the entire sample, 


x+= M. +/ hy. (6) 


With this, we can put (1) into (4) to get, for the mag- 
netization of the crystailite X, 


Mx+=—iy'[HaoMx+—(1—px+)Mhx+], (7) 
where, by (3), 


hx+= hxore7**', hxo+= hy sinde? °. (8) 


Then, if we assume that Mx. in the steady state is of 
the form Mxo+e~**, we can readily solve this [with 
(5) ] to get 
yM .(1—px+)hxo+ 
Mxor= ’ (9) 
Lijw/(1—ta) J+-wx 


where wx, the characteristic frequency of X, is given 
by yH AO. 

The susceptibility of X is determined by the storage 
and dissipation of energy in X as h goes through its 
cycle. Thus we need only consider that part of h which 
does work on Mx, and the susceptibility can be written 
as 





Xx+= (Mxorhxo_)/h+h_. (10) 
When (9) is put into this, we encounter the product 
hxothxo-=he sin*d. 


We can now immediately average this over all possible 
orientations of X. The sin?@ becomes 3, and we find® 





= 2 
Xx+= 97M, (1—px+) . 
; * Lijo/(1—ia)]+ox 


Now we are to average this over the different resonant 
frequencies wx that X may have. It is certain, of course, 
that, besides wx, other parameters such as y and M, 
will vary from one crystallite to another. However, 
the most marked effect on the resulting permeability 
is produced by the statistical distribution in wx, and 
we shall consider only this. Suppose that the distribu- 


8 The occurrence of 7 in formulas (9) and (11) shows that the 
magnetization, both of X and of the directionally averaged X, 
precesses in an ellptical cone under the action of the applied field. 
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tion is according to some law g(wx), where 


J aie. 


Then, if we define 


* — g(wx)dwx 
r= f ————_, 
0 Lijw/(1—ia) ]+ox 
the average susceptibility of the entire mass will be 


x+=4yM.(1—px+) po). 


The hypothesis mentioned earlier—that the average 
susceptibility of the neighbors of any X is the average 
susceptibility of all X—equates the two x,’s in the 
expression above, and we find that 


x+=37M..p(w)/[1+90yM .p(o)]. 


x4 is, however, closely related to the measured perme- 
ability of the sample, for the latter is defined (again, 
in terms of energy storage and dissipation) as 


MahztMyhy 1 
Jp eee moon ROE eee 
h2+h, hgh 





(12) 


Rex, 


where Re; denotes that the real part with respect to 7 
is to be taken, and we have chosen coordinates such 
that h has no z-component. Thus, we have finally 


x= $M, Rei{p(w)/[1+3evM p(w) }. (13) 


As a first orientation, let us consider the case in 
which the distribution g(wx) is infinitely narrow and 
centered around some frequency wo. In this case, (13) is® 


a 3M Fy 
(1-2) (wo+oyM .) — jaw 
(1-02) (wo ZpyM .)?—w*— 2 jaw (wo+FeyMs) 





(14) 


It is clear from this, and can be verified to hold for the 
more general cases to be discussed later, that the prin- 
cipal effect of the intercrystallite interaction is merely 
to make the frequency at which resonance occurs some- 
what greater than wo. Since, however, wo (or, in the 
case of a distribution g, the central value of the dis- 
tribution) is itself only determinable empirically, we 
shall henceforth omit the term in p and consider wo to 
represent the increased value. The resultant error in 
the shapes of the permeability spectra can be expected 
to be less than that which will result from other 
assumptions. 

Although (14) must be considered an idealization, 
still it exhibits a number of features which characterize 
most of the experimental data. Not only is the general 

® If p is neglected, this formula becomes identical (except for 


the sign of ) with one given by Kittel (see reference 1). The for- 
mula appears in C. Kittel, J. phys. radium 12, 332 (1951). 


shape of the curves (for large enough values of a) the 
same as those observed, but it is also significant that the 
asymptotic behavior for large w is right: writing x= ’ 
+jx’", we see that x’~w~ and x’’~w"", as observed. 
The correctness of the asymptotic behavior in this 
respect is a rather stringent test of any theory. Intro- 
ducing damping through the use of a relaxation time 
in the equations of motion,” for example, fails to pre- 
dict this behavior, no matter how the relaxation time 
is assumed to depend on w. Equation (14), however, 
cannot be considered a satisfactory result. First, the 
data require values of a of the order of 0.8, whereas the 
measurements of Yager"! and Healy” on single crystals 
give a value of 0.0045. One would expect it be increased 
by sintering, but not by so much. Second, the data on 
x’ are not well fitted for any choice of a; and third, as 
we have pointed out above, it is not reasonable to 
expect that the crystallites will all resonate at the same 
frequency. | 
In order to continue, we need to assume a distribu- 
tion function g(wx) which leads to analytically tractable 
results. A first attempt was made" with a rectangular 
distribution, and the resulting formulas showed a sur- 
prising agreement with experiment. Typical curves, 
together with the assumed distribution function, are 
shown in Fig. 1. Some qualitative predictions which 
agree well with the available data? are that if A and B 
are the upper and lower limiting frequencies of the 
rectangular distribution, then they are the frequencies 
at which" y’ takes its extreme values and they are at 
the same time the “half-power” points of the curve of 
u’’. Two other features characteristic of the observed 
spectra are the great asymmety of the two extremes of 
yu’ (the asymmetry about »’=1 is frequently as great as 
20 to 1) and the fact that the frequency at which p’ 
equals unity is usually much greater than that at which 
” has its maximum (a factor of 10 is not uncommon 


FREQUENCY MG/SsEc 


Fic. 1. Data on a sample of nickel ferrite sintered at 1216°C. 
The circles represent u’—1 and the crosses represent nu’. The 
theoretical curves (solid lines) are obtained by assuming a rec- 
tangular distribution of crystallite frequencies (dashed line), and 
are fitted to the data at the points marked with asterisks. This 
includes an arbitrary scaling of u so as to fit the data at low 
frequencies. 


10 N. Bloembergen, Phys. Rev. 78, 572 (1950). 

1 Yager, Galt, Merritt, and Wood, Phys. Rev. 80, 744 (1950). 
2D. W. Healy, i[* Phys. Rev. 86, 1009 (1952). 

13D. Park, Phys. Rev. 95, Mr ad (1954). 

14 We write p=1+4rx=p'+ju”. 
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here). These features are very difficult to understand 
from the standpoint of wall motions, but both are 
immediate consequences of our formulas. [For example, 
the frequency ratio just mentioned is given as approxi- 
mately (A/2B)!, which is equal to 3 for the calculation 
of Fig. 1, as compared with the experimental value of 4. ] 
More exactly, the peak value of y’’ occurs at a frequency 
of (AB)}, and the zero of y’—1 occurs at [4(A?+B?) }}. 
These characteristics also do not follow from the equa- 
tions of motion in which damping is introduced through 
a relaxation time. It is interesting to note, however, 
that Young and Uehling’® find that experiments on 
ferromagnetic metals decide in favor of the latter 
equations. 


4. A FOUR-PARAMETER DISTRIBUTION 


If we are to avoid, nonphysical hypotheses such as 
that of the rectangular distribution, and at the same 
time not become involved in analytical work dispro- 
portionate to the accuracy of our theory, there is not a 
very wide range of forms available for g. We shall dis- 
cuss here the consequences of a distribution of the form 


1 A (oe B-wx 
——_( tan tan- ), (15) 
a(A—B) o1 o2 





q(wx) = 


with 0A and o2<B. This is a natural generalization 
of the rectangular distribution ; an example is shown in 
Fig. 2. The conditions are imposed on the o’s so that 
the contribution to g from values of wx equal to zero 
and below can be neglected. If o; and o2 are taken to be 
equal, we can conveniently represent this as 


A deve 
(ox) or ph (wx—wo)?+o? 





(cB), (16) 


a superposition of bell-shaped distributions centering 
about various values of wo. If a1 is not equal to o2 (and 


FREQUENCY Mc/sec 


Fic. 2. Data on a sample of nickel ferrite lightly sintered at 
960°C. The circles represent u’—1 and the crosses represent y’”’. 
The theoretical curves (solid line) have been obtained by adjustin, 
the assumed distribution of crystallite frequencies (dashed line) 
so as to obtain a fit. (There has been no arbitrary scaling.) 


15 J. A. Young, Jr., and E. A. Uehling, Phys. Rev. 94, 544 (1954). 
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it seems usually to be necessary to assume this), we 
can still write (15) as 


q(wx) = 


1 | { dur 
a(A—B) B (wx—wo)?+o2? 


ha af (wx a Fas 


Changing the order of integration, we have first to 
evaluate (12) using a q of the form o/m[(wx—wo)*-+0"]. 
The result of doing this is rather complicated ;!* we 
shall give it here in unrationalized form, omitting terms 
in a: 


wo Jaw 
(wo— jaw)?+ (o+- jw)? 
ee (18) 
[(w—w)? +o? ? 


from which one can verify the asymptotic properties at 
high frequencies mentioned above, and in the form 
which it assumes when all terms in a are neglected: 


wer+o?r— w 
? 
(w?— woo")? +-4u?o? 
we +o?-+u? 
so . 
(w?—wo?+-0")?+-4e9?o? 





Xo= rt] 








(19) 


te = 39M wo 





Xe = 37M (20) 


These can be compared with the expressions’ which 
follow from (14), if one neglects p and assumes that all 
the width comes from the damping a: 


1+-02)%p?— (1—0")o* 
Xa = FM wo : = ; . ? (21) 
[w®— (1—a”) wo? ?-+- 4079! 
(1--a*)wo?-+w 


gh)—— ° 
[w®— (1—a2?) ero? P+ 407! 





” 


Xa =F 





It will be noted that these two pairs of equations are 
very similar, with o replaced by awo (in fact, it is in 
general impossible to distinguish experimentally be- 
tween effects of a and effects of o), except that xq” in 
(22) vanishes with w, as it should, whereas in (20) one 
can see the spurious effect of a q(wx) which does not 
vanish with wx. 

The integrations in (17) can now easily be carried 
out to give 


1 yM, 
x =- 
6A-—B 


(w*—A*o%)+44o? 
n ’ 
(o?— B*-+-o7)?-+-4B'a:? 





16 The integral can be evaluated by means of a contour, but since 
there are here two imaginaries, it is necessary to use some dis- 
cretion in determining where the singularities lie. 
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and 


1 yM, At+w A-—w 
= tan} +tan 
3A—B 01 o1 
Bw 


o2 


” 








—tan 


B-w 
tan“ ) (23b) 
a2 


1 yM, 2Ao1 
=- (tax pe 
3A-—B w— A®+o/ 


2Bo2 
— tar). (23c) 
w’— B+, 
From these we can find the values at zero frequency, 


1 7M, Festina 
x’ (0)=- 
3A—B "Boe 





(24a) 


2 ¥. 02 O1 
x” (0)=- (tax tan) ; (24b) 
3A-—B B A 


The imaginary part should, of course, vanish. That it 
is small is a consequence of the conditions laid on (15). 
It is often convenient (and accurate enough) to choose 
o:/A=o>/B in order to simplify the analysis generally, 
and this, in (24b) has the desired effect, although for 
the wrong reason. We have in this case 
27M, A O1 Oe 
x’(0)=- In-, x’(0)=0 ( ==), (24c) 
3A-B B A B 
If (as will generally be the case) A>>B, we find that 
the minimum of x’ occurs at a frequency 


Ato? 1 yM, Atta 
om s——,, x(a) =—- , 


(A?—¢,?)! 3A—B are 





(25) 


while the maximum is at 


17M, A®+or 
x! (w2) == In 
3A—-B  2Bor 


(26) 





oo (Be— a2”) 


and, between these, x’ vanishes at a frequency close to 
w;:/V2. A measure of the peaking of x’ is given by 


‘(w1)—x’ (0 B+o A*+or 
_x'@) x’ (0) ~n( 2) o( —). an) 

x’ (0) 2Bo2 B’+o2 
There is an important difference between the results 
of this work and those of the earlier calculation based 
on the rectangular distribution of frequencies. It is 
that, when g rises or falls off in a distance ¢, it is ¢ and 
not a (if a is small enough) that determines the extreme 
values of x’. Thus a may be as small as desired, and the 

data can still roughly be fitted. 


It will be convenient to consider specially two fre- 
quencies characteristic of the resonance ; those at which 





x’ drops to half its peak and DC values will be called 
respectively w; and w,. The latter is the “resonant fre- 
quency” by which Wijn! characterizes a material. If 
A>B, these approach the values 


identaaeaalilitiiale and 
r= (A*+o;")(B’+as*) }#; (28) 


and in the case which we have discussed above, in 
which o;/A=o2/B=i, say, these become 


2r t 
Oy (oro ) and w,* (wore) 4. (29) 
1+)? 


The first of these can be solved to give an estimate of ): 


rn 1 ( wy ) 
1+ 2 W1W2 
in which it is usually permissible to neglect the \*, while 
the extent to which the second is satisfied provides a 
very simple check on the applicability of this simplified 
form of the theory to any given set of data. 
The quantity w, also enters into Wijn’s formulation 


of Snoek’s relation* between resonant frequency and 
static permeability. Again in the simplified case, (24c) 


and (29) give 


If (as seems to be quite common) ) is in the neighbor- 
hood of $, then it is easily verified that A is close to 
w;/V2, the frequency at which x’ vanishes. Neglecting B 
in the denominator and making an unimportant ap- 
proximation in the logarithm now gives 


wr(Mo— 1)o= (82/3)yM ,(2w2/w)* In(w;/we). (31) 


Without the terms in w on the right, this is Snoek’s 
relation. The terms in w provide a factor which is nor- 
mally very close to unity. Brown and Gravel* have 
applied this formula to the analysis of data obtained 
by them, and we shall therefore apply it here only to 
Wijn’s data on his sample E of Ferroxcube IV (the 
only one for which the data are adequate) : we find!” 


r= 350 Mc/sec, wi=2700V2 Mc/sec, 
we= 250 Mc/sec, M,=197, 


where w; has been estimated as v2 times the frequency 
at which x’ vanishes. The factor in w on the right is in 
this case 0.98, and explains why Snoek’s law in its 
simple form is so closely obeyed by Wijn’s data. In 
this case, the values of (u’—1)o calculated by (31) and 
observed are 14 and 12, respectively. 

In comparing these formulas with experiment it is 
necessary to take account of the porosity of the poly- 


(30) 


W1W2 i 
w,(u’ ey ue In 


17 The constants are given in terms of ordinary frequency, not 
angular frequency. 
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crystalline samples—their packing factor (density of 
sample divided by density of pure crystalline substance) 
is seldom over 75 percent. It is clear that the saturation 
magnetization M, will be reduced in the same ratio, 
and that the susceptibility will also be correspondingly 
less, though the effect of the magnetic poles induced 
on the crystallite boundaries is difficult to evaluate.'* In 
the present work we assume that the effect of porosity 
can be accounted for by using instead of M, the 
saturation magnetization of the polycrystalline sample, 
but we hope to return later to a quantitative discussion 
of this point. 

In comparing theory with experiment there are two 
considerations which limit us in the choice of data. 
The first is the fact that we have neglected the effect 
of the interaction between crystallites on the shape of 
the resonance curves, so that it will be advantageous 
to examine data takén on a sample which has been 
relatively lightly sintered. The second is more serious: 
the slowness with which x’ decreases at high frequencies 
(this is particularly evident in Wijn’s data’) entails a 
value of 7; which is comparable with A or even greater, 
contradicting an assumption which was made in order 
to obtain results in tractable form. It is fortunate that 
this effect is less pronounced precisely in the ferrite 
samples which have been sintered at relatively low 
temperatures ;? accordingly, we shall pick for compari- 
son Brown’s measurements on a sample sintered at 
960°C, with a packing factor p=0.54. Figure 2 shows 
the comparison of theory with experiment in this case. 
The constants used here are,” in kMc/sec (10° cps): 


A=4.2, o1=2.1, B=0.58, o2=0.29; 


but the choice could probably be improved upon. In 
particular, the error in x’(0) should not be regarded as 
significant. Also, the choice of a g(wx) which was more 
sharply peaked would certainly have brought the 
theoretical curve of yu” higher. It is characteristic of the 
Ansatz (15) that the peaks possible with it are not as 
high as generally required. For pure crystals of nickel 
ferrite, M, is' 265, and the effective value®!” of y is 
1.1X2.80 Mc/sec oersted. The results indicate quite 
strongly that the mechanism which we have discussed 
above is in this case the correct one. 


5. REMARKS 


A detailed discussion, from the above standpoint, of 
the various experiments which have been performed on 
resonance phenomena in ferrites is beyond the scope 
of this paper, though we hope to return to the subject 
elsewhere. For the present, let us merely note that the 
mechanism which we have assumed here leads directly 
to a slightly modified form of Snoek’s relation and, con- 
versely, that whenever it is found by experiment that 
the susceptibility exhibits a resonance which satisfies 
this relation, there is some likelihood that domain rota- 


18D. Polder and J. Smit, Revs. Modern Phys. 25, 89 (1953). 


tion, rather than wall motion, plays the leading part in 
the resonant process. But there are certain instances! 
in which a substance (notably Ferramic A) shows two 
resonances, of which one, in the rf region, approxi- 
mately obeys Snoek’s law and the other, a much lower 
peak in the microwave region, does not. If we consider 
the possibility that the rf resonance is due to domain 
rotation, we must then look for an alternative explana- 
tion for the other peak. 

It is possible that the microwave resonance is due to 
the free gyration of electron spins. The fact that in 
some materials the magnitude, and even the existence, 
of the high-frequency peak vary from sample to sample” 
suggests that this resonance is not a property of the 
crystallites themselves (it has not been reported in 
single-crystal samples) but of their state of aggregation. 
Let us suppose, accordingly, that these electrons are 
trapped in various lattice imperfections.”! If the trap is 
effectively a spherical cavity, the electron will experi- 
ence a field” of magnitude 4rM./3, where M, is some 
effective value of the local magnetization. For want of a 
better value, we shall use for it M,, the saturation mag- 
netization of the sintered mass. The electron’s spin will 
resonate at the frequency 


we=7(4r/3)M.=11.7M, Mc/sec, 


and the width of the resonance is due more to the lack 
of sphericity of the trapping region than to any process 
of dissipation. In support of this hypothesis, there are 
data! at room temperature on Ferramic A (M,=99 
oersteds, w-=1100 Mc/sec, observed value 1100 Mc/ 
sec), LijFe;Fe2O, (M,=258, w-=3000, observed value 
about 2000 Mc/sec) and NiOFe.0; (M,= 163, w-= 1900, 
observed value 3000 Mc/sec). All the observed reso- 
nance peaks are at least 1000 Mc/sec wide. Also, in 
Rado’s results on nickel ferrite, the fact that the reso- 
nance is barely observable at room temperature but 
pronounced at 77°K is explainable on the ground that 
more electrons are trapped at lower temperatures. The 
same effect is observable in Rado’s data on Ferramic A. 
His measurements on nickel-zinc ferrite, however, do 
not at all support this view. 

If the foregoing explanation of the high-frequency 
peak is wrong, it is probably for one of two reasons: 
the effect might be inappreciable,” or the spread in the 
field strengths experienced by the electrons might be so 
great as not to produce a resonance at all,“ but only 
a general distortion of the microwave end of the sus- 


19 Rado, Wright, and Emerson, Phys. Rev. 80, 273 (1950). 

2” F. Brown (private communication). 

21T am indebted to F. J. Dyson for this suggestion. 

2 Reference 6, Note 54. 

23 The situation here differs from that in a metal, where the skin 
effect prevents the magnetic field from penetrating more than a 
short distance below the surface. In metals, however, the corre- 
sponding effect has been observed. [G.yT. Rado and J. R. Weert- 
man, Phys. Rev. 94, 1411(A) (1954).] 

% Tt should be noted that in all cases, the microwave resonance 
peak is far broader than the rf one; the logarithmic presentation 
of frequencies is deceptive in this respect. 
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ceptibility curve, and in particular, a lifting of the 
curve of x’. Such an effect is apparent in the experi- 
ments of Wijn' and Brown,’ and the latter measure- 
ments were carried out to a frequency high enough so 
that one can be sure there is no microwave peak present. 
In the absence of any theoretical or experimental justi- 
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fication, however, these speculations must remain very 
tentative. 

I am grateful to Fielding Brown and J. Kenneth 
Moore for communicating to me the results of their 
measurements and calculations, and for making many 
contributions to the work presented here. 
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The effect of a radial electrostatic field upon the resistance of tungsten in high vacua was reinvestigated 
employing lower pressures and better vacuum technique than in the original experiments of Worthing e¢ al. 
Wires of 0.004-in. and 0.00045-in. diameter were subjected to negative and positive fields (retarding or assist- 
ing respectively electron motion from filament to plate) up to 9.0X 10° and 1.4X 10° volts/cm, respectively. 
The resistance abruptly decreased upon application of the electric field, increased slightly with time while the 
field was constant, and increased abruptly upon removal of the field regardless of the direction of the field. 
The abrupt increase was usually somewhat less than the abrupt decrease. The abrupt resistance changes satis- 
fied the equation AR=aE}, where AR is resistance change, £ is applied field in volts/emX 10-6, and a=0.46. 
A large part of the small resistance change with constant field was due to an observed filament temperature 
increase resulting from bombardment by the electronic portion of the observed ion-, photo-, and field- 
emission current. It was found that the photo and ion currents were much larger than the field-emission 
currents. No observable electrostatic effect was found which could account for the abrupt resistance changes. 
It has not been possible to offer a theory for the observed effects. 


INTRODUCTION 


HE effect of a radial electrostatic field upon the 
resistance of tungsten wires in high vacua was 
reinvestigated, with lower pressures and better vacuum 
techniques than in the original experiments.'* 
Worthing! observed that in the absence of the electric 
field, the resistance of a hot (2500°K) tungsten filament 
increased as expected because of the evaporation of the 
filament. Upon application of electric field strengths 
greater than about 0.5X10® volts/cm, he observed 
that the resistance abruptly decreased and simul- 
taneously the time-rate of increase of resistance became 
less than for the no-field case. Estabrook,? employing 
molybdenum filaments at temperatures of 1462 and 
1644°K, observed an abrupt increase in resistance 
upon application of the field along with a lessening of 
the time-rate of increase of resistance due to evapora- 
tion. Vissat,? employing tungsten in the temperature 
range 293°K to 853°K, observed an abrupt increase 
in resistance upon application of the field, agreeing 
with Estabrook but not with Worthing. He did not in- 
vestigate the time rate of change of resistance. In each 
of these experiments the electric field was applied in 
cylindrical geometry with the filament positive with 


* Now at Jackson and Church, Saginaw, Michigan. 
1A. G. Worthing, Phys. Rev. 17, 418 (1921). 

2G. B. Estabrook, Phys. Rev. 63, 352 (1943). 

*P. L. Vissat, Phys. Rev. 64, 119 (1944). 


respect to the surrounding plate so as to inhibit electron 
emission from the filament. The pressures ranged from 
10-* to 10-* mm Hg obtained with dynamic vacuum 
systems containing waxed joints. The systems probably 
were not very well outgassed. The filaments were dc 
heated, resulting in dc etch* of the surfaces and con- 
sequently the calculated electric field strengths were 
inaccurate. (Worthing and Estabrook employed Wims- 
hurst machines as high-voltage sources for their fields.) 

There appear to be only two theoretical papers con- 
cerning this effect.5® Greibach® examined the problem 
from the thermodynamical point of view and was able 
to obtain qualitative agreement with Worthing but his 
calculated values for the resistance changes were but 
1 percent of Worthing’s experimental values. He attri- 
buted this to his assumption of an ideal filament surface, 
perfectly smooth and clean. Reid,* from kinetic theory, 
supported Estabrook? and by proper choice of param- 
eters was able to obtain good agreement with Esta- 
brook’s measured resistance changes. However, Vissat’s 
results’ disagreed with Reid’s predictions for tungsten. 

In the present investigation, with improved experi- 
mental apparatus and technique, more complete infor- 
mation has been obtained concerning the effect of strong 


4C. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
(i9s3s" p. 99 ff. See also D. B. Langmuir, Phys. Rev. 89, 911 
1953). 

5 E. H. Greibach, Phys. Rev. 33, 844 (1929). 

6 W. P. Reid, Phys. Rev. 63, 359 (1943). 
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electrostatic fields on the resistance of tungsten. Addi- 
tional insight into the complex nature of the effect is 
thereby obtained but a complete explanation of all ob- 
servations is still lacking. 


EXPERIMENTAL 


The improvements over previous investigations were 
primarily in the vacuum techniques and high-voltage 
source for the field resulting in lower pressures, cleaner 
filaments, and steadier electric fields. The apparatus 
here used consisted of an electronic power-supply for 
the electric field, the experimental wires sealed into 
evacuated glass tubes, and the circuit for measurement 
of the changes in the resistance of the wires. 

The high-voltage source was a half-wave rectifier 

power-supply (Fig. 1). Because the load current in the 
experiments is negligible, it was decided that electronic 
regulation with its accompanying transients would be a 
liability rather than an asset. With the circuit of Fig. 1, 
and a maximum current of 1.0 ma through the resistor 
R’, the ripple factor was less than 0.035. 
» Three experimental tubes were used in this investiga- 
tion. In the first tube a 0.004-in. tungsten filament 
wire and a tantalum cylindrical plate (8-cm length, 2-cm 
diameter) were used for the preliminary experiments 
which, though not described in the present report, 
yielded essentially the same results as the final 
experiments. 

The second and third tubes were identical but 
different from the first tube. The “plate” (A, Fig. 2) 
was a three-turn spiral of tungsten wire (diameter, 
0.03-in.) which was spotwelded to the 0.08-in. diameter 
nickel press leads (D, Fig. 2). An alternating current of 
25 amperes through the spiral heated it to 2400°K. 
(The spiral “plate” structure was chosen to simplify 
the outgassing procedure and to eliminate local heating 





Fic. 1. Electronic power supply producing high voltage for 
electric field. VR:, Powerstat operating from constant voltage 
transformer; S, double-pole single-throw switch; F, 6-amp fuse; 
TR, high-voltage transformer, 100-kv maximum; TR», filament 
transformer, insulated for 150 kv; VRe, Variac input to filament 
transformer; GZ411, high vacuum rectifier, capable of rectifying 
150 kv; C, 0.025-uf, 40-kv dc capacitor; R’, five 10-megohm 
resistors in series; M, 0-1 dc milliammeter in series with R’ to 
measure high-voltage output; A, B, high-voltage terminals. A is 
connected to plate of experimental tube, B is connected to 
grounded end of tungsten filament. Components contained in 
dashed rectangle were immersed in oil in steel drums, providing 
electrostatic shielding and diminishing corona discharge. The 
eg a the power supply was continuously variable from 

to v. 
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Fic. 2. Experimental tubes No. 2 and No. 3. A, spiral “plate,” 
3 turns of 0.030-in. tungsten rod, 2.54-cm diameter, 1.90-cm 
length; B, nickel chucks supporting filament and thermocouple 
hot junction; C, iron-constantan thermocouple—the iron and con- 
stantan wires were spotwelded to 0.050-in. nickel wires G (diameter 
of thermocouple wires was 0.001-in., hot junction was spotwelded 
to 0.004-in. diameter nickel wire which was inserted into chuck 
B and held in contact with filament by a set-screw); D, plate 
support leads, 0.080-in. diameter nickel rods spotwelded to the 
tungsten spiral and press leads; EZ, 0.030-in. diameter tungsten 
rod, sealed in 4-wire press and sealed in glass over its entire 
length except for hook at top; F, tungsten filament, 0.00045-in. 
diameter, 3-in. long, mounted along axis of spiral and 0.25 in. 
from support rod £; G, 0.050-in. diameter nickel-to-tungsten 
leads sealed in 4-wire press and supporting the tube elements; 
H, Seal-off; J, VG1A ion gauge. Glass envelope and presses were 
Pyrex. Lower press was skirted (not shown). One end of filament 
F was connected to ground and terminal B’ of Fig. 3 and B of 
Fig. 1, the other end was connected to terminal A’ of Fig. 3 through 
support rod E. 


of the glass walls of the tube experienced with the 
first tube.) The filament (F, Fig. 2) was a 0.00045-in. 
diameter tungsten wire. One end of the wire was sup- 
ported by a tungsten rod, 3 in. long and sealed into a 
glass tube (EZ, Fig. 2). This glass covering minimized 
the escape of adsorbed gases from the support rod into 
the experimental tube after seal-off. (Since the thick 
rod was connected to the fine-wire filament, it could 
not be outgassed without burning out the filament.) 
Both tubes were evacuated to a pressure of 10-* mm Hg. 
While outgassing tube No. 2, the thermocouple burned 
out, and after six days a gassy lead had raised the 
pressure to a value too high to permit high-voltage runs. 
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Fic. 3. Filament resistance and temperature measuring circuit. 
A’, B’, connected to ends of filament of experimental tubes 
(F, Fig. 2); R, standardized resistor, 9.9951+-0.0003 ohms; MA, 
0-10 dc milliammeter for approximate setting of current; Ri, 
20K-ohm micropot variable resistor for fine adjustment of 
current; Re, 200-ohm resistor; R;, 250-ohm resistor, variable for 
coarse adjustment of current; R,, 750-ohm resistor; Z, new 2-volt 
lead-plate cell supplying current for measuring circuit ; C, to Leeds 
and Northrup student-type potentiometer; D, to thermocouple of 
experimental tube; S;, double-pole double-throw switch for 
connecting potentiometer across R, and R and F (filament) in 
series; S2, double-pole double-throw switch for connecting 
potentiometer to either thermocouple or measuring circuit; 
P, plate of experimental tube; F, filament of experimental tube; 
H.V., to terminal A, Fig. 1. 


The third tube survived the outgassing procedure and 
was used for most of the experiments. 

The ion gauges used for pressure measurement also 
served to clean-up the tubes after seal-off by electrical 
pumping action.’ The ultimate vacuum attained in 
each tube was 10-*mm Hg or lower. The outgassing 
procedure for all tubes included the following steps: 

(1) The presses, chucks, springs, and plates were 
placed in an auxiliary vacuum system and outgassed 
by induction-heating at temperatures of 1800°K to 
2000°K for one hour. 

(2) After assembling the experimental tubes, they 
were evacuated to a pressure of 10~-* mm Hg. The spiral 
“plate” (A, Fig. 2) of tubes No. 2 and No. 3 was heated 
to 2400°K by an alternating current of 25 amp for 1 
hour. The filaments (F, Fig. 2) were outgassed by 
flashing several times to 2700°K by using alternating 
current to eliminate “dc etch” and insure a smoother 
surface. Throughout the outgassing’of the tube ele- 
ments, a refrigerated trap (acetone and solid carbon 
dioxide) was used. 

(3) The entire experimental tube was baked at 
500°C for 5 hours while the pressure was maintained 
at 10-* mm Hg or lower. 

(4) Steps (2) and (3) were repeated. 

(5) The refrigerant was changed to liquid air. The 
plates and filaments were again outgassed [step (2) ] 
until the ion gauge registered no change in pressure 
when the elements were flashed. 


7D. Alpert, J. Appl. Phys. 24, 860 (1953). 


(6) The tubes were sealed off while the elements 
were hot. The ion gauge was operated continuously, 
and used for “electrical pumping” after seal-off. 

This procedure consistently resulted in an ultimate 
pressure of 10-* mm Hg or lower. As a result of the 
outgassing, a visible layer of metal was deposited on 
the walls of the tubes except where the skirted presses 
by shadowing prevented the deposition of a continuous 
conducting layer between filament and plate. 

The measuring circuit (Fig. 3) consisted of a stand- 
ardized resistor, a Leeds and Northrup student-type 
potentiometer, and a constant current source. The 
standardized resistor (R, Fig. 3) and the experimental 
filament F were connected in series with the constant 
current source and the potentiometer was used to 
measure the potential drop across R and that across 
R and F in series. The filament resistance Rr was 
calculated by 


Rr=R(V rir—Vr)/Vr, (1) 


where Very is the potential drop across the resistor 
R and the filament F in series'and Vz is the potential 
drop across R alone. The standardized resistor R was 
calibrated with a precision-type Wheatstone bridge as 
9.9951+0.0003 ohms. The resistor was mounted in a 
copper cup filled with transformer oil in turn immersed 
in a constant temperature bath at 0°C. The constant 
current source (Ri, Re, R3, R, and the lead plate cell £, 
Fig. 3) was adjusted for currents of the order of 3 ma, 
the exact value being set such as to simplify the calcula- 
tions. The magnitudes of the currents were small 
enough so that no measurable heating of the filament 
took place. The potential drops were measured with 
the potentiometer to 1 part in 100 000; hence the re- 
sistance of the filament was known with the same 
accuracy as the resistance of the standardized resistor 
R, about 3 parts in 100000 or 0.003 percent. The 
potentiometer also was used to measure the thermo- 
couple emf. The temperature of the filament was deter- 
mined from standard conversion tables* to 0.01°C. The 
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Fic. 4. Variation of tungsten filament resistance and tempera- 
ture vs time at a negative (Gilament positive) electrostatic field of 
4.54X10® volts/cm; tube No. 3; filament diameter, 0.00045 in. ; 
initial no-field resistance, 36.140+-0.003 ohms; initial no-field 
temperature, 33.90+-0.01°C; pressure, 10-* mm Hg. 


8 Standard Conversion Tables (Std. 21031) (Leeds and Northrup 
Company, Philadelphia). 
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TABLE I. Variation of filament resistance and temperature with time for a given applied negative field. 
Tube No. 3, filament diameter, 0.00045 inch; summary of Fig. 4-type runs. 








Abrupt change in filament 


Calculated filament 
resistance change 
corresponding to 


Observed filament 


Filament temperature resistance change 





Run Applied field resistance upon application change during time observed temperature during time field 
No. megavolts/cm and removal of field, ohms field was on,* °C change,*-> ohms was on,* ohms 
Decrease Increase 
1 0.114 0.220 0.250 —0.02 —0.032 —0.095 
2 0.227 0.100 0.150 +0.30 +0.050 +0.520¢ 
3 0.454 0.420 0.174 —0.174 —0.280 +0.420¢ 
4 1.36¢ 0.500 0.500 +0.56 +0.088 +0.100 
5 1.36¢° 0.480 0.650 +0.42 +0.070 +0.160 
6 2.27 0.440 0.572 —0.55 —0.081 —0.230 
7 2.72 0.900 0.773 —0.48 —0.078 —0.025 
8 4.54¢ 0.995 0.937 +0.35 +0.057 +0.050 
9 4.54 1.110 1.050 +0.25 +0.039 +0.020 
10 5.68 1.230 1.165 +0.17 +0.028 +0.010 
11 7.26 1.160 1.300 +0.46 +0.075 +0.040 








* A plus (+) sign denotes pe Range mer a minus (—) sign denotes a decrease. 
we 


b These resistance changes 


re calculated from the temperature coefficient of resistance of tungsten. 


¢ The final resistances are considerably greater than the initial resistances, something not ordinarily observed. 

4 This is the only case of a resistance increase accompanied by a temperature decrease. 

e¢ These measurements were made to investigate the possibility of an electrostatic capacitance effect as the cause of the resistance decrease upon applica- 
tion of the field. For the first pair of values, the ground connection was reversed before the second measurement; i.e., the filament was inverted relative 
to the connections A and B and A’ and B’ (Figs. 1 and 3). The same was done between the second pair of measurements at a field of 4.54 X10 volts/cm. 
In both cases, the resistance decreased upon application of the field and increased upon its removal. It was concluded therefore, that the resistance change 


is not due to an electrostatic effect involving the polarity of the filament. 


following procedure was used in making each run in- 
volving measurement of the resistance of the filament: 

(1) Ice and water were placed in the constant tem- 
perature bath of the standardized resistor. About one 
hour was allowed for attainment of thermal equilibrium. 
The constant current source was turned on and ad- 
justed to a chosen value. 

(2) The pressure in the experimental tube was 
measured and the ion gauge turned off and all elements 
grounded. A few minutes were allowed for the tube 
to cool to room temperature following the heating 
caused by the ion gauge. 

(3) The potentiometer was calibrated against a new 
calibrated standard cell. 

(4) The potential drops appearing across the resistor 
R and across R and the filament F in series were 
measured. 

In some cases, the filaments were flashed (as described 
in the outgassing procedure) just before the filament 
resistance was measured. This was done to clean the 
filament of adsorbed gases. The filament resistance was 
measured as soon as the filament cooled to room tem- 
perature (requiring about 3 to 5 minutes). No difference 
in resistance was observed when the filaments were 
flashed or not prior to measurement. At the operating 
pressures employed, the gases evaporated during the 
flashing were very likely re-adsorbed while the filaments 
were cooling. Hence for most of the experiments, the 
filaments were not flashed. 


RESULTS 


The several experiments performed may be classified 
as follows: 

1. The resistances of the filaments were measured 
as functions of time for given negative and positive 


electrostatic fields. A positive field is one with the plate 
electrically positive relative to the filament; a negative 
field is one with the plate negative relative to the 
filament. 

2. The resistances of the filaments were measured 
vs increasing and decreasing negative and positive 
electrostatic fields. 

3. The temperatures of the filaments were measured 
vs time for given negative and positive fields; and vs in- 
creasing and decreasing electrostatic fields. 

4. The filament-to-ground electric current was meas- 
ured as a function of the fields before and after the 
filament were vaporized. This was done in order to 
determine the relative magnitudes of the ion current, 
photocurrent, and the leakage current along the glass 
envelope of the experimental tubes. 

Most curves for the experimental data are drawn 
with straight lines connecting plotted points. Smooth 
curves are drawn where a continuous variation is 
suggested or suspected. 

A typical curve from the first and third groups of 
experiments (resistance and temperature vs time for 
given negative field) is shown in Fig. 4. The principal 
results obtained in this series of experiments are tabu- 
lated in Table I. Figure 5 is a typical curve of the same 
kind of experiment for a positive field. Table II lists 
the principal results of this set of experiments. The 
positive fields were necessarily weaker than the negative 
fields because of the possibility of field emission of elec- 
trons by the filament. Field strengths were calculated 
from assumed ideal cylindrical geometry. 

It is observed for the experiments summarized in 
Tables I and II that in every case the resistance of the 
filament decreased abruptly upon application of the 
electric field and increased abruptly upon its removal, 
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TABLE II. Variation of filament resistance and temperature with time for a given applied positive field. Tube No. 3, filament diameter, 
0.00045 inch; summary of Fig. 5-type runs. (The values for the weak fields show a smaller abrupt resistance change than for corre- 
sponding negative fields; whereas for the strong fields, the abrupt resistance change is larger than for corresponding negative fields. ) 








Abrupt change in filament 
resistance upon application 


Applied field 
and removal of field, ohms 


megavolts/cm 


Decrease Increase 


Calculated filament 
resistance change 
corresponding to 

observed temperature 
change,*-> ohms 


Observed filament 

resistance change 

during time field 
was on,* ohms 


Filament temperature 
change during time 
field was on,* °C 





0.062 
0.034 
0.265 
0.350 


0.088 
0.073 
0.605 
0.815 


+0.032 
+0.032 
+0.016 
+0.048 


+0.19 
+0.16 
+0.09 
+0.30 


+0.076 








* A plus (+) sign denotes an increase; a minus (—) sign denotes a decrease. ; 
b These resistance changes were calculated from the temperature coefficient of resistance of tungsten. 


regardless of the direction of the field. The abrupt 
decrease in resistance of the tungsten filament upon 
application of the field is contrary to Vissat’s*® results, 
but agrees with Worthing’s.' In all, some fifty cases of 
this decrease were observed with tube No. 3 and some 
six cases with tube No. 2 before the filament was de- 
stroyed by arcing over in the latter case. All curves 
followed the same general pattern; upon application 
of the field the resistance of the filament abruptly 
decreased, while the field was held constant the re- 
sistance increased slightly; upon removal of the field 
the resistance of the filament increased abruptly to 
nearly its initial no-field value. The magnitudes of the 
abrupt resistance changes depend upon the field 
strength and vary from a few tenths to slightly more 
than one ohm; the slight change during the time the 
field was constant seemed to be independent of the 
field strength and was of the order of a few hundredths 
ohm. 

In nearly every case, the temperature change of the 
filament is enough to account for a considerable part of 
(and sometimes nearly all) the resistance change during 
the time the field was on, but cannot account for the 
abrupt decrease or increase upon application or removal 
of the field. 

Figures 5 and 6 were obtained at the same positive 
and negative field strengths of 1.36X10° volts/cm. 
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Fic. 5. Variation of tungsten filament resistance and tempera- 
ture vs time at a positive (filament negative) electrostatic field of 
1.36X10® volts/cm; tube No. 3; filament diameter, 0.00045 in.; 
initial no-field resistance, 36.240+-0.003 ohms; initial no-field 
temperature, 31.28+0.01°C; pressure, 10-* mm Hg. Calculated 
resistance change from observed temperature change, 0.022 ohm; 
observed resistance change, 0.085 ohm. 


They were taken in immediate succession. In both 
cases the resistance change upon application of the 
field was about 1.25 ohms. Except for the difference 
in time, the two curves may be almost superimposed. 
Again, the temperature change was sufficient to 
account for a considerable part of the resistance change 
while the field was on. 

The initial abrupt resistance decrease upon applica- 
tion of the negative field vs the applied electric field is 
shown plotted in Fig. 7, the data being taken from 
Table I. The smooth curve shown, which fits the experi- 
mental curve quite well, isa parabola and its equation is 


AR=aF', (2) 
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Fic. 6. Variation of tungsten filament resistance and tempera- 
ture vs time at a negative field of 1.36 10° volts/cm (same magni- 
tude as Fig. 5); tube No. 3; filament diameter, 0.00045 in. ; initial 
no-field resistance, 36.352-0.003 ohms; initial no-field tempera- 
ture, 31.394-0.01°C; pressure, 10-? mm Hg. Figures 5 and 6, 
for the same magnitude of field strength, show that the tempera- 
ture and resistance changes of the filament do not depend upon 
the direction of the applied field. Calculated resistance change 
from observed temperature change, 0.032 ohm; observed resis- 
tance change, 0.208 ohm. 


where AR is the abrupt decrease in filament resistance 
upon application of the field, a is a constant of value 
0.46 ohm cm! volts“! and E is the magnitude of the 
applied field in megavolts/cm. 

Figure 8 shows the variation with applied electric 
field of the abrupt increase in filament resistance upon 
removal of the field. The smooth curve is a parabola 
satisfying Eq. (2) with a=0.46 as in Fig. 7. It is clear 
that both the decrease and increase in filament resist- 
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ance upon application and removal of the electric field 
vary with the field in the same way. Curves similar to 
Figs. 7 and 8 obtained from the data for the positive 
field curves are not very informative because all the 
points are clustered in the low-field region; however 
there appears to be no contradiction with Eq. (2). 

The smaller long-time resistance changes cannot be 
correlated with field strength. 

Figure 9 is a typical curve showing the variation of 
filament resistance vs negative applied electric field 
(class 2 experiments). This, and the other curves like 
it for both positive and negative fields also satisfy Eq. 
(2) with a=0.46 as before, as is seen by Fig. 10. How- 
ever, the agreement at larger strengths is not as good 
as for Figs. 7 and 8. No large temperature variation 
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Fic. 7. Variation of the initial abrupt resistance decrease of the 
tungsten filament upon —— of the negative field vs the 


magnitude of the applied electric field; tube No. 3; filament 
diameter, 0.00045 in. The smooth curve is a parabola satisfying 
the equation AR=a£}, where a=0.46 and £ are the abscissa 
values. Data for this curve was taken from column 2, Table I. 


was observed for these resistance vs field experiments; 
any observed temperature changes were not nearly 
large enough to account for the resistance change. 

The maximum no-electric field variation of filament 
temperature (measured over a period of about one hour) 
was 0.06°C. The variation of filament temperature 
during any given run (class 3 experiment) was of the 
order of 0.3°C to 0.8°C, approximately five or more 
times greater than the no-field variation. Thus the 
temperature change appears to be largely due to the 
electric field, and hence electron and/or ion bombard- 
ment of the filament resulting in a temperature rise is 
indicated. To explore the temperature effect more 
thoroughly, experiments were performed to determine 
the magnitude of the total direct electric currents 
passed by the experimental tubes. This was done by 
inserting a calibrated galvanometer in the ground 
connection to the filaments. The total direct current 
through the tube was assumed to consist of ion currents, 
photocurrents, leakage currents, and perhaps field-emis- 
sion currents. Some subsequent incomplete experiments 
indicate that a significant percentage of the observed 
currents was photocurrent. 

Figure 11 shows the variation of total current through 
a tube with negative applied electric field. The maxi- 
mum current was 7.1X10-* amp, at a field of 9X10 
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Fic. 8. Variation of the abrupt increase in resistance of the 
tungsten filament upon removal of the negative field vs the magni- 
tude of the applied negative field; tube No. 3, filament diameter 
0.00045 in. The smooth curve is a parabola satisfying the same 
aa as Fig. 7. Data for this curve was taken from column 3, 
able I. 


volts/cm. A similar experiment with the same filament 
and a maximum positive field of 1.36X10° volts/cm 
yielded a maximum current of 11.55X10~* amp. Thus, 
if the positive fields could have been large enough, the 
total current would have been many hundreds of times 
greater than for the corresponding negative fields. 

The final experiment performed on each tube was the 
measurement of the leakage current as a function of 
the applied field. The negative field only was used; 
for leakage current the same results should be observed 
for both positive and negative fields. The filaments were 
completely vaporized by connecting them across the 
output of a Variac and turning it on full after first 
heating the filaments to white heat at a low voltage. 
This worked effectively; no pieces of the filaments 
were observed remaining in the chucks. (It is noted 
that the tube pressure was not appreciably increased 
by vaporizing the filaments.) With the filament re- 
moved, it was assumed that the electric current 
through the tube upon application of the electric field 
was due primarily to leakage current with a small 
amount of ion current flowing between plate and 
filament chucks. A small amount of photocurrent also 
might be possible. The leakage current vs applied in- 
creasing and decreasing electric fields is shown by 
Fig. 12, and the fact that the curve shown is not a 
straight line indicates the presence of ion current along 
with the leakage current. A straight line determined by 
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Fic. 9. Variation of tungsten filament resistance vs increasing 
applied negative electric field; tube No. 3. Curve is best smooth 
fit ignoring the point-well off the curve. Initial no-field resistance, 
36.190+0.003 ohms; filament diameter, 0.00045 in.; pressure, 
10-* mm Hg. 
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Fic. 10. Figure 9 data plotted as resistance change vs applied 
electric field, following Figs. 7 and 8. The smooth curve is the 
plot of Eq. (2) as before. 


the small field points was drawn on the leakage current 
curve (dashed line, Fig. 12) to show the true leakage 
(Ohm’s law variation) current. 

The curve of Fig. 13, obtained by plotting the differ- 
ence between the ordinates of Figs. 11 and 12 vs field, 
was considered to be the ion current (filament-to-plate 
alone) vs applied negative electric field. 

The maximum ion current, 5.8X10~-° amp, in Fig. 
13, yields 2.0X 10" (ions/sec) per cm? striking the fila- 
ment. By kinetic theory, the number of molecules 
impinging per cm? of filament per second is 14.210” 
at the measured pressure. Since the two values are about 
the same order of magnitude it may be concluded that 
there was enough gas present in the tube to produce 
the ion currents observed. Another simple calculation 
indicates that if any field emission current was present, 
" it was so small as to be completely masked by the ion 
and photocurrents in the tube. 


SUMMARY AND DISCUSSION 


The experiments show in general that the resistance 
of a tungsten filament decreases abruptly upon applica- 
tion of a radial electrostatic field, increases slightly 
with time while the field remains constant, and in- 
creases abruptly when the field is removed. The magni- 
tudes of the abrupt resistance changes are related to 
the magnitude of the field by Eq. (2). The resistance 
vs continuously varying electric field strength also 
follows Eq. (2). 

Several experiments were performed in an attempt 
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Fic. 11. Variation of total direct electric current (ion plus 
leakage) through tube vs increasing and decreasing negative 
applied electric field; tube No. 3; filament diameter, 0.00045 in. ; 
pressure, 10-* mm Hg; current was measured with a calibrated 
galvanometer in series with filament and ground. 
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to detect some electrostatic capacitance effect which 
could account for the abrupt resistance changes, but 
none was found. Since no complete investigation of 
this type of effect was made, it is still possible that some 
obscure capacitance effect is present. 

The small resistance change with time during the 
application of a constant applied electric field was 
always accompanied by a temperature change. The 
observed temperature change accounted for a significant 
part of this resistance change, and since the temperature 
distribution of the filament was not known, it seems 
quite reasonable to assume that the entire small 
resistance change is associated with temperature. This 
temperature change would be due to the heating of the 
filament by current-carrier bombardment. 

No specific attempt was made to determine the effect 
of pressure on the change in resistance. 

It was generally ecbserved that the final resistance 
(after the field was removed) was approximately equal 
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Fic. 12. Variation of leakage current vs increasing and decreas- 
ing negative field; tube No. 3. Dotted line indicates an Ohm’s-law 
variation. Maximum current, (2.3+0.1)X10- amp; filament 
diameter, 0.00045 in.; pressure, 10-* mm Hg; current was meas- 
ured with a calibrated galvanometer in series with filament and 
ground. 


to the initial no-field resistance, although not exactly 
so as reported by Worthing and Estabrook. 

It is interesting to compare the present results with 
those of Worthing,! Estabrook? and Vissat.* Worthing 
observed an abrupt decrease in the resistance of a 
heated tungsten filament upon application of a negative 
field and an increase upon removal of the field. This 
is in agreement with the results of the present in- 
vestigation. Estabrook observed an abrupt increase in 
the resistance of a heated molybdenum filament upon 
application of the field and an abrupt decrease upon 
its removal. He assumed that this result was due to the 
use of molybdenum instead of tungsten. Vissat, with 
tungsten at temperatures up to 580°C, observed an 
abrupt increase in resistance upon application of the 
field and an abrupt decrease upon its removal. This 
agrees with Estabrook (assuming tungsten and 
molybdenum behave similarly) but not with Worthing 
or the present results.° 

® During some of the preliminary experiments of the present 


investigation increases in tungsten resistance with applied electric 
field were observed—in apparent agreement with Vissat. However, 
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Again, it should be emphasized that in the present 
investigation much better vacuum techniques were 
available, making possible higher vacua (10-* mm Hg 
or lower as compared with 10-° to 10-7 mm Hg for 
Worthing, Estabrook, and Vissat). More vigorous 
outgassing of the experimental tubes was employed 
in the present work and the tubes were sealed off, 
whereas Estabrook and Vissat employed waxed glass- 
metal seals and continuously pumped their tubes. 
Reid® states that no resistance change should occur at 
lower pressures than those of Estabrook and Vissat—in 
contradiction to the present experimental findings. 

None of the earlier investigators’ considered positive 
fields; nor did they observe resistance changes below 
0.5X10® volts/cm. The previous investigators did not 
include direct measurement of the filament tempera- 
ture although Vissat* attributed the resistance change to 
heating of the filament. As noted above, the tempera- 
ture effect is significant, accounting roughly for the 
time change of resistance with field on but not for the 
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Fic. 13. Variation of ion current vs negative electric field; tube 
No. 3. Points obtained by”: ‘subtracting ordinates of Fig. 11 from 
those of Fig. 10 and plotting vs"field. Maximum current, 5.8+-0.1 
X10~ amp; filament diameter, 0.00045 in. ; pressure, 10? mm Hg. 


more unusual abrupt change upon application or re- 
moval of the field. 

Several theories have been developed for the resist- 
ance vs applied field effect but none has been found 
very successful. Greibach® attempted a theoretical 
explanation of Worthing’s results based on classical 
thermodynamics of dipoles. He expressed the thermo- 
there were indications that large temperature changes (large 
compared to what was observed in the later more reliable experi- 
ments), caused perhaps by considerable ion bombardment in the 
higher-pressure vacua of the preliminary experiments, were 


present. Hence a true resistance increase vs applied field effect 
was not considered to be present. 


dynamic probability of evaporation of an atom from 
the surface of the filament in terms of the filament 
temperature and the applied electrostatic field. The 
uncharged evaporated atom becomes a dipole through 
the effect of the radial field which is more uniform and 
stronger at the end of the dipole nearest the filament 
resulting in attraction of the dipole for the filament. 
Thus the electrostatic field inhibits evaporation of the 
metal and the rate of evaporation (and consequently 
the rate of change of filament resistance) decreases. 
Analytically, integrating throughout the volume of the 
system, Greibach obtained an expression for the ratio 
of evaporation rate with field on to field off. His theoret- 
ical result for this ratio is but 1 percent approximately 
of Worthing’s experimental value. Greibach attributes 
this discrepancy to his assumption of ideally clean, 
smooth surfaces whereas experimental filaments possess 
surface irregularities. (Since Worthing used dc heating 
of his filaments, they were subject also to dc etch 
production of patches.*) 

A different approach was employed by Reid® who 
designed an adsorption theory specifically for Esta- 
brook’s data.? He calculates, from a Maxwellian dis- 
tribution of the velocities of the evaporated Mo atoms 
(including also some oxygen atoms which are carried 
off with the molybdenum), the ratio of evaporation 
rates of Mo with the electric field on to that with field 
off. The analytic theory requires the insertion of certain 
somewhat arbitrary parameters dependent on surface 
conditions of the Mo wires. Different wires require 
different values for these parameters, and there is no 
experimental procedure to enable an unique determina- 
tion of these parameters. Hence, though plausible, the 
theory contains undesirable arbitrary procedures. Also, 
it should be noted that a suitable theory should explain 
the sudden resistance decrease upon application of 
the field and the increase upon removal of the field. 
Reid’s theory attempted an explanation of the increase 
upon application of the field and decrease upon its 
removal. 

It has not been possible so far to work out a theory 
explaining the present results. Reid’s theory® does 
suggest that the abrupt resistance changes observed 
may depend on the gas content of the tungsten filament 
surface. A confident use of his theory will require a 
good deal more information on the exact nature of the 
tungsten filament surfaces, obtained perhaps by em- 
ploying the Miiller field-emission microscope technique. 
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Empirical Relation between Superconductivity and the Number of 
Valence Electrons per Atom 


B. T. MatTTHtas 
Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 
(Received September 28, 1954) 


The relation between the transition temperature of a superconductor and its number of valence electrons/ 
atom has been investigated. Optimum conditions for the occurrence of superconductivity seem to exist for 


5 and 7 valence electrons/atom. 





N a previous paper! an attempt was made to find for 
superconductors the empirical relation between their 
transition temperatures and the electronic configura- 
tions of their atoms. It was found that for an average 
valence electron/atom ratio (R) slightly below 5 the 
transition temperatures tend toward a maximum. 
Anomalous results, however, were obtained for the 
transition elements and their compounds, which had 
much larger R values. 

The purpose of this paper is to resolve this anomaly 
and to include in the discussion all the recently dis- 
covered compounds and alloys, as well as technetium.? 

When Daunt and Cobble discovered the super- 
conducting transition temperature of technetium near 
11°K, it became obvious that the maximum of transi- 
tion temperatures for compounds and elements with 
an R near 5 could not be the only one because Tc has 
seven valence electrons/atom.* As a matter of fact, 
superconducting transition temperatures in the hori- 
zontal rows of the periodic system-seemed to be more or 
Jess symmetrical with respect to the sixth column 
(see Table I). 

The study of alloys of Mo with elements of the eighth 
column further strengthened the validity of this 
assumption,‘ so that today it seems very probable that 
a second maximum for superconducting transition 
temperatures occurs for elements and compounds with 
an R near 7. 








° 1 2 3 < 5 
nN, NUMBER OF VALENCE ELECTRONS 


Fic. 1. Variation of superconducting transition temperature 
with number of valence electrons per atom. 


1B. T. Matthias, Phys. Rev. 92, 874 (1953). 

2L. G. Daunt and L. W. Cobble, Phys. Rev. 92, 507 (1953). 

3 Valence electrons are here considered to be all electrons out- 
side of closed shells. 

4B. T. Matthias and E. Corenzwit, Phys. Rev. 94, 1069 (1954). 
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Our data now suggest tentatively that the qualitative 
dependence of the transition temperature on R is as 
indicated in Fig. 1. 

In this plot the effects of mass and volume, which 
are now well recognized, are neglected.!:56 

. In the next four paragraphs, we would like to give 
four examples of how this curve was traced ex- 
perimentally. 


(a) SOLUTIONS OF RHODIUM IN ZIRCONIUM 


We have found that up to approximately 15 percent 
Rh can be dissolved in Zr without appreciably’ changing 
the size of the lattice constant. Above 15 percent Rh, 
additional lines in the x-ray powder photograph 
indicate that either a superlattice or a new crystal 
structure closely related to that of Zr exists. (Further 
investigation of the crystallography of this system will 
be carried out by S. Geller.) Whereas results obtained 
for Zr-Rh alloys with more than.15 percent Rh have 
therefore to be considered with caution, it becomes 
obvious for smaller Rh amounts how strongly the 
superconducting transition temperature is affected by 
the electron concentration, i.e., the R value (see Fig. 2). 

These data on the Zr-Rh system should be considered 
only of preliminary nature outside the range of 1 
percent to 30 percent Rh. For Rh percentages below 1 
percent the purity of our Zr (99 percent) was not 
good enough, and above 33 percent Rh we seem to have 
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Fic. 2. Superconductivity of Zr-Rh alloys. 


5 P. Marcus, Phys. Rev. 94, 837 (1954). 

6 D. Shoenberg, Nuovo cimento 10, Suppl. No. 4 (1953). 

7 By “appreciably” we mean to an extent which would affect 
the transition temperature if we assume 7.~(Volume)", 
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TaBLeE I. Superconducting transition temperatures for 
elements of the fourth to the eighth column. 








IV Vv VI VII VIII 


Zr 0.7° Nb 8.6° Mo®* Teli" Ru 0.47° 
Hf 0.35° Ta 4.4° ws Re 1.7° Os 0.71° 











* Not superconducting above 0.05°K. 


a two-phase system.® All we wish to show now is how 
the maximum transition temperature occurs here for 
an R value slightly below 5 as observed so often before.! 


(b) SUPERCONDUCTING COMPOUNDS WITH 
THE BETA-W STRUCTURE 


Because in this type structure it was not possible to 
vary the R value continuously, we were limited to a 
number of discrete points corresponding to the available 
compounds. In order‘not to confuse the issue too much 
by variation of mass and volume, we restricted ourselves 
to compounds of two elements, niobium and molybde- 
num, which are next to one another in the periodic 
system. Figure 3 shows the variation of the super- 
conducting transition temperature with R. It shows the 
existence of maxima near 5 and 7 and a minimum near 
6. MosSi and Mo;Ge and their superconducting 
transition temperatures have been described recently 
by Hardy and Hulm.’ The niobium compounds were 
discovered in the course of this work and will be 
described in detail." 


(c) THE RHODIUM-SELENIUM AND 
RHODIUM-TELLURIUM SYSTEMS 


Rhodium-selenide crystallizes in the pyrite structure 
over a wide homogeneity range from about RhSey.; to 
RhSez.5.!° As reported before" superconductivity occurs 
only inside this range. The cell size decreases with 
increasing Se content, but considering that the transi- 
tion temperature appears proportional to not more 
than the tenth power of the volume this change is 


TABLE II. Transition temperatures of Mo and W alloys. 
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® Hexagonal close packed. 


8 We were not able to find any literature on the Zr-Rh system. 
9G. F. Hardy and J. K. Hulm, Phys. Rev. 93, 1004 (1954). 

10S. Geller (to be published). 

1 Matthias, Corenzwit, and Miller, Phys. Rev. 93, 1415 (1954). 


si Nb3Ir 
ce 
5.0 3&5 6.0 6.5 
Nb30S 
VALENCE ELECTRONS /ATOM, R 


TEMPERATURE IN DEGREES K 


Fic. 3. Superconductivity of compounds with the 6-W structure. 


negligible. The maximum transition temperature at 
6°K was observed for RhSe:.75 corresponding to an R 
value of 7.1. The structure of RhTe2, at which com- 
position the transition temperature reaches the maxi- 
mum at 1.51°K is unknown” but may be related to 
that of RhSes. Its R value is 7. 


(d) THE MOLYBDENUM AND TUNGSTEN ALLOYS 


These again serve to illustrate the maximum transi- 
tion temperature near R values of 7.4 However, as W 
is nearly twice as heavy as Mo the comparison is not 
quite so clear cut. Table II and Fig. 4 compare the 
observed values of transition temperature with the 
corresponding R values. 

Raub had discovered” that these alloys of the body- 
centered cubic Mo and W with the face-centered cubic 
Rh, Ir, and Pt form a hexagonal close-packed phase. 





12 
MOLYBDENUM 
o COMPOUNDS 
AND ALLOYS 





WOLFRAM 
0 COMPOUNDS 
AND ALLOYS 





@ 





a 


S 





TEMPERATURE IN DEGREES K 


























6.5 7 7.5 8 
VALENCE ELECTRONS / ATOM, R 


Fic. 4. Superconductivity of Zr-Rh alloys. 


12. Raub and P. Walter, Festschrift Heraeus 100 Jahre; 
Seite 124 E. Raub, Z. Metallkunde 45, 23 (1954). 
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This seems to be an averaging which produces behavior 
like that in the elements which are intermediate in the 
periodic table. The large solubility of Mo in Ru enables 
us to simulate technetium quite closely both in crystal 
structure and superconducting transition temperature, 
thus strengthening our faith in the validity of this 
point of view. 

An additional remark may be justified concerning 
these alloys: previously superconductivity had only 
been observed, apart from the elements, in either well 
defined compounds with very small homogeneity ranges 
or in solid solutions. We believe this is the first time 
that disordered alloys of nonsuperconducting elements 
have become superconducting and it may indicate that 
superconductivity is a long-range order effect rather 
than a short-range one. 
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CONCLUSION 


There seems to be a rule linking the superconducting 
transition temperatures to the number of electrons 
outside filled shells, the valence electrons. At present 
we do not understand the theoretical implications of 
this. It seems, however, reasonable to suggest that a 
large number of valence electrons is quite favorable for 
the occurrence of superconductivity. Then why is there 
a dip for a value near six valence electrons? The answer 
to this may be roughly that this dip corresponds to the 
dip in paramagnetic susceptibility and in electronic 
specific heat for the same elements, which is commonly 
supposed to be due to a low effective number of free 
electrons. 

My thanks to P. W. Anderson and J. K. Galt for 
their enlightening discussions. 
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Paramagnetic Resonance Absorption in Praseodymium Trichloride* 


Joun H. ANDERSONT AND CLypE A. HutcHIsON, Jr. 
Institute for Nuclear Studies and Departmen’ of Chemistry, University of Chicago, Chicago, Illinois 
(Received August 5, 1954) 


Paramagnetic resonance absorption in crystalline solutions of PrCl; in LaCls has been investigated at 
a frequency of 2.32 10" sec™ and at the boiling point of He. The apparent g’s, when Z is parallel and per- 
pendicular to the c axis have been found to be 1.79 and 3.98 respectively. The results have been discussed 
in terms of the known crystalline structure and Stark splittings. . 


INTRODUCTION 


HE static magnetic and optical spectroscopic 
properties of crystalline praseodymium com- 
pounds have been successfully interpreted, at least in 
general outline, by Van Vleck,! Penney and Schlapp,? 
Kynch,? Spedding,‘ Hellwege and Hellwege,® and others. 
The ground state of the trivalent magnetic ion is the 
Hund state, *H,, for two 4f electrons! and Russell- 
Saunders coupling is obeyed approximately. The per- 
turbations by the crystalline electric field play an im- 
portant role in determining the temperature variation 
of the magnetic susceptibility and the details of the 
optical absorptions. The magnitudes of these perturba- 
tions are found generally to be considerably smaller 
than the spin-orbit coupling energies as is to be antici- 
pated on the basis of the theoretical expectation that 
4f orbitals lie deep inside the magnetic ion. 


* This work received financial support from the U. S. Office of 

Naval Research and from the U. S. Atomic Energy Commission. 
Rig S. Atomic Energy Commission Predoctoral Fellow, 1951- 

1953. 
1 J. H. Van Vleck, The Theory of Electric and Magnetic Suscepti- 
bilities (The Oxford University Press, London, 1932). 

2 W. G. Penney and R. Schlapp, Phys. Rev. 41, 194 (1932). 

3G. J. Kynch, Trans. Faraday Soc. 33, 1402 (1937). 

4F. H. Spedding, Phys. Rev. 58, 255 (1940). 
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Recently Davis, Kip, and Malvano,® Altshuler, 
Kurenev, and Salikhov,’ and Bleaney and Scovil® 
have observed magnetic resonances in compounds of 
praseodymium. The general theory of the paramag- 
netic resonance absorption in rare-earth salts has been 
given in great detail by Elliott and Stevens” although 
they have given only brief consideration to the specific 
case of Pr*. 

In this paper experimental results of an investigation 
of paramagnetic resonance in a solution of PrCl; in 
LaCl; are presented and their interpretation discussed. 


EXPERIMENTAL 


Preparation of Crystals 


The crystals employed for the measurements were 
right circular cylinders with their crystallographic ¢ axes 
perpendicular to their cylinder axes. These were cut 


® Davis, Kip, and Malvano, Alti. accad. mayl, Lincei 11, 77 

7 Altshuler, Kurenev, and Salikhov, Doklady Akad. Nauk 
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PARAMAGNETIC RESONANCE ABSORPTION 


from irregularly shaped single crystals prepared by 
cooling fused PrCl; and LaCl; in a Pt crucible in an 
HCl atmosphere from a temperature approximately 
50°C above the melting point of the mixture (about 
820-830°C) to room temperature. The melts were 
cooled at rates of from 40° to 80°C per hour. Single 
crystals were selected from the irregular pieces so pro- 
duced and these were oriented by means of polarized 
light and ground to shape on a lathe. All cutting, 
grinding, and orienting operations were performed in 
an atmosphere of carefully dried Ne. The PrCl; in 
LaCl; was prepared by heating the hydrated salts in 
a Pt boat from room temperature to the melting point 
over a period of about 48 hr. The heating was done in 
an HCl atmosphere. The very slow heating and the 
HCI atmosphere were necessitated by the very strong 
tendency toward hydrolysis to the oxychloride. Crystals 
of LaCl; prepared by this method contained 0.1 per- 
cent of material insoluble in H,O and identified by 
Professor W. H. Zachariasen by x-ray diffraction as 
LaOCl. The hydrated LaCl; was prepared by evapora- 
tion of an aqueous solution of La,O; and HCl, and the 
hydrated PrCl; by evaporation of a solution of PreOi1 
and HCl. The La,O; was prepared by the Lindsay 
Light and Chemical Company and found by them to 
contain 99.99 percent La,O;. The PrsO:. was Baker 
and Adamson brand and was stated to contain 99.8 
percent PrsO.:. Spectrophotometric analyses showed 
that the crystals which were used contained 110.5 
mole percent PrCl;. The amount of NdCl; was found to 
be about 0.07 mole percent and there was about 0.1 
weight percent oxychloride. 


MICROWAVE EXPERIMENTS 


The paramagnetic resonance absorption was in- 
vestigated at 2.3210 sec! and at the boiling point 
of He. The crystals were mounted on a polyethylene 
post with their cylinder axes parallel to the rf magnetic 
field and perpendicular to the static magnetic field. 
They were rotated about their cylinder axes and thus 
any desired angle between the crystallographic c axis 
and the static field could be obtained. A polyethylene 
cap was placed over the crystal and thermally sealed 
to the post in a helium atmosphere. The resonant re- 
flection cavity was evacuated but because of possible 
very small leaks probably contained a low pressure 
of He. A single resonance absorption peak was ob- 
served. The spectroscopic splitting factor for one 
crystal as a function of angle 6 between the c axis and 
the static field is presented in Fig. 1. The measurements 
on a second crystal were in agreement with these. The 
largest errors were in the determination of the angles 
of orientation of the crystal and were not greater than 
+0.0157. The apparent g’s, when Z is parallel and 
perpendicular to the ¢ axis are 1.791 and 3.975 respec- 
tively. 

No nuclear hyperfine structure was observed at the 
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concentration of PrCl; used in these experiments. The 
absorptions were narrowest, about 25 gauss, when the 
c axis made an angle 2/2 with the static magnetic field 
and widest, about 180 gauss, when the angle was 0. 

A very weak resonance with an intensity not greater 
than ~0.01 of the intensity of the main absorption was 
observed at g~2 independent of @ and was attributed 
to traces of impurities on the walls of the cavity or to 
unoriented oxychloride in the sample. 


DISCUSSION 


The crystal structures of LaCl; and PrCl; are known 
to be of the UCI; type” belonging to the space group 
C6;/m. The nearest neighbors of the Pr* ion are nine 
CI ions, each at a distance of about 2.9A. These nearest 
neighbors lie in a configuration with C3, symmetry. 
The point group of the symmetry at a Prt considering 
the whole crystal is also C3,. When such a potential is 
expanded in spherical harmonics one need consider 
no / values greater than 6 (because one is dealing with 
f electrons) and no odd / if one is dealing with a single 
configuration. The only m values involved are con- 
sequently 0 and 6, and therefore the only nonzero 
matrix elements of the electrostatic potential in the 
J,J, representation are those for which AM=0, 6. The 
secular problem therefore consists of three quadratics 
involving the pairs of states —4, 2; —2, 4; —3, 3; the 
three states — 1, 0, 1 are not connected by any elements 
of the potential. The diagonalization of the electrostatic 
energy gives rise to two twofold-degenerate states from 
the quadratics —4, 2 and —2, 4 (denoted by Hellwege 
by the quantum numbers n= -42) and one twofold-de- 


18 W. H. Zachariasen, J. Chem. Phys. 16, 254 (1948). See also 
Acta Cryst. 1, 265 (1948). 
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generate state consisting of the pair —1, 1 (denoted by 
y=-+1). The two states from the quadratic —3, 3 (de- 
noted by »=3) and the 0 state (denoted by n=0) are 
all nondegenerate. 

When a static magnetic field is applied the degeneracy 
of the doublets will in general be removed. There are 
however no matrix elements of the magnetic moment 
between the components of such a doublet and therefore 
no magnetic transitions are allowed and g, is 0. This 
situation has been discussed by Elliott and Stevens” 
and by Bleaney and Scovil.* They have assumed that 
the Jahn-Teller“ effect will be operative to lower the 
symmetry and remove the degeneracy of a ground 
state such as uw=-+2. In this way other states which 
will permit transition will be mixed in, and if the separa- 
tion so produced is small the value of g,, will still be 
near that for Cs, symmetry and g, will be small. In 
such a case the g,, would for example be 8/5= 1.60 for 
the doublet .=-+1; or for .=+2 would be 1.69 if the 
states are assumed to be 


cosg|J,=+2)—sing|J,=¥4), 


with g=0.15r as supposed by Elliott and Stevens.” 
g, would be close to 0. The behavior of g for PrCl; is 
obviously not in accord with such a model. 

Another possibility that might be considered is that 
one of the crystal field levels to which transitions are 
possible from the ground state lies very close to the 
ground state. If the separation were of order 1 cm™ 
then transitions would be observable at the frequencies 
employed in the present experiments. If, for example, 
the state 1.=-+2 were separated from the state uw=+1 
by about 0.4 cm™ and all the other states were much 
higher, then quite satisfactory agreement with experi- 
ment is obtained. The best fit in this case is for g=2/2. 
There are undoubtedly several other satisfactory cases 
of this sort. Sayre and Freed!® have, however, located 
the three doublet states (a .=-+2 state is the ground 
state) and one of the 1=3 states by means of polariza- 
tion spectrum studies. Their results would indicate 
that neither the .=-t1 state nor a w=3 state can 

4H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 


220 (1937). 
15 FE. V. Sayre and S. Freed (private communication). 
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lie near the ground state. An explanation of this 
type would therefore seem to be eliminated from 
consideration. 

The crystal field splittings are found by Sayre and 
Freed'® to be as large as 130 cm™ and are hence not 
negligible compared with the spin-orbit splittings 
(J=5 is ~2000 cm higher than J=4)." However, 
as long as C3, symmetry is maintained, the mixing of 
states of higher J with the state J=4 will not result 
in transitions between the components of the doublets. 
The case in which there is both lowered symmetry and 
mixing of higher J’s has not been considered. 

Other possibilities of interpretation lie in the con- 
sideration of configuration interaction or of large effects 
of departure from C3, symmetry. It is probably doubtful 
that other configurations interact sufficiently to play 
an important part. On the other hand it may be true 
that at low temperatures there could be appreciable 
effects of lowering of the symmetry which might con- 
ceivably account for the magnetic observations (the 
optical data of Sayre and Freed at low temperatures 
are apparently in agreement with the assumption of 
Cs, Symmetry). 

The analyses mentioned above would indicate that 
quite pure crystals were used in the experiments. Any 
PrOCl would most probably have been randomly 
oriented since LaOC] is insoluble in LaCl,!* and pre- 
sumably the same is true for PrOC] in PrCl;. Moreover 
if all the oxychloride were present as PrOCl only 1 
percent of the Pr** would be in that form. 
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The interaction of neutrons with magnetic materials, as described by the Halpern-Holstein relations that 
properly include the role of the domain structure, is characterized macroscopically. Certain interesting 
properties of these relations are delineated, such as the inequality K?+-Kp—w*>0 which restricts the 
physically meaningful combinations of the absorption coefficient K and the polarization and depolarization 
parameters w and #, respectively. This particular finding establishes a criterion for the validity of theo- 
retically evaluated constants derived from microscopic treatment of neutron scattering and depolarization 


phenomena. 





LLOWING the fundamental suggestion of Bloch! 

—the magnetic moment of the neutron should 
give rise to polarization when a beam traverses a 
magnetic substance since the two spin states must 
interact differently—Schwinger® developed an atomic 
theory which later was improved by Halpern ef al.’ 
who properly included the effects of crystal and domain 
structure.‘ 

The basic Halpern-Holstein (H-H) relations for the 
attenuation and associated polarization of a neutron 
beam can be derived by elementary considerations 
involving three macroscopic interaction parameters: K 
the cumulative absorption coefficient for magnetic, 
nuclear, and incoherent scattering plus the true ab- 
sorption due to capture; w a quantity expressing the 
separate contributions to the absorption associated 
with the two spin states interacting differently with the 
magnetic field; p a depolarization factor which (H—H) 
related to the domain structure via 


p= (82/3)?M AM (1/v"), 2ayMo(r/v) <1, 
p= (4/3)(AM/Mo)r, = 2eyMo(r/v)>1, 


where 7 is the average domain size, v is the neutron 
velocity, y is the neutron gyromagnetic ratio, and AM 
is the deviation of the magnetization My from the 
saturation value M,, ie., AM=M,—Mo. 

The (H—H) relations may be conveniently expressed 
in the following manner: 


I=Iye-**(A sinhax+coshax)+foBe-™ sinhax, 
¢=f0e~**(coshax—A sinhax)+J Be~** sinhax, 


(1a) 
(1b) 


(2a) 
(2b) 


with the abbreviations 
a=p/2+K, a=[(p/2)?+w*}, 
A=[(2w/p)*+1}4, B=((p/2w)y+i +. 


The intensity J is made up of the separate contribution 
from the two spin states +3, viz., J=J,+J_;, while 


1F, Bloch, Phys. Rev. 50, 259 (1936). 

2 J. Schwinger, Phys. Rev. 51, 544 (1937). 

3Q. Halpern and T. Holstein, Phys. Rev. 59, 960 (1941). 

4E. Fermi, Nuclear Physics (University of Chicago Press, 
Chicago, 1948), p. 204. 


the quantity ¢=,—J_, so that the degree of polariza- 
tion is expressed by P={/I. Note too that A and B 
are simply related since A?+B*=1. 


PROPERTIES OF THE HALPERN-HOLSTEIN 
RELATIONS 


The availability of intense neutron beams has 
stimulated a broader investigation of neutron behavior 
in magnetic materials.’ (H—H) limited their evaluation 
of the interaction equations to the then practical cir- 
cumstances in the early single and double transmission 
experiments® where 


wx<K1, 
wx<Kl, 
Our purpose here is to indicate some general properties 
of the (H—H) formulas which are precluded by the 


above restrictions which reduce these to very ele- 
mentary expressions. 


px, 


pr, 


p>, 
px. 


A. Transmission Matrix Viewpoint 


An interesting way of looking at the neutron passage 
phenomenon is contained in the matrix equation: 


I Io 
=(T)| |, 
¢ fo 


(3a) 


‘where |?| and |?°| are column matrices and (T) is a 


symmetrical transmission matrix: 


a 


(3b) 


in which 
Ps,=coshax+A sinhax, 


Q=B sinhax. 


(3c) 


Thus propagation through N slabs is described by 


Ivy Io 
= (T1)(T2)- ++ (Ty) ral’ 


N 0 


5 Hughes, Wallace, and Holtzman, Phys. Rev. 73, 1277 (1948). 
6 P, N, Powers, Phys. Rev. 54, 827 (1938). 
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which for identical slabs reduces to 
In Io 

=(7)¥| |. 
tn fo 


It can be shown that 


Zy 
coshNax+A sinhNax B sinhNax 
=¢N ~( ) , (4b) 


BsinhNax coshNax—A sinhVax 


so whether one deals with multiple slabs or a single 
slab, the effect is the same so long as the material is 
uniform and the net thicknesses identical. 

B. Extrema Conditions 


In line with the usual experimental situation, we set 
¢o=0 so that the relations to be examined for extrema 
are: 


I=Iye-**(A sinhax+coshax), 
¢=Ioe—**B sinhax, 
¢/I=P=B(A+cothax). 


(Sa) 
(Sb) 
(Sc) 
Clearly maximum polarization is allied with 


B-1, A-—0, cothax—-1, ar ~, 


which in turn relate to x and w— for all values of 9, 
but with x and/or w prescribed an optimum value of p 
exists as may be inferred from 


p—o causes B—0, A—1, cothax— 1, P—0; 


~p—0 causes B—1, A-—0, cothax— 0, P—0. 


Naturally, in practice, it is desirable to operate in the 
latter domain (p—> 0) since this corresponds to higher 
beam intensities and lower magnetic fields for pre- 
scribed levels of polarization. 


1. Thickness as the Independent Variable 


First, for (0I/0x)w,», the extremum condition is 
contained in 


(Bw/K—A)=tanhex <1. 


Since no physical meaning associates with such ex- 
trema (intensity cannot increase with x), this defines a 
restriction: 


w*— Kp—K*<0. (6) 
In the limit where p— 0, K >w. Halpern ef al.,” have 


indeed found that for iron K~1 while w~0.1 to 0.45 
for neutron wavelengths from 1.5 to 4.5A. The in- 


( ae Hammermesh, and Johnson, Phys. Rev. 59, 981 
1941). 
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equality (19) provides a check of theoretically calcu- 
lated coefficients. 
Next, (0£/02x)», » has an extremum condition: 


[B(K+ )/w—A]}'=tanhex <1, 


so that the extrema are defined precisely by (6), which 
means they always occur. The remaining functional 
dependence (0P/0x)w, » can never exhibit an extremum 
since 


(0P-/dx) w, p= — (a/B) cosh?ax. 
2. Polarization Coefficient w as the Independent Variable 
Here the quantity (d//dw),, » manifests extrema when 


[4p°—x(4w?+p’) J[4pt+x(1—4w*p’)]2>0, (7) 
which in the domain p— 0 reduces to 
(2wx)?(1—4w*) >0, w<5 


as admitting them. 
The other two functionals can never have extrema. 
Thus for (0{/dw)., » we find the’ required condition: 


— Buda/dB=tanhax, 


which can never be obeyed since the left-hand side is 
always negative and the right-hand side positive. Like- 
wise the admission of extrema for (0P/dw)z,» would 
require another impossible situation, viz: 


B-(dB/dw)(A+cothax) =dA /dw—x(da/dw) csch*ax. 


Here, dA/dw being always negative with dB/dw always 
positive means that the two sides of the equation never 
can have the same sign so that the equality is violated. 


3. Depolarization Coefficient p as the 
Independent Variable 


Examination of (0I/0p):, reveals the extremum 
condition : 

| 30(p?-+-4w*)#] <1. (8) 

The quantity (0f/0p)., requires the fulfillment of the 
inequality, 

x(p?+4w*)[x(p?—4w*) —4p ]—4p? <0, (9) 

for extrema; in the limit w— 0, (22) reduces to 
so that relatively large values of x and/or p combine to 
effect their occurrence. The combinations of p, x, and 


w which give extrema for (0P/0)z,» are defined by 
the roots of the equation: 


(p?-+-4w*)#(1—3px csch’ax)+p cothax=0, (10) 


which reflects an involved behavior of the polarization 
with changes in the domain structure. 





PHYSICAL REVIEW 


VOLUME 97, 


NUMBER 1 JANUARY 1, 1955 


Energy Distributions of Field Dependent Secondary Electrons 


FRANK A. BRAND AND HAROLD JACOBS 
Signal Corps Engineering Laboratories, Fort Monmouth, New Jersey 


(Received August 3, 1954) 


Retarding-potential experiments were conducted to determine the energy spectrum of electrons emitted 
from thin films of magnesium oxide under conditions of field-dependent secondary emission. 

The present method is correlated to the techniques utilized for probe studies in a gas plasma, and a means 
of determining the apparent surface potentials on the magnesium oxide films is indicated. Determinations 
of electron temperatures and velocities as a function of the applied field are made, based upon this correlation. 

The spectrum, having a spread from zero up to ninety electron volts, is shown to be Maxwellian with 
average energies ranging between ten and twenty electron volts, depending on the applied field. 





I. INTRODUCTION 


ECENTLY we reported the results of a study on 

field dependent secondary emission from thin, 
porous films of magnesium oxide.' At that time, a 
mechanism, based on the principles of the gas discharge 
laws, was proposed to describe the effects noted when 
thin films of magnesium oxide were bombarded with 
electrons. It was found that an equation of the form 


(1) 


where 7 is the secondary current, 7 is the primary or 
bombarding current, a is the number of new electrons 
formed per centimeter per electron, and x is the depth 
within the film at which an ionizing event occurs, would 
accurately describe the experimental results. 

Briefly, the theory may be stated as follows: primary 
electrons bombard the magnesium oxide film creating 
a positive surface charge due to ordinary secondary 
emission in combination with the relatively high 
resistivity of the semiconducting layer. Previous 
measurement had shown the film thickness to be 
10-4 cm.! Thus a high field is formed across the film 
as a result of the surface charge. Subsequent bombard- 
ing electrons penetrate into the porous film and create 
secondaries. Then, under the influence of the high field, 
the liberated secondary electrons can gain sufficient 
energy to cause further ionization. The process con- 
tinues until an equilibrium avalanche is established. 

In an attempt to gain further information regarding 
the fundamental processes involved, a study was made 
of the energy distribution of the emitted electrons. 


‘= ies™*, 


II. EXPERIMENTAL PROCEDURES 
A. Tube Design 


The fact that the gas discharge theory and equations 
could be used to explain the previous experimental 
results suggested the possibility that a method for 
analyzing the energy spectrum might be found in that 
field. Accordingly, a technique utilizing retarding 
potentials and based on the theory of probes in a gas 


1 Jacobs, Freely, and Brand, Phys. Rev. 88, 492-499 (1952). 
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plasma,” was found to provide a simple, direct and 
reasonably accurate means of measuring the electron 
energy distributions. 

The tube employed in these experiments is illus- 
trated in Fig. 1, and the test circuit is shown in Fig. 2. 
Essentially, the tube structure consists of a magnesium 
evaporator (not shown in either sketch) for depositing 
the magnesium through low pressures of oxygen onto 
a cylindrical anode. After evaporation, the dynode 


Fic. 1. Structure of vacuum 
tube utilized in determining 
electron energies and surface 
potentials. 




















Vv 


2 See, for example, L. B. Loeb, Fundamental Processes of Elec- 
trical Discharge in Gases (John Wiley and Sons, Inc., New York, 
1939), pp. 232-257; J. D. Cobine, Gaseous Conductors (McGraw- 
Hill Book Company, Inc., New York, 1941), pp. 134-142. 
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COLLECTOR CIRCUIT 


Fic. 2. Test circuit. 


could be rotated, by means of a magnet external to the 
tube envelope, to place the newly formed magnesium 
oxide film in front of the grid structure. The grid, 
consisting of a solid, semicylindrical sheet, has two 
small holes to allow the passage of electron beams. One 
aperture, directly facing the cathode gun, allowed the 
primary beam to enter and bombard the film. The 
other hole, just opposite the collector electrode, per- 
mitted a portion of the emitted secondaries to pass 
through the grid and be recorded at the collector. The 
collector electrode, fabricated in the form of a box, 
had its inner surface coated with carbon black in order 
to reduce the possibility of reflected electrons. 

Tube processing, exhaust, and magnesium oxide 
deposition were carried out in accordance with pro- 
cedures previously reported.’ 

In previous experiments it was noted that the MgO 
surfaces exhibited a faint blue fluorescence while 
emitting electrons. The present tube design was based 
upon the assumption that the area of fluorescence was 
very nearly the same as the area of emission. If this 
were the case, it would be a simple matter to place a 
relatively large portion of the emitting area directly 
in front of the collector hole and still have part of it in 
line with the primary beam. If, on the other hand, the 
area were small it would not be possible to orient the 
emitting area so that both grid aperatures faced the 
active area at the same time. 

In order to justify the assumption that the area of 
emission coincides with the area of fluorescence, parts 
of a tube were dusted with willemite prior to processing. 
The completed tube was then operated under standard 
conditions (see following section), while observations 
were made on the degree of fluorescence as various 
circuit parameters were changed. 

It was observed that the inner surface of the grid 
exhibited a typical willemite fluorescence over an area 
almost exactly corresponding to the area of MgO 
fluorescence. In addition, the location and intensity 
of both grid and MgO fluorescence were not affected by 
potentials applied to the collector.‘ 


3H. Jacobs, Phys. Rev. 84, 877 (1951). 

‘Experiments similar to the foregoing were carried out by 
L. R. Koller and R. P. Johnson in relation to the Malter effect 
[Phys. Rev. 52, 519-523 (1937)]. 


These results verified the original assumption and 
indicated the general feasibility of the present approach. 

In operation then, a large fraction of the emitting 
area is placed before the collector aperture and one 
may assume that the electrons leave the MgO normal 
to the surface. 


B. Testing Procedures 


After exhaust and processing, the circuit of Fig. 2 was 
used to make direct measurements of the energy spectra 
and surface potentials in the following way: a small 
negative (with respect to ground) voltage was applied 
to the cathode shield in order to achieve a close defini- 
tion of the primary beam. Positive potentials of 
approximately 100 and 200 volts were applied to the 
dynode and grid respectively. Under these conditions, 
the surface of the magnesium oxide film acquired a 
positive charge, and a controlled equilibrium avalanche 
current was established. Positive potentials were then 
applied to the collector in small steps and the collector 
current was measured while holding all other parameters 
constant. Similar sets of data were taken for various 
values of the electric field in the magnesium oxide film. 
The field was varied by changing either the grid or 
dynode potentials. 

It should be noted that until the collector reaches the 
same voltage as that of the magnesium oxide surface, 
its potential is negative or retarding with respect to that 
of the surface. Hence, any electrons which reach the 
collector under these conditions must do so by virtue 
of their initial velocities. 


III. EVALUATION AND INTERPRETATION OF 
EXPERIMENTAL DATA 


According to the theory of probes,’ a semilog plot 
of probe current as a function of probe potential will 
provide direct information regarding the plasma 
potential and electron energy distribution. Figure 3 
shows a series of curves representative of data obtained 
in the present experiment. Figure 4 illustrates similar 
data but with retarding potential as the abscissa. 

The curve of Fig. 4 may be readily interpreted in 
terms of electron energies. At point A, only electrons 
possessing very high initial velocities are recorded. 
At point B, electrons of medium as well as high energies 
are measured, and finally at C, electrons of all energies, 
including zero, are noted. At C then, the collector 
potential must equal the surface potential if zero energy 
electrons are being recorded. Hence, the knee of the 


5 Actually, one does not have to follow the probe analogy for 
the present case. We can simply imagine the tube to be a diode, 
with the collector as the anode and the magnesium oxide film as the 
cathode. The grid then is necessary only to maintain the discharge 
and need not receive direct consideration. The general develop- 
ment employed here, however, would still be vy Serna since 
electrons emitted from a thermionic cathode also follow a max- 
wellian energy distribution. 





ENERGY DISTRIBUTIONS OF SECONDARY ELECTRONS 


curve provides a measure of the surface voltage,® just 
as an analogous interpretation is made in the measure- 
ment of plasma potentials. Beyond C, the collector 
current exhibits a saturation tendency which is to be 
expected if the tube is free of any electron space 
charge. A second method of determining surface 
potentials has been developed and the results were 
found to check very well.’ Surface voltages determined 
by both methods were observed to be from 20 to 30 
volts lower than the grid potential, which would make 
the voltage across the MgO film about 80 volts, de- 
pending on electric field and current. 

Following the gas discharge analogy further, one 
determines from the linear logarithmic variation of 
current with voltage (see Figs. 3 and 4), the energy dis- 
tribution of emitted electrons to be Maxwellian. If this 
is the case, it is possible to calculate certain physical 
quantities which are of interest, such as the average 
electron energy and electron temperature.*® 

For a Maxwellian distribution, the average electron 
energy (E) is determined by 


E=3(0.434)/m, (2) 
where m is the slope of region A-C in Fig. 4, and 


(0.434) is the ratio of common to natural logarithms. 
The electron temperature (T.) is given by 


T.=0.434(1/m) (e/k), (3) 


where ¢ is the electronic charge and k is Boltzmann’s 
constant. 
Now, from the electron temperature, we may 


SURFACE POTENTIAL = 
COLLECTOR POTENTIAL 


= 'NCREASING ELECTRIC 
FIELD ACROSS FILM 


COLLECTOR CURRENT (MICROAMPERES) 


COLLECTOR POTENTIAL (VOLTS) 


Fic. 3. Collector current as a function of collector potential. 
The variation of electron energies and surface potentials as a 
function of the electric field are also illustrated. 


6 A similar approach was utilized by Nelson in measuring the 
Posey of luminescent screens [J. Appl. Phys. 9, 592-599 
(1938) ]. 

oo Jacobs, and Freely, Phys. Rev. 91, 804-812 

1953). 

8J. Millman and S. Seely, Electronics (McGraw-Hill Book 
Company, Inc., New York. 1951), pp. 286-289. See also reference 
3. 
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-100 -90 -80 -70 -60 -50 -40 -30 -20 -10 +10 +20+30 


RETARDING POTENTIAL (Vcoucector “surrace)-VOLTS 


Fic. 4. Collector current as a function of retarding potential 
(dynode potential 100 volts and surface potential 226 volts), 
assuming the knee of the curve to represent zero surface potential. 


calculate the average velocity (5) of the emitted 
electrons according to the following expression: 


5=1.128[(2/m)kT. ]}, (4) 


where m is the electron mass. This equation provides a 
means of experimentally determining the average 
velocity based on the slope of the curves in Figs. 3 
and 4, ; 

It has previously been pointed out that the knee of 
these curves is a direct measure of the surface potential, 
and since the film thickness is known to be approxi- 
mately 10~‘ cm, the electric field developed across the 
dielectric is also experimentally determined. Figure 3 
illustrates the manner in which the surface potentials 
and average velocities change with increasing electric 
field. 

We now seek an expression relating the average 
velocity to the field in the film. The gas discharge 
equations again provide a suitable answer in the 
following expression :° 


D= (2"4/a/8)[ (e/m) EL. }”, (S) 


where E is the electric field in the magnesium oxide and 
L, is the mean free path of electrons in the film. The 
assumption is made here that all collisions are inelastic. 
Based on previous considerations,” L, is estimated to 
have a value of 10-5 cm. From Eq. (5) a linear curve 
may be plotted for the average velocity as a function 
of the square root of the field. Equation (4), together 
with the experimentally determined values for electron 
temperatures and electric fields, may be used to obtain 
a similar, but purely experimental, plot. Figure 5 is a 
comparison of these two plots, in which the lower curve 
is based on Eq. (5) and the upper curve on the experi- 


9 See L. B. Loeb, reference 2, p. 368. 
10 See reference 1. 
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Fic. 5. Comparison of experimental and theoretical curves 
showing the relationship between average electron velocity and 
applied electric field. The experimental values are derived from 
a series of curves similar to those shown in Fig. 3, and the theoreti- 
cal curve is determined from Eq. (5). 





mental data and Eq. (4). A series of curves, similar to 
those shown in Fig. 3 provides the necessary experi- 
mental values. The average velocity as calculated from 
the electron temperature is plotted against the square 
root of the corresponding electric field for each case. 

In comparing the two curves of Fig. 5, it is evident 
that the experimental data is in fairly good agreement 
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with what one might expect on a theoretical basis. Not 
only does the experimental curve follow a straight line, 
again indicating that the gas discharge laws may be 
suitably applied in describing the phenomenon of field 
dependent secondary emission, but the slope and 
magnitude of the experimental curve agree well with 
those of the theoretical plot. This may be regarded as a 
check on the form of the equations used and on the 
value utilized for the mean free path. 


Iv. CONCLUSIONS 


Through the use of retarding potentials it has been 
experimentally determined that the emitted electrons 
closely follow a Maxwellian energy distribution with 
a rather wide energy range. Then, on the basis of such 
a distribution, equations normally associated with 
gaseous discharges have been used to explain the 
experimental results. Furthermore, values have been 
obtained for the average electron energy and for the 
mean free path of electrons in the oxide film. 

In addition, the present method provides a means of 
measuring the surface potentials. of magnesium oxide 
films. 

We should like to acknowledge the many helpful 
suggestions offered by J. B. Freely and W. G. Matthei. 
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Microwave Spectra of Tritium Iodide and Tritium Bromide* 


B. RosENBLUM AND A. H. NETHERCOT, JR. 
Columbia University, New York, New York 


(Received September 30, 1954) 


The J =1<0 rotational transitions in TI and TBr have been observed. A tritium-deuterium mass ratio has 
been determined, and electronic effects which cause errors in this ratio considered. 


HE microwave spectra of tritium iodide and 
tritium bromide have been observed by the use 

of a klystron-driven harmonic generator and techniques 
previously described.! The observed transitions and 
frequencies as well as vo and egQ are given in Table I. 
Nuclear mass ratios can be determined by microwave 


TABLE I. Observed frequencies for the J=1<0 transition and 
molecular constants of TI and TBr (Mc/sec). 








Tr TBrt 
AF=+1 131592.954-0.25 172472.7240.40 172 320.96+0.40 
AF=0 = 131 210.2040.40 172 604.6040.40 172 431.49+.0.40 
Vo 131 501.75+0.40 172499.10+0.40 172 343.07+0.40 
eqQ — 1822.6 +3.0 527.6 42.0 442.1 +2.0 


TBr® 











*This work was supported jointly by the Department of the 
Army (Signal Corps), the Department of the Navy (Office of 
Naval Research), and the Department of the Air Force (Air 
Research and Development Command). 

1 Nethercot, Klein, and Townes, Phys. Rev. 86, 798 (1952). 


spectroscopy from the ratio of the rotational constants, 
B., for two isotopic molecules. However, small electronic 
effects whose size is difficult to predict theoretically can 
cause small errors. In principle, these errors appear in 
all mass ratios determined by microwave spectroscopy, 
but they are particularly large for the isotopic hydrogen 
halides because of the large speed of rotation. This case 
is therefore an ideal one in which to measure the size of 
these errors and compare them with theoretical pre- 
dictions. 

All these small electronic effects can be represented 
as a single term in a perturbation calculation, but in 
order to estimate the size of this term it may be broken 
up into its components. For the hydrogen halides, the 
largest of these components is Z-uncoupling (the excita- 
tion of higher electronic states by the rotation of the 
molecule).2 Unless corrections are made for L-uncou- 


2C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(to be published), Chap. 8. 
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pling the apparent tritium-deuterium mass ratio will be 
smaller than the actual value. From the pure precession 
hypothesis (which is probably not an accurate repre- 
sentation in this case) an approximate expression for the 
fractional error in the mass ratio (6) can be derived: 


mts L(L+1)h(v9’— 0’’) 
2J (Wu—Ws) 





where L and J are both one in this case, (vo’— vo’) is the 
frequency difference between the two isotopic mole- 
cules, and (Wn—Ws) is the energy separation of the II 
and = states. 6 can also be approximately determined 
from a measurement of the I-J interaction. A smaller 
error in the opposite direction is caused by the ionic 
character of the bond since part of an electron is re- 
moved from the hydrogen isotope. Other electronic 
effects should be considerably smaller. The difference 
between the Dunham coefficient Yo, and B, leads to an 
error somewhat smaller than those considered here. 

Equilibrium rotational constants B, were calculated 
from the vo’s given for TI and TBr in Table I, the Bo’s 
for DI?* and DBr,5 and the published infrared values 
of a and D.*:? The apparent mass ratios were then com- 
puted to be 1.497467+12X10-* for the iodide and 
1.497469+-10X10-* for the bromide. The mass ratio 
from nuclear reaction data’ is 1.497466+7X10-°. This 
good agreement is probably spurious in view of the 
appreciable electronic effects expected in this case. 

For the iodide the Z-uncoupling calculated from the 
above equation should decrease the apparent mass ratio 
by 60X10-*. The ionic character of the bond of about 
5 percent should increase the apparent mass ratio by 


3 J. A. Klein and A. H. Nethercot, Phys. Rev. 91, 1018 (1953). 
4C. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953). 
5 W. Gordy and C. A. Burrus, Phys. Rev. 93, 419 (1954). 
6 SB R. J. Boyd and H. W. Thompson, Spectrochim. Acta 5, 308 
(1952). 
7 _e Williams, and Callomon, Spectrochim. Acta 5, 311 
1952). 
8 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 


7X10-* for a net decrease of 53X10-*. A calculation 
based on the measured value! of the I-J interaction in 
DI gives a value for the Z-uncoupling about thirty 
percent lower than the pure precession hypothesis. In 
the bromide the calculated Z-uncoupling should give a 
decrease of 8010-6 and the ionic character of about 
11 percent should give an increase of 14X10-®. This 
leaves an expected net decrease in the apparent mass 
ratio of 66X10-°. 

New infrared measurements’ on the 2—0 and 3—0 
bands of HI with somewhat higher accuracy indicate 
the existence of a quadratic term (y) in the expansion 
for B,, which slightly modifies the value of B, calculated 
from infrared data. From these measurements an ap- 
parent mass ratio of 1.497448+-20X10-° is derived, 
which is 18 10~® lower than the nuclear reaction value. 
Within the large error this is almost the shift expected. 
The apparent absence of electronic effects in the 
bromide will probably be explained by a more accurate 
measurement of a and y. : 

The present uncertainty in the magnitude of the 
electronic effects in HI is due largely to an uncertainty 
of +0.0013 cm™ in a. Further infrared measurements 
to determine a and y more accurately in both molecules 
seem feasible and would be of considerable interest in 
fixing the magnitude of the electronic effects. In spite 
of the uncertainty in the value of a, it can be said that 
the error in the mass ratio is not greater than that pre- 
dicted from the pure precession hypothesis. This indi- 
cates that mass ratios previously determined by micro- 
wave spectroscopy are not affected by the excitation of 
higher electronic states within their stated error. 

The authors wish to thank Professor C. H. Townes 
for his aid and encouragement, Dr. G. A. Silvey for his 
help in preparing the samples, and D. R. J. Boyd for 
his helpful discussion of the infrared measurements, and 
for his kindness in making available new infrared 
results before publication. 


9D. R. J. Boyd (private communication). 
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Age of Meteorites by the A*°—K*° Method* 
G. J. WASSERBURG, Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 


AND 
R. J. HayDEN, Argonne National Laboratory, Lemont, Illinois 
(Received August 11, 1954; revised manuscript received September 29, 1954) 


The ages of two stony meteorites were determined by measuring the A®/K® ratio using an isotopic 
dilution technique. With a branching ratio \./Ag=0.085 and a decay constant A=0.55X10~* yr“, the ages 


obtained were (4.82+0.20) X10° and (4.58--0.20) X 10° years. 





HE radiogenic argon content of two stony meteor- 
ites was determined using an isotopic dilution 
technique. These meteorites were Beardsley, a grey 
chondrite, and Forest City, a brecciated spherical 
bronzite chondrite.! The extraction procedure used has 
been described previously.? The only modification of the 
procedure was that a CuO furnace at 500°C was at- 
tached directly to the reaction vessel. This was neces- 
sary in order to convert the large quantity of hydrogen, 
which was produced in the reaction of the metallic iron 
in the meteorite with the NaOH flux, into water. 
Additional experiments with mixtures of feldspar and 
metallic iron indicate that the continuous reaction of 
the hydrogen does not effect the mixing of tracer and 
evolved argon. Two sets of A** tracers were used, each 
of which contained better than 80 percent A**. The 
amount of radiogenic argon was computed from data 
given in Tables Iand II. The correction for normal argon 
contamination was made assuming that the mass 36 
peak was due to atmospheric argon. The discrimination 
of the mass spectrometer was determined by running 
normal argon of spectroscopic purity before and after 
each sample. Nier’s values for the isotopic composition 
of normal argon were assumed.’ No hydrocarbons were 
observed in the mass 36 to 40 region. In the first 
Beardsley experiment the HCl correction to the A* 
peak resulted in a 1 percent change in the amount of 
radiogenic A”. In the second Beardsley and Forest City 
experiments, the HC] correction resulted in 0.4 percent 
and 0.0 percent corrections, respectively, to the amount 
of radiogenic A®. 

In the second Beardsley experiment, a considerable 
portion of the material splattered to the cooler part of 
the reaction vessel and was unreacted. The amount 
of hydrogen and water produced during the reaction 
was much less than in the other two experiments. 

The potassium determination was made using an 
isotopic dilution technique. K“ obtained from Oak 
Ridge was used as a tracer. The K*®/K* ratio in the 
tracer was 0.00922. 

* This work was supported in part by a U. S. Atomic Energy 


Commission contract and in part by a National Science Founda- 


tion grant. 
1 Meteorites were obtained from H. H. Nininger, Sedona, 
Arizona. 
2 G. J. Wasserburg and Ry Hayden, he Rev. 93, 645 (1954). 
3 A. O. Nier, Phys. Rev. 77, 789 (1950). 
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Two aliquots of Beardsley meteorite and two aliquots 
of Forest City meteorite were analyzed for potassium. 
Two synthetic standards, one composed of a mixture of 
feldspar containing 10.43 percent potassium and olivine 
(containing less than 0.001 percent potassium) and the 
other a feldspar containing 8.06 percent potassium were 
analyzed along with the meteorites. The samples were 
dissolved in HF and H.SO,, and aliquots of the K* 
tracer solution added. SiF, was removed by evaporation, 
and HCl was added. A potassium-rich filtrate was ob- 
tained by precipitating Al, Fe, Mg, and Ca with 
NH,OH and (NH,)2CO; solutions. 

The isotopic composition was determined with a 
surface ionization technique using an oxidized tungsten 
filament. The samples were run on a mass spectrometer 
with a 12-inch radius of curvature and 60° deflection. 
The discrimination of the instrument was determined 
by running a mixture of tracer K“ and normal K and 
also by running a sample of normal potassium. By 
assuming Nier’s value for the isotopic ratio in normal 
potassium’ a value for the discrimination was obtained 
which agrees within 1.5 percent with the value obtained 
from the tracer—normal mixture. It was assumed that 
the isotopic composition of the meteoritic potassium 
was normal. 

By assuming a decay constant A=0.55X 10-/yr and 
a branching ratio \./Ag=0.085,! the following ages are 
calculated® Beardsley I, (4.82+-0.20) X 10° yr; Beardsley 
II, (4.50-+0.20) X 10° yr; Forest City, (4.67+-0.20) x 10° 
yt. The lower age obtained for Beardsley II is believed 
to be due to the incomplete reaction discussed earlier. 

The branching ratio which was used in the calculation 
was determined by the authors by determining the 
A“/K® ratio and the Pb*6/U8, Pb®7/U% ages of 
several coexisting potassium and uranium minerals 
from over a considerable span of geologic time.‘ The 
value for \ given above was assumed in the branching 
ratio calculations. The values given for the error in the 
ages were obtained by assuming a 3 percent error in 
and 6 percent error in \/A,(A®/K*). 

Previous measurements of the age of meteorites by 


‘G. J. Wasserburg and R. J. Hayden, Presented at the May, 
1954, meeting of the American Geophysical Union, 
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AGE OF METEORITES BY A‘*°—K#? 


Gerling e¢ al.5 using the A“—K method gave values 
ranging from 0.5X 10° yr to 3.03 10° yr. These values 
were computed by using a decay constant A=0.55X 10 
yr and a branching ratio A./Ag=0.124. Recomputing 
their data using a branching ratio of 0.085, we obtain 
an age for their oldest sample of 3.55X10° yr. The 
A”/K® ratios which we obtain differ from Gerling’s 
largest value by a factor of 2.2. 

Paneth ef al.* have found that a considerable portion 
of the helium contained in iron meteorites was produced 
by cosmic radiation. The amount of helium found by 
Paneth e¢ al. in iron meteorites is less than 4X 10-5 cc 
STP per gram. If it is assumed that the iron meteorites 
have retained most of the helium produced in them by 
cosmic radiation, and that they are of the same age 
as the stony meteorites, one can calculate the effect 
of the cosmic-ray preducts on the A” age. As the stony 
meteorites contain approximately 25 percent iron, the 
amount of helium produced from this iron is about 10-5 
cc STP per gram. If the same amount of A” were pro- 
duced this would have a 2 percent effect on the A®—K® 
age. This estimate of the amount of argon produced by 
cosmic radiation on iron is certainly much too high. 


TABLE I. Argon analysis. 








neon 
A®8 tracer Ge: St P) 
(ec STP) A36/A38 As8/A4 per g 


3.74 X10-5 0.0383 0.00623+0.00004 7.13 X10-5 
8.31 X10-5 0.0236 0.0358 +0.0002 5.87 X10-5 
8.72 X10-§ 0.0227 0.01987+0.00004 5.341075 


Sample 
Sample wt (g) 


Beardsley I 79.485 
Beardsley II 29.862 
Forest City 71.762 











5E. K. Gerling and T. G. Pavlova, Doklady Akad. Nauk 
S.S.S.R. 77, No. 1, 85 (1951); E. L. Krinov, Priroda Izd. Akad. 
Nauk S.S.S.R., Moskva 40, No. 10, 83, (1951). 

6 F. A. Paneth and K. I. Mayne, Nature 172, 200 (1953), F. A. 
Paneth et al., Geochim. et Cosmochim. Acta 3, 257 (1953). 


METHOD 


TABLE IT. Potassium analysis. 








K tracer 
Sample added % K 
Sample wt (g) (by wt) 


Beardsley A 
Beardsley B 
Standard (0.104% K) 
Forest City A 


Forest City B 
Standard (8.06% K) 


K41/K# 
0.294 +0.003 





3.600 
1.980 
10.455 
2.317 


0.492 0.006 
1.016 +0.010 


1.015 
0.1243 0.231 +0.002 








If A**, A®®, and A” are produced equally to within two 
orders of magnitude, then the effect of cosmic-ray 
produced argon is to make the computed age less than 
the true age. If it is also true that the He/A ratio in 
spallation products from iron is 1000 or greater the 
effect on the age is negligible. 

The authors have found no evidence for the loss of. 
argon by diffusion in terrestrial feldspars,’ but it is 
possible that the meteorites have lost some argon by 
this means. Hence the values reported are interpreted 
as lower limits to the age of the samples. If it is assumed 
that the meteorites are cogenetic with the solar system, 
the above value may also be applied as a lower limit to 
the age of the solar system. 

The value of 4.8X10° years obtained for Beardsley 
is a lower limit to the age of the universe. This value is 
in accord with the lower limit ef 4.5 10° yr calculated 
by Patterson’ from the isotopic composition of modern 
terrestrial lead and meteoritic lead. 
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Long-Lived Isomer of Np?** 


M. H. Sroprer, J. E. Grnpier, AND C. M. STEVENS 
Argonne National Laboratory, Lemont, Illinois 


(Received September 9, 1954) 


A long-lived isomer of Np**, identified by chemical and mass spectrometric means, has been prepared by 
the U*8(d,4n) reaction. The alpha half-life of this isomer has not been established, but a lower limit of 
5000 years has been placed on the beta half-life. The cross section for the U#*(d,4n) Np**3** reaction for 21.6- 
Mev deuterons has been calculated to be approximately 35 millibarns. A slow-neutron fission cross section 
of 2800 barns has been determined for the long-lived isomer. 





VIDENCE for the existence of a long-lived isomer 
of Np** was first obtained from a deuteron bom- 
bardment of uranium metal in which the isotopic ratio 
U*5/U*8 was reduced to 1/2800.1 A solid metal disk 
was bombarded for 1200 microampere-hours with 22- 
Mev deuterons in the Berkeley 60-inch cyclotron. Two 
successive layers (three and five mils, respectively) 
were milled from the face of the target and dissolved in 
acid. Neptunium was isolated chemically from each 
solution. Slow neutron fission measurements made 
upon the individual neptunium fractions showed the 
fissionability to decrease with a two-day half-life 
characteristic of Np** beta decay. In addition to this 
fissionability, a long-lived fissionable material was 
found in the three-mil layer of the target but not in 
the five-mil layer. This long-lived fissionable material 
persisted in the neptunium fraction even after further 
chemistry had been performed which should have re- 
moved any other element. Since the slow-neutron 
fission cross section of Np*’ was too small to account 
for the observed number of fissions and since the long- 
lived fissionability was found only in the upper three- 
mil layer of the target, it was assumed that this fission- 
ability was due to a Np*¢ isomer formed by a (d,4n) 
reaction. No fissionability characteristic of 22-hour 
Np*® was found because of its relatively short half-life 
and low yield. 

In the present experiment, a 100-milligram target of 
U;0s having an isotopic ratio U*5/U* of 1/3190 was 
evenly deposited over an area of seven square centi- 
meters and bombarded for 2700 microampere-hours 
with 21.6-Mev deuterons in the Argonne 60-inch cyclo- 
tron. After bombardment, the uranium was dissolved 
in acid and allowed to remain undisturbed for fifteen 
months. At the end of this period, neptunium was 
chemically separated, purified, and isotopically analyzed 
in a 12-in., 60° mass spectrometer using a multiple- 
filament surface ionization source.? Masses 236 and 
237 were observed; the mole ratio 236/237 was found 
to be 0.062+0.001 and to remain constant during 

1Studier, Hopkins, Ghiorso, and Bentley, Atomic Energy 
Commission Report CF-3762, 1947; reviewed by G. T. Seaborg, 
The Actinide Elements (McGraw-Hill Book Company, Inc., New 
York, 1954), National Nuclear Energy Series, Plutonium Project 
Record, Vol. 14A, Div. IV, Chap. 11. 


2M. G. Inghram and W. A. Chupka, Rev. Sci. Instr. 24, 518 
(1953). 


analysis. This constant ratio, together with the 
chemical separation in which the quantities of Pu 
and U6 were reduced below the detection limit (~10-" 
grams) of the mass spectrometer, showed the 236 mass 
to be an isotope of neptunium. 

A total of approximately 50 alpha counts per minute 
was isolated in the neptunium fraction. In a preliminary 
pulse analysis of this fraction no alpha energy other 
than that attributed to Np*’ was apparent. This indi- 
cated either that the alpha activity of long-lived Np*6 
is low because of a very long alpha half-life or that the 
alpha-decay energy is very similar to that of Np*’. A 
beta half-life of >5000 years has been calculated for 
the Np** isomer on the basis of a beta-to-alpha ratio 
of ~25 found in the neptunium fraction and by as- 
suming the beta activity to be due to Np*¢ and the 
alpha activity due to Np”. 

With an electron capture-to-beta ratio of two* for 
the decay of 22-hour Np** it was calculated, on the 
basis of the observed Pu™® yield, that § of the product 
formed in the U™8(d,42) Np**-86* reaction was the long- 
lived isomer. This may have been formed directly and/ 
or by isomeric transition of the 22-hour Np**®. The cross 
section for the U**(d,42) Np*°.25* reaction for 21.6-Mev 
deuterons is approximately 35 millibarns. 

Three Np*® samples subjected to different degrees of 
chemical purification were tested for thermal neutron 
fissionability in the Argonne CP-3’ heavy water pile.‘ 
The fission-to-alpha ratio for each of the neptunium 
samples was the same, indicating chemical purity. 
Again by assuming that all the alpha activity was due 
to Np’, the fission cross section of Np** (long-lived) 
was found to be approximately 2800 barns. 

We wish to thank J. Fitzpatrick, W. Ramler, and 
members of the Argonne cyclotron group who made the 
deuteron bombardment possible. The technical assist- 
ance of J. Mech and D. Henderson in making the pulse 
analyses and W. C. Bentley in making the fission 
measurements is gratefully acknowledged. We also 
wish to thank W. M. Manning for his helpful 
suggestions. 

3D. A. Orth and G. D. O’Kelley, Phys. Rev. 82, 758 (1951). 

‘The method of fission counting is described by A. Ghiorso 
and W. C. Bentley, The Transuranium Elements (McGraw-Hill 
Book Company, Inc., New York, 1949), Paper No. 22.29, 


National Nuclear Energy Series, Plutonium Project Record, Vol. 
14B, Div. IV. 
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Coulomb Excitation of Neodymium* 


B. E. Summons, D. M. VAN Patter,t K. F. FAMULARO, AND R. V. Stuart 
University of Minnesota, Minneapolis, Minnesota 


(Received August 4, 1954, revised manuscript received September 24, 1954) 


Three gamma rays produced by bombardment of neodymium metal with protons of energies up to 3.34 
Mev have been observed. Measurements indicate gamma-ray energies and isotopic identifications of 71-4 
kev from Nd", 300+3 kev from Nd™8, and 1312 kev from Nd!®, with total cross sections for production 
of the last two radiations of 0.70.2 and 2.40.3 mb, respectively, for 2.25-Mev protons. Excitation func- 
tions found for the even-even iostopes agree with those predicted for E2 Coulomb interactions, leading to 
0-2-+--0 level assignments; E1 excitation seems ruled out only for Nd!®. The theory of Alder and Winther 
for E2 excitation gives only qualitative agreement with the measured 131-kev gamma-ray angular distribu- 
tion. Low-energy proton bremsstrahlung were also observed. 





INTRODUCTION 


HE use of Coulomb excitation and detection of the 
resulting gamnia rays to investigate the positions, 
lifetimes, and spin and parity assignments of low-lying 
energy levels in medium-to-heavy nuclides is attractive 
in its complementary role with respect to beta-decay 
work. By this method it should be possible, in particular, 
to fill in some of the gaps in existing data upon the 
apparently quite regular variations of properties of 
even-even isotope level structures.' The results reported 
herein, of proton bombardment of neodymium isotopes 
just above the 82-neutron shell, confirm the expected 
trends of some of these regularities. 


EXPERIMENTAL ARRANGEMENT 


The experimental apparatus, set up in conjunction 
with the Minnesota electrostatic generator, consisted 
essentially of a thin-walled, 4-inch diameter, cylindrical 
aluminum reaction chamber (see Fig. 1) and a NaI(TI) 
scintillation spectrometer. The 1-inch diameter by 
1-inch long NaI(Tl) crystal was placed outside the 
chamber so that it subtended an angle ~9° at the 
target, and could be rotated about the chamber axis 
from laboratory angles of 23° to 147°. Extensive lead 
shielding reduced background from machine x-rays 
to a negligible amount. 

The electronic equipment was of the non-overloading 
type, consisting of a Chase-Higinbotham pulse ampli- 
fier? and a 10-channel discriminator’ preceded by a 
slightly modified Johnstone window amplifier.‘ One-volt 
channels were used throughout the experiment with 
good stability. 

Targets were of 99.85 percent minimum purity 


* Assisted in part by the joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 

t Now at the Bartol Research Foundation, Swarthmore, 
Pennsylvania. 

1G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953); F. Asaro 


and I. Perlman, Phys. Rev. 91, 763 (1953); P. Stahelin and P. 
Preiswerk, Nuovo cimento 10, 1219 (1953). 
( 2 B Chase and W. A. Higinbotham, Rev. Sci. Instr. 23, 34 
1952). 
3 W..C. Elmore and M. Sands, Electronics (McGraw-Hill Book 
Company, Inc., New York, 1949), - 241 ff. 
4C. W. Johnstone, Nucleonics 11, No. 1, 36 (1953). 


neodymium metal! in the form of a 3; inch thick metal 
sample and also foils made by evaporating neodymium 
onto thin nickel backings. The foils were thick to 
protons, yet thin to the gamma rays. A thick target of 
Nd.O; enriched in Nd!® was also bombarded.® 


EXPERIMENTAL RESULTS AND ANALYSIS 


Gamma-ray spectra covering 30 to 800 kev exhibited 
three peaks due to gamma radiations from neodymium 
superposed upon a continuum of up to five times 
empty-chamber background. A typical spectrum is 
given in Fig. 2, which also depicts three other gamma- 
ray peaks. These latter peaks (A, B, and C), appearing 
only from the metal target and later removed by surface 
cleaning, were probably due to fluorine and sodium 
impurities. Table I lists the energy measurements of 
the neodymium peaks, as calibrated against a Hf!*! 
gamma-ray source having peaks at 135, 345, and 481 
kev;’ these are compatible with the 136.5-kev assign- 
ment® to the lowest excited state in Ta'®! and with the 
37-kev peak from neodymium K x-rays. (This labora- 
tory’s earlier quoted value’ for the 131-kev Nd gamma 


Taste I. A summary of data on gamma radiation excited 
by proton bombardment of neodymium. 








Percent 
Ey natural 
kev Source* abundance mb 


714 eoNd'45 8.3 


300+3 ooNd'48 Oey 
13142 so Nd! 5.6 


Stotal> re Qo! 
seconds barns 





weak 
0.7+0.2 
2.4+0.3 


2.6X 10-” 2.6 
0.7X10-* 4.0 








8 Identification by Temmer and Heydenburg (see reference 10) and by 
this laboratory. 

b Cross section, corrected for natural abundance, for gamma-ray pro- 
duction at Ep =2.25 Mev. 

¢ Estimated excited-state lifetime, assuming E2 Coulomb excitation. 

4 Estimated intrinsic quadrupole moment, assuming E2 Coulomb 
excitation. 


5 We are indebted to Professor F. H. Spedding of Iowa State 
College for making available the spectroscopically-analyzed 
neodymium metal. 

6 The neodymium oxide enriched in Nd! was obtained from 
the Oak Ridge National Laboratory, Oak Ridge, Tennessee. 

7 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

8 Cork, Nester, LeBlanc, and Brice, Phys. Rev. 92, 119 (1953). 

® Simmons, Van Patter, Famularo, and Stuart, Bull. Am. Phys. 
Soc. 29, No. 5, 15 (1954). 
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Fic. 1. Experimental apparatus, not showing extensive lead shielding used overall. A, quartz end window; B, 
beam exit tube, lined with nickel and tantalum; C, 32-mil aluminum chamber wall; D, target; EZ, Lucite insulator; 
F, Lucite spacer-insulator for slit system; G, two of four collimating slits (others not shown); H, steel tube con- 
taining tantalum lining and slits; K, DuMont 6292 photomultiplier tube; L, NaI(T1) crystal; M, brass collimator- 
shield; NV, lead shield; P, target angle adjustment; Q, removable end cap with-target and holder. Chamber and 
exit tube are insulated for current collection, while the slit system is insulated separately to permit voltage biasing 
against secondary electrons. The counter rotates between the angles 23° and 147°. 


ray is in error, having been assignéd with reference to 
an impure Ce!! gamma-ray source.) The latest values” 
of Heydenburg and Temmer, who have previously 
reported these radiations," are 70, 300, and 128 kev, 
in the order of listing of Table I. 

Heydenburg and Temmer have bombarded 
neodymium oxides enriched in the isotopes Nd‘, 
Nd", and Nd“* with alpha particles and obtained the 
identifications listed in Table I.° Work here with 
protons and neodymium oxide enriched in Nd!™ also 
indicated Nd!” to be the source of the 131-kev gamma 
rays. 

The intensity of the 71-kev radiation was quite low 
and this gamma ray has not been further investigated. 
The 131- and 300-kev yields at 90° as functions of 
proton energy are shown in Fig. 3. The solid curves are 
least-squares fits for the theoretical total cross section 
E2 excitation functions as given by Alder and Winther.” 
The assumption here of isotropic angular distributions 
produces no significant error in the shape of these 
curves. A theoretical £1 excitation function,“ shown in 
Fig. 3 as the broken curve, does not fit the data very 


0 N. P. Heydenburg (private communication). 
( 5a) P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 
1954). 
( as M. Temmer and N. P. Heydenburg, Phys. Rev. 94, 1399 
1954). 
18K. Alder and A. Winther, Phys. Rev. 91, 1578 (1953). 
“K. Alder and A. Winther (private communication). 


well for the 131-kev radiation. This was fitted only to 
the low-energy data. However, the data for the 300-kev 
gamma rays can be fitted by either £1 or E2 excitation 
functions, the former not being shown in Fig. 2. In 
these and following computations, the stopping cross 
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Fic. 2. A spectrum of the radiation emitted from a thick 
neodymium metal target when bombarded by 2.25-Mev protons; 
a 67-mil copper absorber was employed. The peaks A, B, and C, 
appearing only from this target and later removed by surface 
cleaning, are probably due to fluorine and sodium impurities. 
Gamma rays from neodymium give rise to the peaks at 71, 131, 
and 300 kev, while neodymium K x-rays form the low-energy 
peak. The underlying continuum is due principally to proton 
bremsstrahlung. 
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section of neodymium for protons enters. Interpolated 
values for this were obtained by means of an approxi- 
mate form of the Bethe-Bloch formula least-squares 
fitted to existing data'®!* for copper, silver, and gold. 
Uncertainty in these values should have little effect 
upon the validity of the curves in Fig. 2, but do con- 
tribute +7 percent probable error in estimates of 
absolute cross sections for neodymium. 

The points in Fig. 4 give angular-distribution data 
obtained for the 131-kev gamma ray for 2.25-Mev 
protons incident upon a thick target, the large probable 
errors being due principally to uncertainty in back- 
ground subtraction. The solid curve in Fig. 4 represents 
a three-parameter least-squares fit to the data, having 
a normalized form 1+-0.00 cos’@+-0.27 cos‘#. A theoreti- 
cal angular-distribution estimate" of Alder and Winther, 
1+0.55 cos?@—0.22 cos‘? (not shown), fits the data 
only qualitatively. This assumes a 0 — 2+ — 0 transi- 
tion scheme for Nd! and takes no account of the slight 
variation of coefficients with decreasing proton energy 
in the target. As a check to the neodymium data, the 
angular distribution of the Ta'®! gamma ray was 
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Fic. 3. Excitation functions for 300- and 131-kev gamma 
radiation excited by proton bombardment of neodymium. The 
data are uncorrected for NaI(T1) crystal efficiency. The solid 
curves are least-squares fits to the data of the theoretical excitation 
functions, assuming £2 Coulomb interaction. The broken curve 
represents the theoretical £1 prediction for the 131-kev radiation, 
fitted to the data at the lower proton energies where its shape is 
almost that of the £2 curve. The theoretical £1 curve for the 
300-kev data, not shown, would almost coincide with the corre- 
sponding £2 curve. 


15S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 

16R, Fuchs and W. Whaling, “Stopping Cross Sections,” 
Kellog Radiation Laboratory, California Institute of Technology 
(unpublished). 
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Fic. 4, The angular distribution for the 131-kev gamma 
radiation excited by proton bombardment of neodymium. The 
curve represents the function 560+-000 cos*@+-150 cos‘#, a least- 
squares three-parameter fit to the data; this has the normalized 
form 1-+-0.00 cos’*#+-0.27 cos‘#. The indicated probable errors are 
principally due to background subtraction. 


measured to be isotropic to within 2 percent, in agree- 
ment with the results of others.!7-18 

Production cross sections for two of the observed 
gamma rays are given in Table I. These are based upon 
an assumed efficiency” for the NaI(T!) crystal of 100 
percent for the 131-kev gamma ray, and 77 percent 
for the 300-kev gamma ray. For the former all the 
counts were assumed” to fall under the photopeak; 
for the latter, 72-6 percent fell under the photopeak, 
the remainder making up the _here-unobservable 
Compton distribution. The cross-section computation 
for the 131-kev radiation incorporates the three 
parameters from the best-fit angular-distribution curve, 
which are assumed to be constant with proton energy 
below 2.25 Mev. The 300-kev radiation is takenas 
isotropically distributed, an assumption which at 
worst, according to theory, should make the listed cross 
section 10 percent low. Lifetime estimates for the 
excited states are based upon £2 internal-conversion 
coefficients” of 33 percent and 7 percent for the Nd!® 
and the Nd" levels, respectively. Intrinsic quadrupole 
moments computed on this basis by means of the 
Bohr-Mottelson theory”! are also listed. 

No indication of gamma rays from known levels!” 
in Nd and Nd™*® was found. The lower limits of 
observability indicate that the maximum cross section 


( u hf I. Goldburg and R. M. Williamson, Phys. Rev. 95, 767 
1954). 
18 Kisinger, Cook, and Class, Phys. Rev. 94, 735 (1954). 

19 For these estimates and a thorough discussion of problems 
involved, see Maeder, Mueller, and Wintersteiger, Helv. Phys. 
Acta 27, 3 (1954). 

2% “i Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
1951). 

21 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat-fys. Medd. 14, No. 16 (1954). 

— Markowitz, and Katcoff, Phys. Rev. 93, 1073 
1954). 
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Fic. 5. The lowest-excited-state energies of the even-even 
isotopes of neodymium plotted against mass number A. Nd!® 
is magic in having 82 neutrons. 


for production of a 455-kev gamma ray from Nd" 
is about 1 mb at 2.79-Mev proton energy, and for 
production of a 695-kev gamma ray from Nd™ about 
0.6 mb at 3.34 Mev. No search was made for a 1695-kev 
gamma ray! from Nd™. 

It is believed, in agreement with Zupandcié and Huus,” 
that the continuum referred to at the beginning of this 
section is due to proton bremsstrahlung. Similar 
radiation was recorded from lead and from praeseo- 
dymium targets, which had no observable gamma-ray 
peaks in their spectra, and no change was observed 
after coating the inside of the chamber with Aquadag. 
The theory of Sommerfeld™ give rough agreement with 
these data. 


DISCUSSION 


It appears probable that the levels excited in Nd'*® 
and Nd! should both have a 2+ assignment. Since 
the estimated cross section for compound-nucleus 


%C. Zupantit and T. Huus, Phys. Rev. 94, 205 (1954). 
% A. Sommerfeld, Ann. Physik (5) 11, 257 (1931); for a complete 
listing of associated material see reference 23. 





SIMMONS, VAN PATTER, FAMULARO, AND STUART 


formation by 3.8-Mev protons is only 3X10-5 mb, the 
interaction force in this experiment should be essentially 
of Coulomb type. This leads to an excitation function 
dependent, in shape, only upon the nuclear properties 
charge, mass, and energy-level position, plus the relative 
spins of the levels involved in the excitation. The 
excitation function is, then, a measure of the number 
of units of angular momentum transferred during the 
interaction. This is the significance of the fit of the 
E2 excitation functions shown in Fig. 2. It will be noted 
that the relative parity of the levels is also established 
if these fits are unique. 

The possibility of a magnetic interaction with these 
even-even nuclei seems unlikely, as does electric 
interaction of octupole or higher order. It is possible 
that E1 interaction could occur by means of an induced 
dipole moment in the target nucleus, but this seems 
improbable at least for Nd! because of the poor fit 
to the data of the corresponding excitation function. 
For the Nd" one cannot make a spin assignment on 
the basis of excitation-function fits, but even then the 
nuclear systematics indicate that in this region of A 
and Z the lowest excited state should be 2+. 

The large probable errors associated with the angular 
distribution do not explain the seemingly real dis- 
agreement with the theory there, but it may be that 
some smearing from atomic motions occurs during 
the lifetime of the excited state. A recalculation now 
underway by Alder and Winther" of the numerical 
integrations in the theory may also lead to better 
agreement. Unfortunately no theoretical £1 angular 
distribution calculations are yet available for 
comparison. 

The positions of the first excited states of all the 
stable even-even isotopes of neodymium are now 
believed known!” and fall into the regular pattern 
depicted in Fig. 5. It seems likely that all of these levels 
are 2+, based upon the present data, upon the shape 
of beta spectra, upon decay schemes, and upon the 
known trend toward this property for even-even 
nuclei of medium and high mass. The computed 
intrinsic electric quadrupole moments are consistent 
with known moments for nearby odd-even nuclei. 
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The 1/2 isomeric level of In" decays with a 1.9-hr half-life 49 percent by a 1.777-Mev 8 to the s1/2 ground 
state of Sn", 23 percent by a 1.616-Mev 6 to the 0.161-Mev ds;2 level of Sn"!’, and 28 percent by an M4 
0.311-Mev y to the go/2 ground state of In’. The latter decays with a 1.1-hr half-life by a 0.740-Mev B- to 
the gz/2 level of Sn™’ which is de-excited by a 0.565-Mev y and a 0.161-Mev y in cascade. There is no cross- 
over y (<1 percent). Less than 10 percent of the 3.0-hr Cd" decays to the 1.9-hr level. Less than 1 percent 
of the 1.1-hr ground state populates the 14-day Sn. The 2.8-hr Sb"? decays to the 0.161-Mev level of 
Sn" by a 0.61-Mev 6*(8*+/e=0.026) but does not decay to the 0.323- or 0.726-Mev levels (<0.5 percent). 





I, INTRODUCTION 


HE systematics of nuclear energy levels predict 

that the decay scheme of In" will be similar 
to that of In"™* and In"5, i.e., will be characterized by 
an M4 isomeric y ray from the #; level to the go/2 
ground state. In addition, both levels are expected to 
decay by 6 emission with accompanying vy rays. 
The radioactivity of In’ has been studied for the 
purpose of verifying such a decay scheme. 

Previous investigations! of In"? have shown that 
it decays with a 1.95-hr half-life? a 1.73-Mev 6-,34 
and 0.161- and 0.558-Mev y’s.‘ In indium obtained 
from uranium fission, Coryell and co-workers® found 
half-lives of 70 min and ~2.5 hr, both of which they 
assigned to In’, It has also been reported® that 
~0.036 percent of the 3.0-hr Cd!!” decays to the 14- 
day Sn. During the course of this work LeBlanc et al.’ 
published the results of their work on In" giving a 
2.3-hr half-life and 0.160-, 0.312-, 0.562-, and 0.725-Mev 
y’s. The 0.312-Mev y was assigned to the isomeric 
transition on account of its high conversion coefficient 
and because of the absence of coincidences between ’s 
and this y. 


II. EXPERIMENTAL PROCEDURE 


Cadmium metal was bombarded with 15-Mev 
deuterons from the Department of Terrestrial Magne- 
tism, Carnegie Institution of Washington cyclotron. 
The indium that was formed during the bombardment 
was first removed by co-precipitation with Fe(OH). 
After allowing 70 minutes for the indium activities, 
In"? plus In", to grow in from their cadmium parents, 
indium was again precipitated with Fe(OH);. The 


1For complete references see K. Way et al.; Nuclear Data, 
National Bureau of Standards Circular No. 499 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1950) and Nuclear 
Science Abstracts 6, 24B (1952); 7, 24B(1953). 

2 J. L. Lawson and J. M. Cork, Phys. Rev. 57, 982 (1940). 

3J. M. Cork and J. L. Lawson, Phys. Rev. 56, 291 (1939). 

4J. D. Knight and G. A. Cowan, quoted by Hollander, Perlman, 
and Seaborg, Revs. Modern Phys. 25, 469 (1953). 

5 Coryell, Lévéque, and Richter, Phys. Rev. 89, 903(A) (1953). 

6 G. A. Cowan, quoted by M. Goldhaber and R. D. Hill, Revs. 
Modern Phys. 24, 179 (1952). 

7 LeBlanc, Cork, and Burson, Phys. Rev. 93, 916(A) (1954). 
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iron was removed with 1.5M HCl from a Dowex-2 ion 
exchange column and then the indium was washed off 
with 0.1M@ HCl. This procedure removed all silver and 
cadmium but carried along any tin that might have 
grown from the indium. The particle spectrum was 
measured with a magnetic lens spectrograph. The 
electromagnetic spectrum and coincidences were 
measured with a Nal scintillation spectrometer. All 
In"? measurements, with the exception of that of the 
half-life of the ground state, were made with the mixed 
1.1-hr and 1.9-hr activities. 


Ill. RESULTS 
In"? 


A value of 1.90+0.05 hours was obtained for the 
half-life of the isomeric level of In"’ by observing the 
decay of 0.804-Mev betas with the lens spectrometer 
(Fig. 1). 

A value of 1.10.1 hours was obtained for the half- 
life of the ground state by observing the decay of the 
0.161- and 0.565-Mev 7’s with a scintillation spectrom- 
eter (Fig. 1) from a source prepared in the following 
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Fic. 1. Decay curves of 0.210- and 0.804-Mev betas of In!™ 
as measured with the lens spectrometer and the decay curve of 
the 0.161-Mev y of the In” ground state. 
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Fic. 2. Fermi-Kurie plot of the In"’ beta spectra showing the 
end points of 1.772, 1.616 and 0.740 Mev. 


manner. Twelve hours after the bombardment indium 
was chemically removed from the cadmium, the Cd” 
was allowed to decay for 70 minutes and indium was 
again separated. The y-ray spectrum of this sample 
was measured with a scintillation spectrometer. The 
0.161- and 0.565-Mev y’s decayed with a 1.10.1 hour 
half-life and an 0.333-Mev y with the expected 4.5-hr 
half-life of In™5", It was not possible to resolve the 
0.311-Mev y of the 1.9-hr In" from the 0.333-Mev y. 
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Fic. 3. Conversion electron spectrumi of the 0.161-Mev + of Sb’. 


From the linearity of the decay of this peak it is 
concluded that less than 10 percent of the 3.0-hr Cd" 
decays to the isomeric level of In"’. The 1.1-hr half-life 
is in good agreement with the 70-min value found by 
Coryell ef al.5 The previously reported*® value of 40 min 
is retracted. When the decay of the In" y rays was 
observed several hours after the chemical separation 
of indium from cadmium, a “half-life” of about 2.3 
hours was observed as was expected for the parent- 
daughter growth and decay. 

Figure 2 shows the Fermi-Kurie plot of the beta 
spectrum. The end-point energies, relative intensities 
(as determined from the intercepts’ of the straight 
lines with the ordinate axis), and logft values” are 
given in Table I. The decay of 0.21-Mev betas, i.e., 
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Fic. 4. Spectrum of + rays in coincidence with the 0.161-Mev y 
in the decay of Sb". The solid curve is the Na® annihilation 
radiation energy calibration. The insert is a graph of the theoreti- 
cal 6+/e ratio for Sb with the experimentally measured ratio 
shown as a point. 


about the most probable 6’s of the 0.74-Mev component, 
as measured with the 6-ray spectrometer, showed little 
complexity, decaying mainly with a 1.9-hr half-life. 
If this component had originated solely as a result of 
the decay of the 1.9-hr isomeric level to the 1.1-hr 
ground state, the half-life curve would have shown a 
typical parent-daughter growth and decay. However, 
the 1.1-hr ground state is also produced directly from 
the decay of the 3-hr Cd"’. The 1.9-hr isomeric level 
grows from the 50-min Cd. 

With these data it was then possible to analyze 
the decay curve of the 0.21-Mev 6’s into that portion 

8C. L. McGinnis, Phys. Rev. 94, 780(A) (1954). 

®°H. Brown and V. Perez-Mendez, Phys. Rev. 78, 812 (1950). 

1 Rose, Perry, and Dismuke, Oak Ridge National Laboratory 


oo 1953 (unpublished) ; J. R. Reitz, Phys. Rev. 77, 10 
1950). 
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which originated directly from the 3-hr Cd and into 
that portion which grew from the isomeric level of 
In’, Under the conditions of this experiment 59 
percent of the measured 0.740-Mev 8 spectrum was 
produced directly from the decay of the 3-hr Cd. 
The percentages of the three modes of decay of the 
1.9-hr isomeric level given in Table I have been com- 
puted on the assumption that 41 percent of the 
measured 0.740-Mev beta spectrum originated from 
the decay of the isomeric level. This correction has not 
been made in Fig. 2. 

The internal conversion coefficients for the three 
y rays given in Table II are based on the relative 
intensities of the beta spectra given in Table I. The 
conversion electrons of the 0.565-Mev y were scarcely 
observable above the 6 background and therefore the 
agreement with an E2 assignment is quite fortuitous. 

The energies of the three gamma rays were measured 
by the following methods: 0.565+0.007 Mev by 
scintillation spectrometer studies, 0.3110.002 Mev by 
observing the K-conversion electrons with the lens 
spectrometer (the ZL electrons were obscured by the 
more intense K electrons of the 4.5-hr In"5™ 0.333-Mev 
vy ray); and 0.161+0.001 Mev by observing the K- and 
L-conversion electrons from the 2.8-hr Sb"’. The 
scintillation spectrometer showed a peak at 0.726 Mev. 
However, by varying the geometry of the measure- 
ment it was shown that this peak was due to the pile-up 
of the 0.161- and 0.565-Mev pulses. If a true crossover 
gamma ray is present, its intensity is less than 1 
percent of the 0.565-Mev y ray. 

With a scintillation spectrometer and single channel 
differential discriminators the following coincidences 
were measured: (8)(0.161y), (8)(0.565y), and 
(0.161) (0.565y). No coincidences were observed be- 
tween the 0.311y and either 6’s or y’s. 


2.8-hr Sb!” 


Tin was bombarded with 15-Mev deuterons and the 
electron spectrum of the chemically separated Sb was 
measured with the lens spectrometer. The energy of the 
y ray is 0.161+0.001 Mev. K/(L+M)=83+0.1 
(Fig. 3). This result is in agreement with the previous 
data" on the decay of Sb”. 

Indium metal was bombarded with 22- to 32-Mev 
alphas from the Brookhaven 60-inch cyclotron and the 
following coincidence intensity results were found with 
a scintillation spectrometer and two single-channel 
differential discriminators: (0.1617) (0.511y)/(0.161y) 
=0.051+0.01, (x-ray) (0.1617) / (x-ray) =0.68+0.02, (x- 
ray) (0.565y)/ (x-ray) <0.005. 

Figure 4 shows the y-ray spectrum in coincidence 
with the 0.1617. The solid curve is the Na” annihilation 
radiation energy. The geometry for the measurement of 
the intensity ratio (0.1617) (0.511y)/(0.1617) was cali- 
brated with Na®. Allowance was made for its 10 percent 


1G. M. Temmer, Phys. Rev. 76, 424 (1949). 


TaBLE I. 1.1-hr In” and 1.9-hr In"™ beta spectra. 








t(sec) 
3 960 


28 600 
12 450 


Rel. 
intensity rd 
8.75 


166 
241 


Energy (Mev) 


0.740+0.010 22 
1.616+0.005 23 
1.772+0.005 55 











electron capture.” On the basis of this calibration the 
intensity ratio B+/e is 0.026+0.005. For an allowed 
decay this ratio is a unique function of the decay 
energy. The insert in Fig. 4 is a plot of B+/e vs E the 
positron energy from 0.5- to 0.7-Mev. f; was computed 
from the tables of Rose e¢ al.,!° fx from the formula 
given by Moszkowski'* and the ratio of Z: capture to 
K capture from the graph of Rose and Jackson." 
From the observed ratio of 0.026 the maximum positron 
energy was then found equal to 0.61+0.03 and the 
logft for the transition equal to 4.80. The ground-state 
decay energy of 1.79 Mev is in excellent agreement with 
the predicted 1.8 Mev of the 8-decay systematics.’ 

Te!™ was used to calibrate the geometry for the 
(x-ray) (0.1617)/(x-ray) measurement. If all the elec- 
tron capture transitions go to the 0.161-Mev level the 
expected ratio is 0.687 when account has been taken 
of the previously measured conversion data and the 
I;- to K-capture ratio“ of 0.12. Hence all (>95 
percent) of the decays go to this level. 

An attempt was made to observe a possible weak 
transition to the 0.726-Mev level by measuring coin- 
cidences between the 0.565y and either the 0.161y or 
x-rays. The greater intensity of the (0.1617) (0.511y) 
coincidences obscured the possible (0.1617) (0.5657) 
coincidences. With x-rays the only coincidences ob- 
served in the 0.5-Mev energy region were those with 
the 0.511y which are expected to occur in 1 percent of 
the disintegrations. From this negative result if was 
concluded that <0.5 percent of the decay takes place 
to the 0.726-Mev level. 


IV. DISCUSSION 
In!” 
The measured! spin of } and magnetic moment of 
—0.9951 support the shell model designation of s; for 


TABLE II. Data for the gamma rays of In"’. 








ax (expt) ax (theory)* 


0.130.001 
1.30.2 
~0.005 


K/(L+M) 
8.30.1 


(3.6) 
(7.8) 


Energy (Mev) 


0.1610.001 
0.311+0.002 
0.5650.007 











® Rose, Goertzel, and Perry, Oak Ridge National Laboratory Report 
ORNL-1023, 1951 (unpublished). 
b Interpolated from empirical curves (reference 17). 


2 R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 
13S, A. Moszkowski, Phys. Rev. 82, 35 (1951). 

14M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 
16 K, Way and M. Wood, Phys. Rev. 94, 119 (1954). 
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the ground state of Sn’. The angular correlation’® 
between the K-conversion electrons of the 14-day 
isomeric ray and the 0.161-Mev gamma which is in 
cascade with it show that the latter is ~99.9 percent 
M1. This result identifies the 0.161-Mev level as d3;s. 
The conversion coefficient and K/(Z+M) ratio 
reported here agree with this assignment. The em- 
pirical!” lifetime-energy relationship for M4 transitions 
assign /1/2 to the 14-day isomeric level of Sn"’. In this 
region of the periodic table it appears that the simple 
shell model is particularly applicable. Hence single- 
particle designations are used for levels. 

From the energy difference between the 1.772-Mev 
B and the 1.616-Mev 8 it is concluded that the former 
goes to the ground state and the latter to the 0.161-Mev 
level of Sn’. The ft values for these two 6 transitions 
indicate that both are first forbidden and thus that 
the isomeric level of In" is the expected 1/2 state. 
The internal conversion coefficient and lifetime of the 
0.311-Mev vy show that this is an M4 transition and 
thus that the ground state is go/2. In", In™*, and In” 
also have go/2 ground states. It is interesting to note the 
similarity between the indium M4 transitions by 
comparing the ratio of the experimental to the pre- 
dicted y-ray lifetimes. For In™*, In"5, and In" these 
ratios are 0.41, 0.33, and 0.50 based on the theoretical 
formula!* and 1.9, 1.6, and 2.5 based on the empirical 
relationship." 

The 1.1-hr level decays by a 0.740-Mev 8 followed 
by 0.565- and 0.161-Mev 7’s in cascade. The log/t of 


U7 
aot" ee 


aie 
igh % 





B* 10.61) 


STABLE 


Fic. 5. Decay scheme for In"? and Sb", 


16 R. K. Golden and S. Frankel, Phys. Rev. 95, 613(A) (1954). 
117M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
18 V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 


4.54 for this beta clearly shows that transition is 
allowed and permits the 0.726-Mev level to have a 
spin of 11/2, 9/2, or 7/2 with even parity. With either 
of these first two assignments the predominant mode 
of decay would be by an £1 y to the 14-day A112 level 
rather than by an £4 or M3 7 to the 0.161-Mev level. 
Since the observed yield of the 14-day Sn" from In" 
is ~0.036 percent,® the only assignment for the 0.725- 
Mev level is gz2. An estimate for the intensity of the 
possible 1.14-Mev beta from the go/2 ground state of 
In"’ to the 14-day /11/2 level of Sn’ can be obtained 
by making use of the log/t of 8.80 for the 1.61-Mev 
from the 43-day isomeric /11/2 level of Cd"® to the go/2 
ground state of In"® on the assumption that the matrix 
elements for both transitions are the same. Such an 
estimate gives a branching of 0.02 percent which agrees 
with the observed yield of the 14-day Sn", 

The decay energy of the ground state of In" of 
1.466 Mev is in good agreement with the prediction of 
the beta decay systematics.'® 


Sb'7 . 


The logft of 4.80 for the decay of the Sb"? ground 
state to the d3/2 level of Sn"’ characterizes this transi- 
tion as allowed. Hence the ground state of Sb!” has 
even parity and a spin of either 1/2, 3/2 or 5/2. A 
spin of 1/2 or 3/2 would forbid decay to the 0.726-Mev 
£72 level but permit decay to the sy2 ground state, 
while a spin of 5/2 would do just the reverse. Neither 
decay to the 0.726-Mev level nor the ground state was 
observed. The upper limit for the first is 0.5 percent 
and for the second 5 percent of the main decay. If 
either of these transitions were allowed, the branching 
would be 40 percent or 120 percent respectively of that 
to the 0.161-Mev level. Thus the first is forbidden by 
a factor of >80 and the second by one of > 20. 

Since the experimental data are not sufficient to 
permit a choice between 1/2+, 3/2+, and 5/2+, other 
evidence must be considered. It seems possible that 
l-forbiddenness may play a role here. If it were the con- 
trolling factor, no choice would be possible between 
3/2+ and 5/2+ for the Sb"” ground state. At present 
arguments about configuration rearrangements seem 
to hold more force than do considerations of /- 
forbiddenness. 

The most plausible neutron configuration for Sb" is 
(gz/2)®(d5y2) (A112). No rearrangement of this con- 
figuration is necessary for the decay of a dgz or S12 
proton to the si ground state of Sn’, therefore no 
reduction in the expected branching is to be expected 
on this account. However, one would expect the decay 
of a dsy2 proton to a g72 neutron to be very strongly 
impeded since the g72 neutron shell is already full. A 
rearrangement of the neutron configuration to some- 
thing like (g72)*(dsy2)*(A11/2)* is necessary before the 
decay can take place. A logft of 9.2 for an apparently 


Pp, F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
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allowed transition in Kr® has been ascribed™ to a 
similar rearrangement. Thus the assignment of ds,2 to 
the ground state of Sb!’ makes plausible the lack of 
observed transitions both to the ground state of Sn”’ 
and also to the 0.726-Mev level. This is actually the 
assignment most strongly suggested by the shell model 
and is consistent with the assignments, from measured 
spins and moments, of ds/z and gz/2 to the ground states 
of stable Sb" and Sb'™ respectively. 

The proposed decay scheme for In’ and Sb"’ is 
given in Fig. 5. 

*” Sunyar, Mihelich, Scharff-Goldhaber, Goldhaber, Wall, and 
Deutsch, Phys. Rev. 86, 1023 (1952). 
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Decay Scheme of the Mirror Nucleus P®® and Related Results*} 


H. Ropericx, O. Lénsjé,t anp W. E. MEYERHOF 
Stanford University, Stanford, California 
(Received September 27, 1954) 


The decay of P® has been investigated with scintillation spectrometers, single and in coincidence. Positron 
emission (3.945+-0.005 Mev end-point energy for the most energetic spectrum) occurs with a half-life of 
4,.45+0.05 sec to the ground state and to excited levels of Si” at 1.28, 2.43, and possibly 2.03 Mev. Branching 
ratios (in percent) of 98.8+-0.4 (ground state), 0.80.2 (1.28-Mev level), <0.15 (2.03-Mev level), and 
0.24_0,08®-2 (2.43-Mev level) were measured. A study of 7 rays from the decay of Al” to Si® led to 
branching ratios (in percent) of 15+-9 (1.28-Mev level), <4 (2.03-Mev level), and 85-9 (2.43-Mev level). 
The intensity of a 1.15-Mev y ray (cascading from the 2.43-Mev level) has been set at <11 percent of the 
total Al®® decays. Spin and parity assignments of the Si” levels are discussed and compared with the results 
of other experiments. The ft values of the P®® decay are shown to agree with values calculated from the 
coupling constants of 8 decay if the theories of Feenberg and Bohr are used. 


I, INTRODUCTION 


HOSPHORUS-29 had previously been found to 

decay to Si® with a half-life of 4.60.2 sec by 
emitting positrons of 3.67-0.07 Mev.! The positron 
transition was presumed to be an image transition. 
The present work shows that the disintegration of 
P® proceeds by two, or possibly three, alternative 
positron transitions to the low excited states of Si” in 
competition with the image transition.” 


Il. METHOD 


The method used to study the weak modes of 6+ 
decay in competition with the intense 6+ transition to 
the ground state was to search in the radioactivity 
for y rays from the excited states to which the lower 


* Condensation of a dissertation submitted by H. Roderick to 
the Department of Physics and the Committee on Graduate 
Study at Stanford University in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 

t Supported in part by the joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 

{ Fulbright Travel Fellow. Present address: Physics Depart- 
ment, University of Oslo, Blindern, Norway. 

? White, Creutz, Delsasso, and Wilson, Phys. Rev. 59, 63 (1941). 

*A preliminary report of this work has been given earlier: 
Roderick, Lénsjé, and Meyerhof, Phys. Rev. 90, a (A) (1953). 


energy positrons decayed. Such a method is suitable 
even if the branching ratio to the excited state is 
quite small, because any low-intensity y rays produced 
are of discrete energy. Hence the gamma rays can be 
detected relatively free of background, and can be 
identified.’ The success of this method depends entirely 
on the use of Nal scintillation counters with their high 
sensitivity to and selectivity of y rays. The apparatus 
used in this work for selecting, analyzing and presenting 
the pulse energy distribution produced in the Nal 
scintillation counter has been described in the 
literature.‘ 


Ill. PRODUCTION AND HALF-LIFE OF P* 


P*® was produced by the Si*8(d,m) reaction by bom- 
barding Si crystals with 2.8-Mev deuterons from the 
Stanford cyclotron. The half-life of P was determined 
by measuring the activity of annihilation radiation 
(detected by the photoelectric peak in a Nal scintil- 
lation. spectrometer) as a function of time. A scaler 

5 The intense 6* ray transition to the ground state, of course, 
produced no discrete y ray, except annihilation quanta, although, 
as shown below, bremsstrahlung and annihilation in flight gave 
disturbing background effects. 


4H. I. West, Jr., and L. G. Mann, Rev. Sci. Instr. 25, 129 
(1954). 
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Fic. 1. Coincidence arrangement used for measurement 
of branching ratios of P®. 


and a clock together were photographed with a movie 
camera. Only a very small background activity (0.6 
percent of the initial total activity) was obtained. 
The half-life of P® was found to be 4.450.05 sec. 


IV. y RAYS 


Excited states of Si” which could be reached by 
decay from P* occur at 1.28, 2.03, 2.43, 3.07, 3.62, and 
4.08 Mev.® In order to assure that y rays from these 
states could be properly observed and in order to 
search for possible y-ray transitions between excited 
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Fic. 2. Pulse energy distribution of P® radiation coincident 
with pulses >0.4 Mev. Composite graph showing fit of the sum 
of 1.28-, 1.8-, and 2.43-Mev y rays plus maximum continuous 
background. 


a oda) M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 


states, the prompt y-ray spectrum produced in the 
Si*(d,p) reaction was measured. A Nal scintillation 
spectrometer was used and the pulse height distribution 
was photographed. The results are shown in Table I. 
It is clear that only direct transitions from each excited 
state of Si® to the ground state were observed.§ 

’ Next, using the same apparatus, the radioactivity 
of P® was observed, and vy rays of 2.43, 1.28, and 
possibly 2.03 Mev were identified by their photopeak 
pulses. These y-ray energies correspond to transitions 
between the three lowest excited states’ and the ground 
state of Si®. No higher-energy gamma rays were 
detected. The half-life of each of these y rays was 
measured by observing each photopeak pulse activity 
as a function of time and found to be the same as that 
of P®, 

V. BRANCHING RATIOS 


Assuming electron capture to be negligible,® the 
branching ratios of the various 6+ spectra to the excited 
states of Si® are given directly by the intensities of 


TABLE I. Prompt y rays from the Si?®(d,p)Si®* reaction. 








Estimated 


y-ray energy* ? 
(Mev) relative intensity 





6.38 os 
4.93 10 
3.07 
2.43 
2.03 
1.28 








® Known excited states of Si which can be reached by the (d,p) reaction 
with 2.8-Mev deuterons are at 6.38, 6.10, 5.95, 4.93, 4.90, 4.84 Mev, in 
addition to those mentioned in the text. 


the y rays per positron decay. Hence coincidence 
measurements were made with two Nal scintillation 
spectrometers between the y rays and the annihilation 
quanta of the positrons from P*. The coincidence 
arrangement is shown in Fig. 1. Absorbers were used 
to prevent the positrons from entering the counters. 
The counter labelled 8+ annihilation y ray was set to 
observe mainly annihilation quanta (i.e., pulses >0.4 
Mev) while the counter labelled y ray was set to observe 
only y rays (pulses >0.74 Mev). Coincident pulses 
from the two counters caused the y-ray counter pulse 
to be recorded. Figure 2 shows this coincident pulse 
energy distribution. It was fitted by discrete y rays 
of 2.43, 1.8, and 1.28-Mev energy after subtraction 
of the continuous background. 

An appreciable continuous background was found 
to be present which was caused by bremsstrahlung’ 


§ Note added in proof —Some of the y rays observed here have 
also been observed by L. C. Thompson, Phys. Rev. 96, 369 (1954). 

6 Theoretically electron capture can be shown to contribute at 
most one percent to the branching ratios in the ec case. See 
E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 402 (1950). 

7 Bremsstrahlung from radioactive sources has been observed 
and compared with theory by Goodrich, Levinger, and Payne, 
Phys. Rev. 91, 1225 (1953). 
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and annihilation in flight® of the positrons. The absolute 
pulse height distribution of the background was 
calculated from the work of Heitler.» The number of 
coincident annihilation-in-flight pulses depends sensi- 
tively on the place of annihilation because of the 
angular correlation between the two quanta.’ Because 
the exact region in which all the positrons were annihi- 
lated was not known, only upper and lower limits 
could be set to the annihilation-in-flight background. 
The maximum annihilation-in-flight background is 
shown in Fig. 2, the minimum in Fig. 3. 

Because of the strong y-ray transition from the 
2.03-Mev level to the ground state found in the prompt 
y-ray spectra from the Si**(d,p) reaction, the possible 
presence of a 2.03-Mev y ray in the coincident distribu- 
tion could not be ignored. Only when the minimum 
annihilation in flight background was subtracted, could 
a 2.03-Mev y ray be fitted into the observed distribution 
as shown in Fig. 3. The intensities of the 2.43, 1.8, and 
1.28-Mev y rays are not appreciably changed by this fit. 

The coincident 1.8-Mev y ray was assigned to 
(138 sec)Al?8, produced in the Si*°(d,v) reaction."' The 
intensity of the 1.8-Mev vy ray was in approximate 
agreement with expectations based on calculation of 
chance coincidences and _ bremsstrahlung—1.8-Mev 
y-ray coincidences.” 

The peak labelled 0.51-Mev y ray in Figs. 2 and 3 
was produced by the chance pile-up of annihilation 
quanta in the y-ray counter while one of the quanta 
was in true coincidence with its twin in the 6+ annihi- 
lation y-ray counter. Measurements made with a pure 
positron source (N") verified this hypothesis and 
calculations based on this measurement yielded an 
intensity for the chance peak in reasonable agreement 
with observation. 

The half-life of the coincident pulse distribution was 
also measured and found to be the same as that of P”, 
when the 1.8-Mev 7-ray pulses were assigned to Al’®. 

In order to be able to determine branching ratios 
from the data of Figs. 2 and 3, the coincidence system 
was calibrated for y-ray intensity per positron with 
the known" positron radioactivity Na” in the identical 
geometry. The branching ratios of the decay of P” 
to Si® are listed in Table IT. 


® Annihilation in flight has been observed and compared with 
theory by Gerhart, Carlson, and Sherr, Phys. Rev. 94, 917 (1954). 
We are a indebted to Dr. Sherr for sending us a manu- 
script of this paper prior to publication and for enlightening 
discussions. 

°W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, London, 1944), second edition, pp. 151-177, 
204-209, 230-231. 

1H. Roderick, Ph.D. 
(unpublished), Appendix I. 

1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

2 The relative yield of Al?* to P® was determined from half-life 
measurements of pulses > 1.4 Mev. 

3 R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954), 


thesis, Stanford University, 1954 
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VI. CASCADE TRANSISITONS AND Al?) DECAY 


393-sec Al? decays by 8 emission to the excited 
states of Si®." Previous investigation“ had left some 
doubt as to which excited states of Si® were involved in 
the Al® decay. Therefore the y rays from the decay 
of Al’? were investigated to clarify this matter and also 
to obtain further information about possible cascade 
transitions between the low excited states of Si. 

Al® was produced by an (,p) reaction on Si. Gamma 
rays, from the radioactivity thus produced, yielded the 
pulse energy distribution shown in Fig. 4. The 1.28-Mev 
and 2.43-Mev vy rays are assigned to Al® while the 
1.78-Mev y ray is assigned to Al?*.!5 Cascade y-ray 


TABLE II. Branching ratios of the P® decay to Si”. 








Branching ratio 
(percent) 


+0.26 


0.24 
—0.08 


Level of Si 
Mev 





2.43 


2.03 <0.15 
1.28 0.80-+0.20 
0 98.8-+0.4 








* An upper limit to the branching ratios to higher excited states of Si® 
was calculated to be 0.05 percent. 


14 Seidlitz, Bleuler, and Tendam, Phys. Rev. 76, 861 (1949). 
18 Al?® was produced in the Si?®(,p) reaction, 
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Fic. 4. y-ray pulse energy distribution from Al* and Al® radio- 
activity produced by Si(,p) reaction. 


transitions were sought, using two Nal counters in a 
coincidence arrangement similar to that shown in 
Fig. 1. All coincidences found were accounted for by 
other processes, that is, cosmic ray and room back- 
ground, chance coincidences and y-ray—bremsstrahlung 
coincidences. An upper limit to the amount of 1.15-Mev 
ray in coincidence with the 1.28-Mev y ray was 
calculated to be 11 percent of the total decays. Tables 
ITI and IV lists the intensities of the y rays found in the 
decay of Al* and the calculated branching ratios and 
ft values to the excited levels of Si®.1® 


VII. 6 RAYS OF P* 


The end-point energy of the P® positron transition 
to the ground state of Si® was accurately measured 
with a lens-type magnetic spectrometer and found to be 
equal to 3.945+0.005 Mev.!” The ft values of the 
competing 6* transitions from P* are listed in Table V, 


VIII. DECAY SCHEME OF P” 


The decay scheme of P* is shown in Fig. 5. The 
2.43-Mev and 1.28-Mev excited levels of Si” are both 
assigned spin 3/2, even parity, since the ground state 


16 After completion of this work the published paper of M. 
Nahmias and A. Wapstra, J. phys. et radium 15, 570 (1954) was 
received. They find, for the Al” decay, branching ratios of 25 and 
75 percent to the 2.43- and 1.28-Mev levels, respectively. They 
measure the end-point energy of the weaker B~ spectrum to be 
1.55+0.10 Mev. 

17 This result has been previously reported: H. Roderick and 
C. Wong, Phys. Rev. 92, 204 (1953). However, a numerical 
mistake led to an overestimation_of the error reported. 


of Si® and hence of P® is known to have spin 1/2, 
even parity.*!® A]® is assigned spin 5/2, even parity. 
Since only lower limits to the ft values to the 2.03-Mev 
level of Si?® could be set from both P® and Al*® and 
these limits were such that allowed @ transitions were 
possible, no spin or parity assignment of the 2.03-Mev 
level could be made from this work.” 


Ix. DISCUSSION 
A. Shell Model 


The above-designated parity and spin uniquely define 
the orbital angular momentum of the various states 
that could be assigned on the basis of the single-particle 
shell model. These assignments are in agreement 
with Mrs. Mayer’s shell model.” ;3;Al** has 13 protons 
in its odd group which leaves one vacancy in the ds/2 
shell, while Si® and P*® have 15 particles in the odd 
group which assigns the 15th particle to sole occupancy 
in the 2s1/2 shell. The assignment of d3/2 to the 1.28-Mev 
level and/or the 2.43-Mev level is consistent with the 
statement that the low excited states should be those 
in which the odd nucleon is raised to another level in the 
same shell, which in this case is d5/2 or d3y2.! 


B. Related Experiments 


Agreement between the above assigned spins and 
parities and the results of the (d,p) stripping’” and 


(n,y)* reactions on Si” is generally good. However, an 


TABLE III. Intensity of y rays from Al”. 








y-ray cnerey 


Intensity per decay 
(Mev (percent) 





2.43 9.4+2.1 
2.03 < 3.8 
1.28 89 +3.4 
1.15 ¢ 10.8 








TABLE IV. Branching ratios of Al” decay to Si®.* 








Level of Si® 
(Mev) 


2.43 
2.03 
1.28 


Branching ratio 
(percent) 


15+9 


$3.8 
859 


Log (ft)> 











® Assuming no decay to the ground state. 
b Assuming a total decay energy of Al® equal to 3.98+0.10 Mev (see 
reference 16). 


ase McCall, and Gutowsky, Phys. Rev. 93, 1428 

19 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 467 (1953). 

% The results of the Si**(d,p) stripping experiment of reference 
19 lead to an assignment of even parity and spin 3/2 or 5/2 to 
the 2.03-Mev level. 

21M. G. Mayer, Phys. Rev. 78, 16 (1950). 

# C. F. Black, Phys. Rev. 90, 381 (1953). 

3 Kinsey, Bartholomew, and Walker, Phys. Rev. 83, 519 (1951). 
Results revised in B. B. Kinsey and G. A. Bartholomew, Phys. 
Rev. 93, 1260 (1954). We are indebted to Professor Kinsey for 
——s us a preprint and for private communication of his 
results. 
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DECAY SCHEME OF MIRROR NUCLEUS P?® 


isotropic angular distribution has been found for the 
(d,p) reaction to the 2.43-Mev level, but there is 
reason to doubt this result.” 

In the Si?8(n,y) work” the existence of an observable 
y-ray transition between the neutron capture level and 
the ground state of Si® is of considerable interest. This 
transition should be strictly forbidden if the states 
concerned could really be expressed by Sy. single 
particle orbitals. However, as discussed below, the 
ground state of Si can be considered to be a mixture 
of S12 and Py, states with even parity. In that case 
the transition could be considered M1 and the observed 
intensity is in reasonable agreement with that calculated 
from Weisskopf’s formula.” 


C. Image Transition 


The ft value of the image transition P* (see Table 
IV) is in good agreement with the results obtained 
using the coupling constants of 6 decay determined 
by Winther,” if the ground states of Si® and P*® are 
assumed to be a roughly equal mixture of S12 and P12 
states of even parity.” The amount of this mixture is 
determined by the magnetic moment of Si® (0.55 
nm’), Similarly, Bohr’s theory of the nucleus” leads to 
reasonably good agreement between the observed ft 
value and that calculated from Winther’s constants 
(and also to agreement with the magnetic moment of 
Si®), if the ground state of Si is made up of the super- 


TABLE V. ft values of P® decay to Si®. 








End-point energy of 8* 
spectrum (Mev) 


1.519--0.009 


1.918--0.009 
2.667+0.009 
3.945=+0.005 


Level of Si? ® 
(Mev) Log (ft) 

ser 73S 

25415 

5.03 +0.11 

3.723+0.007 





2.426+0.007 


2.027+0.007 
1.2780.007 
0 








® See reference 5. 
> The ft value includes both positron emission and electron capture. 


4 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 627. 

25 A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 14 (1953) 

26 EF. Feenberg (private communication). 

27S. S. Dharmatti and H. Weaver, Phys. Rev. 84, 843 (1951). 

8A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
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sf MEV 


4.97 MEVS + 


29 
fie 
3.9 MEv/2+ 








Si 


4 15 


Fic. 5. Decay schemes of P® and Al®. Known levels of Si” 
which presumably are not reached in either decay are shown with 
dotted lines. The upper limit for the intensity of the 1.15-Mev 
ray is roughly equal to the intensity of the 2.43-Mev 7 ray. 


position of single-particle orbital states 51/2, d3/2, and 
dsj. with expectation values 1/3, 1/6, and 1/2, 
respectively. 


D. Transitions to the Excited States 


Since the ground state of Si, and hence of P”*, can be 
considered as a mixture of states with different / values, 
it is not surprising that an allowed-unfavored §+ 
transition occurs to the 1.28-Mev level (d3/2) in spite of 
the /-forbiddenness rule.” 

In fact one can calculate from the ft values given in 
Table IV that the 1.28- and 2.43-Mev levels of Si® 
can be thought of as states of even parity and D3. 
character with minimum P32 admixtures of 3.6 and 
12 percent, respectively.?® There is also other evidence 
that the 2.43-Mev level is a many-particle state.” 
The unfavored factors F of 0.096+0.025 and 
ont calculated for the transitions to the 1.28- and 
2.43-Mev levels, respectively, are of the same order of 
magnitude as those of other allowed-unfavored transi- 
tions listed in Bohr’s work.”8 

We would like to thank Dr. L. G. Mann and Mr. H. 
I. West, Jr. for their help with the experiments, and 
Dr. E. Feenberg for many stimulating discussions. 


2 Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23, 
315 (1951). 
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A series of determinations on the half-life of yttrium-90 have been made, resulting in an average value of 
64.24+0.30 hours. Y® was separated from its Sr® mother by either a carbonate or phosphate precipitation, 
followed by conversion to oxalate as the final counting vehicle. The efficiency of the chemical separations, 
precision of the determinations, and good agreement with the latest published results suggest that the half- 
life of this nuclide is now known to an accuracy of 0.7 percent. 





AST measurements of the half-life of Y have 

resulted in values ranging from 60.52 hours! to 
65 hours** with intermediate values of 61-1 hours,‘ 
62 hours,® and most recently 64.60-+0.43 hours.® As a 
by-product of the use of certain radioactive tracers to 
study the separation of alkaline earth and rare earth 
elements, a new determination of the half-life of Y® 
has been made, giving 64.24+0.30 hours. 

A Sr®—Y® calibrated standard supplied by the 
National Bureau of Standards was utilized in the study. 
The chemical technique consisted of a two step pro- 
cedure, (a) a precipitation to separate the Sr® from the 
Y® and, (0) a re-precipitation of the Y® in a form 
suitable for beta counting. The separation step was 
carried out either by the precipitation of the phosphate 
or the hydroxide of yttrium. In hot well-stirred HCl 
solution, in the presence of excess phosphate ions, the 
phosphate of yttrium is completely precipitated below 
PH of 1.5, but strontium phosphate does not crystallize 
until about H of 2.2. Careful pH control produces a 
quantitative removal of Y with negligible quantities of 
strontium. (Less than 0.05 percent of the initial activity 
of the separated yttrium precipitate can be attributed 
to Sr®.) The hydroxide separation consists merely oF 


TABLE I. Half-life measurements of Y™®. 








Sample No. 


HC-97 
HC-98 
HC-99 
HC-100 
HC-101 
HP-100 
HP-101 
HP-102 
HP-103 


Half-life (hours) 


64.4+1.1 
64.0+1.0 
63.5+1.0 
65.0+0.5 
64.30.4 
64.6+0.5 
64.0+0.3 
1000+ 10 63.50.5 
1260+11 64.5+0.5 


Average 64.24+0.30 


Initial counts/min 


1087+15 
135820 
117120 
940+ 10 
1010+ 10 
1220+10 
860+9 











* This research was supported by a contract with the U. S. 
Atomic Energy Commission. Lamont Geological Observatory 
Contribution No. 126. 

1 Stewart, Lawson, and Corls, Phys. Rev. 52, 901 (1937). 

2A. Notlorf, Radiochemical Studies: The Fission Products, 
edited by C. D. Coryell and N. Sugarman (McGraw-Hill Book 
Company, Inc., New York, 1951), Paper No. 77, National Nuclear 
Energy Series, Plutonium Project Record, Vol. 9, Part V. 

3G. L. Schott and W. W. Meinke, Phys. Rev. 89, 1156 (1953). 

4M. Bothe, Z. Naturforsch. 1, 179 (1946). 

5 R. H. Goeckermann and I. Perlman, Phys. Rev. 76, 628 (1949). 

6 A. Chetham-Strode, Jr., and E. M. Kinderman, Phys. Rev. 93, 
1029 (1954). 


adding NH,OH to the acid solution until the gelatinous 
Y(OH); precipitate appears at about #H of 8. In both 
separation methods sufficient “dead” yttrium is added 
to carry the Y*. The precipitate is washed with distilled 
water after which the filtrate and washings are stored 
for re-accumulation of Y® and subsequent milking. 
The precipitate is then dissolved off the filter paper with 
warm, dilute HCI solution. The re-precipitation step is 
identical for both phosphate and hydroxide methods. 
Concentrated NH,OH is added dropwise to the yttrium 
solution until the first signs of precipitation appear, then 
dilute HCl is added dropwise to barely dissolve the 
precipitate. Concentrated oxalic acid is then added in 
excess. This results in an abundant, heavy precipitate 
of the crystalline yttrium oxalate. The oxalate pre- 
cipitate is digested for about ten minutes before suction 
filtering through a steel precipitation funnel with one 
and one-eighth inch diameter Whatman No. 42 paper. 
The sample is dried by pulling air through the sample 
for about fifteen minutes after the filtrate had been 
removed. The filter paper with the yttrium oxalate 
sample (about 20 mg/cm?) is mounted under a thin 
pliofilm cover on a brass disk and ring assembly for 
counting. 

The counting apparatus consists of an Anton Elec- 
tronic Laboratories Model 1007 mica window flat 
Geiger counter. The counter is mounted in a special 
Lucite housing to insure reproducible geometry in 
sample changing. The normal background of this unit, 
encased in a lead shield and an anticoincidence ring, is 
2.51+0.03 counts per minute on a “dead” yttrium 
sample. 

A total of 9 samples were prepared in this way and 
periodically counted over a period of about three weeks 
(about 8 half-lives). Semilogarithmic plots of the data 
gave well-defined decay curves. The pertinent data are 
presented in Table I. 

The samples with letters HC were run as hydroxides 
in step (a) while those with HP were precipitated as 
phosphates. The average value for the half-life has been 
calculated by weighting the individual value with the 
reciprocal of the square root of the error of the particular 
run. The error on the average is 2c for the nine runs 
(95 percent confidence level). The final result of 64.24 
+0.30 is in good agreement with the determination by 
Chetham-Strode and Kinderman.*® 
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Energy Levels of Hf!”’+ 


P. MarMIER AND F. BoEHM 
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The nuclear spectrum of Lu'”’ has been investigated. Three excited levels of Hf!”” have energies of 112.97 
kev, 249.69 kev, and 321.33 kev. A decay scheme is proposed. 





HE decay of 6.8-day Lu'”’ has been studied with 
the curved-crystal y-ray spectrometer and the 
axial-focusing B-ray spectrometer. High specific activity 
Lu!” was produced by irradiation of 1.5 mg of lutecium 
chloride in the Arco reactor.! A source of about 200 mC 
was used in the y-ray spectrometer and several weak 
B-ray sources were prepared by evaporation. The 
momentum resolution obtained with the 6-ray spec- 
trometer was 0.15 percent. 

In addition to the well-known lines at 113 kev, 208 
kev, and 321 kev, weak lines were found at 72 kev and 
250 kev (Table I). The conversion coefficients of the 
113-kev and 208-kev transitions show that they are, 
respectively, 2 and £1 transitions, in agreement with 
the results of McGowan e? al.? From the L-conversion 
data (Fig. 1) it can be concluded that the 113-kev 
transition has pure £2 character, the upper limit of an 
M1 admixture being 2 percent. The conversion coeffi- 
cient of the 321-kev crossover line indicates an E3 or 
M1 transition, rather than an £1. In order to agree with 
the requirement of parity change indicated by the 
multipolarity of the 113-kev and 208-kev lines, the M1 
possibility must be eliminated. No conversion electrons 
of the 72-kev line could be detected. The small con- 





Hf 177 


112.97 kev £2 
L- GROUP 


COUNTING aft ATE 
° 


ro) 











343 342 34! 340 339 338 337 
f (ke) 


Fic. 1. L-conversion spectrum of the 113-kev line. 


Commis- 


t Assisted by contracts with the U. S. Atomic Ener; 
sion and the Office of Ordnance Research (U. S. Army). 

1We wish to thank Dr. R. B. Day, Los Alamos Scientific 
Laboratory, who suggested these measurements and made the 
arrangements for procurement of the source. 

2 McGowan, Klema, and Bell, Phys. Rev. 85, 152 (1952). 


version probably indicates an E1 transition. The 250- 
kev line is strongly converted and is probably an M1 
transition. 

The ordering of the energy levels was established by 
coincidence measurements between vy rays and £-spec- 
trum electrons, using a scintillation detector mounted 
at the source end of the 8 spectrometer for the detection 
of the photons. The end point of the spectrum going to 
the 321-kev level is 176-kev (log ft=6.3) and that of the 
spectrum going to the 113 kev level is 384 kev (log 
ft=7.7). The most intense spectrum leads to the 
ground state. Its upper limit has been found at 497+2 
kev, (log ft=6.8) in agreement with the results of 
Douglas.* The 72-kev and 250-kev lines were too weak 
to permit coincidence work in the 6 spectrometer. Using 


TABLE I. y transitions in Hf!7’. 








Decay 
fraction Multi- 
@r171 Percent polarity 


Relative Absolute conversion 
Energy 7 in- coefficients 
(kev) tensity ax ayy Orr 





71.644 +0.020 2 eee eee eee eee 0.1 (E1) 
112.965 +0.020 100 0.75 0.12 0.70 10 E2 
208.362 +0.020 220 0.044 0.007 ee eee El 
250.0 +0.5 3 0.3 0.1 eee eee 

321.36 +0.10 3.2 0.2 











384 176 


(AT=1, yes) (Als1, yes) (41-0, no) 
90 % 3% 


Log ft=6.8 


321.33 \ \ 
249.69 


Logft= 7.7 Logft = 6.3 





E 





(kev) 





3 








EXCITATION ENERGY 
3 














Hf 177 


Fic. 2. Proposed energy level scheme for Hf!” 
Data in parentheses ( ) are uncertain. 


3D. G. Douglas, Phys. Rev. 75, 1960 (1949). 
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two scintillation spectrometers in coincidence it was 
however possible to show that the two lines are in 
cascade. The 250-kev line might be identical with the 
one reported by Temmer and Heydenburg,‘ found 
by Coulomb excitation of an odd Hf isotope. 

The proposed decay scheme appears in Fig. 2. The 
intensity ratio of the 72-kev and 208-kev lines is in 
agreement with the value expected from the theoretical 
lifetime relation.’ On the same basis, however, the rela- 
tive intensity of the 321-kev line is much larger than 
that expected for an E3 transition. No transition was 
observed between the 250-kev and 113-kev levels. 

According to their ff value, spin and parity change, 
the three 6 spectra can be classified as allowed, AJ=0, 
no (176 kev); first forbidden AJ=1, yes (384 kev); 


‘ ae Temmer and N. P. Heydenburg, Phys. Rev. 94, 1399 
1954). 
5 R. Montalbetti, Can. J. Phys. 30, 660 (1952). 
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and first forbidden AJ=1, yes (497 kev). The spin of 
the ground state of Hf!”’ is either 4 or 3.6 The shell 
model predicts a ; configuration,’ which is used as a 
basis for the tentative spin assignment in Fig. 2. 
According to McGowan’s angular correlation experi- 
ments? the 208-kev—113-kev dipole-quadrupole cascade 
involves a spin change of +1 and —2 units and a spin 
7/2 for the intermediate level (113 kev). A spin 5/2 for 
this level, however, would not be in serious contradiction 
with McGowan’s results. One finds then a spin $ and 
even parity for the ground state of Lu!”’, which is not 
in contradiction with the predictions of the shell model. 
We would like to acknowledge the interest of Professor 
Jesse W. M. DuMond in this work. We are indebted 
to Mr. E. Hatch and Mr. P. Snelgrove for their help 
during the measurements. 


6 E. Rasmussen, Naturwiss. 23, 69 (1935). 
7p. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
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Angular Distribution of Gamma Rays from Proton Capture in B" 


H. E. Gove anp E. B. PauL 
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(Received September 2, 1954) 


The y-ray yield at 90° from the bombardment of B" by protons shows resonances for protor energies of 
0.67, 1.4, and 2.7 Mev. The angular distributions of the two y rays of high energy, yow17 Mev and yi~12 
Mev, have been measured at these resonances to obtain evidence concerning the spins and parities of the 
excited nucleus. The evidence favors 2— for the 0.67-Mev resonance, 1— for that at 1.4 Mev, and 2+ at 
2.7 Mev, but these assignments cannot be made with certainty. 


I. INTRODUCTION 


HE most recent and most complete investigation 

to date on the capture gamma radiation from 
proton bombardment of B" is that of Huus and Day.! 
A brief summary of this work follows. Using a sodium 
iodide scintillation counter they have examined the 
gamma-ray spectrum and find the capture gamma rays 
which occur in a direct transition to the ground state 
of C” and in a cascade through the 4.44-Mev level in 
C”. Yield curves for the transition to the ground state 
(hv~17 Mev) and to the first excited state at 4.44 Mev 
(hv~12 Mev) were measured at 90° at proton energies 
from 0.15 Mev to 2.8 Mev. Cross sections for the 
various gamma rays were also measured. In addition to 
the well-known resonance at 0.163 Mev, resonances 
were observed at 0.675 with T'=0.33 Mev and at 1.388 
with !'=1.27 Mev. Spins and parities of these states 
are deduced from these measurements and measure- 
ments of the B"(p,a)Be® reaction made by Beckman, 
Huus, and Zupanti® to be 2— or 3+ for the 0.675 


1 T. Huus and R. B. Day, Phys. Rev. 91, 599 (1953). 
2 Beckman, Huus, and Zupanéié, Phys. Rev. 91, 606 (1953). 


resonance and 1— for the 1.388 resonance. The latter 
result is based primarily on single-particle limit® and 
radiation width‘ considerations. In addition, the yield 
curve for a 2.13-Mev gamma ray produced in an in- 
elastic scattering reaction involving the first excited 
state of B" was observed and showed a resonance at 
2.664 Mev with a width of 48 kev. A comprehensive 
list of references to previous work in this field is con- 
tained in the paper of Huus and Day. 

Recently some measurements on the angular dis- 
tributions of the ground and first excited state gamma 
transitions have been reported® by Givin ef al. 

The work to be reported here comprises megsure- 
ments of the yield curve at 90° to the proton beam of 
the capture gamma rays in the range of proton energies 
between 0.55 and 2.85 Mev. In addition, their angular 
distributions have been measured at several energies 
in this range. 


3T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

4J. M. Blatt and V. F. Weisskopf Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), first edition, p. 627 
S. Moszkowski, Phys. Rev. 89, 474 (1953). 

5 Givin, Farney, Hahn, and Kern, Phys. Rev. 95, 641(A) (1954). 
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II, BEAM AND TARGET ARRANGEMENT 


The Chalk River electrostatic generator provided 
the source of bombarding protons. The protons were 
analyzed in momentum by a 90° magnet whose field 
was held constant by a proton resonance fluxmeter. 
A pair of tantalum slits at the exit of this magnet 
provided a signal to control the corona load and this 
kept the proton energy constant to about 0.1 percent. 
The protons passed along a fifteen-foot section of 
evacuated tubing terminated with a hollow brass 
cylinder with 7y-in. walls containing the target. This 
arrangement ensured cylindrical symmetry in the 
gamma-ray absorption. A $-in. diameter aperture in a 
0.02-in. thick tantalum disk located about four feet 
from the target defined the beam to a spot on the target 
}-in. in diameter. Beam currents were normally from 
five to twenty microamperes. 

The target was prépared by mixing finely powdered 
boron with benzene and spreading evenly on a 0.04- 
inch tantalum backing and allowing to dry. In the 
process of drying the powder tended to concentrate 
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Fic. 1. Schematic diagram of experimental arrangement. 


in small patches producing a somewhat nonuniform 
thickness varying from zero to 200 kev. Later evapo- 
rated targets were prepared but most of the work 
reported here was done with the powder. 

The gamma rays were measured in a sodium iodide 
scintillation counter consisting of a NalI(TI) crystal 
2in. in diameter and 2 in. long mounted in a polished 
aluminum case and coupled optically to an RCA 5819 
photomultiplier by a short Lucite light pipe. Output 
pulses were amplified by a linear amplifier and dis- 
played on a thirty-channel pulse-height analyzer. A 
similar scintillation counter was used as a monitor for 
angular distribution measurements. The counter sub- 
tended a solid angle of about 1 percent. The target and 
counter arrangements are illustrated in Fig. 1. 


Ill. EXPERIMENTAL PROCEDURE 


Both the 90° yield curve and the angular distribu- 
tions were obtained by recording the complete gamma- 
ray spectrum on the thirty-channel pulse height ana- 
lyzer as a function of proton energy or angle. Typical 
spectra are shown in Figs. 2 and 3. Figure 2 shows 
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Fic. 2. Spectrum of high-energy gamma rays emitted at the 
0.67-Mev resonance in B"(p,y), showing the ground state transi- 
tion yo, the transition 7 to the first excited state in C” at 4.44 
Mev, and the cascade gamma ray of energy 4.44 Mev. The two 
shaded areas were taken as proportional to the yields of yo and 
vi respectively. 


the gamma-ray spectrum measured near the 0.68-Mev 
resonance while Fig. 3 shows the spectrum near the 1.4- 
Mev resonance. The yield or angular distribution of 
the capture gamma ray to the ground state of C” 
(hv~17 Mev) was obtained by counting only the 
pulses in channels beyond those corresponding to the 
transition to the first excited state. However, to 
measure the yield or angular distribution of this latter 
gamma ray the contributions from the Compton tail 
of the ground-state gamma ray must be subtracted. 
To determine the shape of the gamma-ray spectrum, 
measurements were made on a single energy gamma 
ray from the F(p,ay) reaction, E,=6.13 Mev, which 
showed that a long flat portion exists in the spectrum 
below the pair peaks—the ratio of height of the pair 
peak to this flat portion being about 3.5 for a crystal 
2 in. in diameter and 2 in. long. The results on boron 
indicate that at gamma energies around 14 Mev this 
ratio had dropped to about 2.5. It is then only necessary 
to subtract from the region under the 12-Mev gamma- 
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Fic. 3. Spectrum of high-energy gamma rays emitted near the 
1.4-Mev resonance in B"(4,7), showing the ground state transi- 
tion yo, the transition -y; to the first excited state in C” at 4.44- 
Mev, and the cascade gamma ray of energy 4.44 Mev. This is 
compared with the same gamma ray from a Po-Be source. 
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Fic. 4. The upper curve shows the 90° yield curve of gamma 

rays leading to the ground state of C” from proton capture in B". 

The two lower curves show the variation of the coefficients of the 

Legendre polynomial expansion of the angular distribution of this 

gamma ray, W(@)=Po+(a:/a0)Pi+(a2/ao)P2, with proton bom- 

barding energy. 


ray spectrum an amount equal to 0.4 times the peak 
of the 17-Mev gamma-ray spectrum. Figure 2 is a 
spectrum taken during the 90° yield measurements and 
the shaded areas show the actual quantity that was 
taken to be proportional to the yield of the two high- 
energy gamma rays. 

The angular distributions were measured by record- 
ing the spectrum at 10 to 20 angles between 0° and 150°. 
The distributions were measured at nine different 
energies between 0.8 and 2.6 Mev. A cobalt-60 source 
which could be placed in the target position was used to 
check that the angular symmetry was good to one or 
two percent. 

In the yield measurements the beam current incident 
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Fic. 5. The upper curve shows the 90° yield curve of gamma 
rays leading to the first excited state of C? from proton capture 
in B". The two lower curves show the variation of the coefficients 
of the Legendre polynomial expansion of the angular distribution 
of this gamma ray, W (6)=Po+ (a1/a0)P1+ (a2/a0)P2, with proton 
bombarding energy. 
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on the target was measured with a current integrator.® 
Because of the nonuniformity of the target mentioned 
above, these measurements were subject to more 
fluctuation than the angular distributions which were 
measured relative to the monitor counter. 


IV. EXPERIMENTAL RESULTS 


The yield curves for the ground-state gamma transi- 
tion (yo) and the transition to the first excited state (71) 
are shown at the upper part of Figs. 4 and 5 respectively. 
No correction to the energy has been made for target 
thickness since it was not accurately known and hence 
the positions of the resonances on our energy scale are 
higher than those observed by Huus and Day. 

Examples of the observed angular distributions 
taken at three different energies are shown in Figs. 6, 
7, and 8. Figure 6 is the distribution of the capture 
gamma radiation leading to the first excited state of 
C® measured at E,=0.85 Mev, corresponding to the 
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Fic. 6. The angular distribution of the gamma ray (7:1) leading 
to the first excited state in C”, taken at a proton energy corre- 
sponding to the 0.67-Mev resonance. The smooth curve is a least- 
squares fit to a series of Legendre polynomials up to Pe. 


0.68-Mev resonance. The ground state transition is not 
resonant here and is in fact quite weak, hence its angular 
distribution was not measured. Figure 7 shows the 
angular distribution of both the ground-state (yo) and 
the first excited state (y1) transition measured near the 
1.4-Mev resonance. Figure 8 shows the distributions 
measured at 2.6 Mev. The angular distributions have 
been analyzed by the method of least squares in a 
Legendre polynomial expansion containing the terms 
Po, Pi, and P2. Figure 4 shows the P; coefficient a;/do 
and the Pe coefficient a2/a) plotted versus proton 
energy for yo below the 90° yield curve of Yo, while 
Fig. 5 shows corresponding data for yi. The probable 
error of each coefficient is given. 


V. DISCUSSION 


Theoretical expressions for (p,y) angular distribu- 
tions have been given recently by Biedenharn and Rose’ 
6H. T. Gittings, Rev. Sci. Instr. 20, 325 (1949). 


7L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 





ANGULAR DISTRIBUTION OF vy RAYS 


and Sharp, Kennedy, Sears, and Hoyle.* In calculating 
the theoretical angular distributions, a spin® of } and 
negative parity” for the B" ground state has been used. 
The spin and parity of the ground and first excited 
state of C” are 0+ and 2+ respectively.® We have 
assumed that contributions from orbital angular 
momentum greater than two for the incoming particles 
are negligible and that only radiations of electric or 
magnetic dipole or electric quadrupole character will be 
observed with any intensity. Under these circumstances 
no terms higher than P2 will occur in the theoretical 
expressions and, in fact, none higher than P2 are 
observed experimentally. 

The yield curve for the ground-state gamma transi- 
tion, Fig. 4, shows a broad resonance at 1.45 Mev on 
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Fic. 7, The upper curve shows the angular distribution of the 
gamma ray (yo) leading to the ground state of C®, and the lower 
curve that of the gamma ray (71) leading to the first excited state 
of C, taken at a proton energy near the resonance at 1.4 Mev. 
The smooth curves are least-squares fits to a series of Legendre 
polynomials up to P». 


our energy scale and probably another one of low in- 
tensity at about 2.7 Mev. Both of these also appear in 
the yield curve for the first excited state gamma transi- 
tion and in addition a resonance at 0.8 Mev is ob- 
served. This corresponds to the 0.67-Mev resonance of 
Huus and Day. 

Since the level at 0.67 Mev is not resonant for either 
Yo Or ao, its spin and parity are expected to be 2— or 
3+. The angular distribution of y; is consistent with 
either assignment. However, arguments based on single- 


® Sharp, Kennedy, Sears, and Hoyle, Tables of Coefficients for 
Angular Distributions, Atomic Energy of Canada Limited, Chalk 
River Project, AECL-97, December 1953 (unpublished). 
983) and T. Lauritsen, Revs. Modern Phys. 24, 321 

10 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 1032 (1953). 
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Fic. 8. The upper curve shows the angular distribution of the 
gamma ray (vd leading to the ground state of C™, and the 
lower curve that of the gamma ray (71) leading to the first excited 
state of C”, taken at a proton energy of 2.6 Mev. The smooth 
curves are least squares fits to a series of Legendre polynomials 
up to P». 


particle limits and gamma-ray transition probabilities 
favor the 2— assignment. In this case the (p,a1) cross- 
section measurements of Beckman ¢ al.? give equal 
partial widths for proton formation and a; decay of 165 
kev while those of French" give either 290 kev or 40 
kev. The single-particle widths calculated according 
to Lane” are 350 kev for s-wave protons and 20 kev 
for p-wave which indicates an assignment of 2— for 
this state. This is consistent with the observed gamma- 
ray partial width.‘ Note added in proof—The angular 
distribution of the 12-Mev radiation has been measured 
by Grant, Flack, Rutherglen, and Deuchars, Proc. 
Phys. Soc. (London) 67A, 751 (1954), from 0.4 to 0.67 
Mev. Assuming J= 17 for the 1.4-Mev resonance, they 
conclude that the 0.67-Mev resonance has J= 2+. 

The level at a proton bombarding energy of 1.4 Mev 
is resonant for yo and 7; as well as for? ap and a; from 
the B"(p,a) reaction. Hence its spin and parity are 
almost certainly either 2+ or 1—. When one takes 
account of all the present experimental evidence, it 
appears that there is still some ambiguity as to which 
of these two assignments is correct. 

The experimental angular distributions for (9,70) 
show a small P; term (Fig. 4) which rises slowly from a 
value of ~0.03 at 1.1 Mev to ~0.1 at 2.6 Mev. Hence 
it appears that interference effects between states of 
opposite parity which decay by emission of yo are 
small and may be due to a broad level higher than 
2.8 Mev. The P:2 coefficient remains substantially 
constant at +0.17 from 1.1 to 1.9 Mev (the region 
covered by the 1.4-Mev resonance) and then drops 


11 A, P. French and G. A. Dissanaike (as quoted by Beckman 
et al., reference 2). 

12.4, M. Lane, Atomic Energy Research Establishment Report 
AERE T/R 1289, Harwell, England, January 1954 (unpublished). 
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rapidly to —0.4 at 2.6 Mev. The constancy over the 
1.4-Mev resonance may indicate very little interference 
between states of the same parity which decay by 
emission of yo in this region. We shall, therefore, 
assume that a noninterference analysis of the (,70) 
angular distribution at 1.4 Mev is justified. 

The theoretical angular distribution for a spin of 
2+ for this resonance agrees with experiment for a 
mixture of channel spin 2 to channel spin 1 of 0.5 for 
the ground-state gamma transition. There are many 
parameters in the theoretical expression for the angular 
distribution of y; for J=2+ and no useful conclusions 
can be deduced. The coefficient of the odd Legendre 
polynomial P; which occurs in the (9,71) distribution 
(Fig. 5) could also indicate that the state at 1.4 Mev 
has the opposite parity to that at 0.67 Mev. 

The theoretical distribution for J=1— for the 
ground-state transition also fits the observed distribu- 
tion if only channel spin 2 participates. Since the 
channel spin mixture of formation should be independ- 
ent of the mode of decay, the Pe coefficient for the first 
excited state transition y; can be calculated to be 0.02. 
The observed value is 0.12 which may reflect inter- 
ference with the other negative-parity state at 0.67 Mev. 

Some support for the assignment of 2+ comes from 
the relative intensities of the two alpha groups at this 
resonance which favor the transition to the first excited 
state of Be® (assumed 2+) to the ground state 0+ 
by a factor of 10-20 to one.?* This can be explained in 
part if the compound level is 2+, since d-wave alphas 
are required for the ground state while s-wave alphas 
could decay to the first excited state. This gives a com- 
puted factor of 4 in favor of the latter. If the compound 
state were 1—, the groups would be expected to have 
equal intensity from barrier penetrabilities. One cannot 
regard this as a very conclusive argument. 

The arguments favoring an assignment of J=1— for 
the resonance at 1.4 Mev are the following. From the 
B"(p,a1) cross-section measurements of Beckman et al. 
and French and Dissanaike," the proton width of forma- 
tion is about 1.1 Mev if one assumes it to be larger than 
the alpha width. This is greater than the single- 
particle limit for p-wave formation.” If, however, the 
alpha width is assumed to be the larger, p-wave forma- 
tion and hence J=2+ is permitted. This has the effect 
of making the partial widths for emission of yo and 71 
of the order of a few hundred electron volts which is 
greater than one might expect.’ 

Recent work" on the angular distribution of yo at 
the 0.163-Mev resonance shows an appreciable P; 


13 E, B. Paul and R. L. Clarke, Phys. Rev. 91, 463(A) (1953). 
4 Craig, Cross, and Jarvis, Phys. Rev. 96, 825(A) (1954). 
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term. This may indicate interference between this 
resonance and the broad 1.4-Mev resonance. Since the 
0.163-Mev resonance is very probably 2+,° this 
would imply that the 1.4-Mev resonance is 1—. 

Measurements on the B"(,a:) distribution up to 1.6 
Mev by French and Dissanaike" indicate that the 0.67 
and 1.4-Mev levels have the same parity. Again this 
favors 1— for the 1.4-Mev resonance. 

The weight of the evidence argues for the assignment 
of J=1—. The variation of the P; coefficient in the 
(p,71) distribution could be rendered compatible with 
this by invoking the presence of a broad positive parity 
state underlying both the 0.67- and the 1.4-Mev re- 
sonance. This would also explain the P; coefficient in 
the (~,7o) angular distribution. 

The level at 2.7 Mev appears to be weakly resonant 
for both yo and y:. The large Pe» coefficient of —0.39 
which occurs in the angular distribution of the ground- 
state gamma transition (Fig. 4) is consistent with a 
spin of 2+ although the possible presence of higher 
resonances makes the assignment uncertain. Levels 
have previously been reported in this region by Paul 
and Clarke™ at 2.65 Mev with a width of 300 kev, 
resonant for both ap and a in the B"(,a) reaction, and 
by Huus and Day’ at 2.664 Mev with a width of 48-kev 
resonant for gamma rays of 2.13-Mev energy from the 
B"(,p’y) reaction. It is not clear whether or not these 
three sets of observations correspond to the same level. 


VI. SUMMARY 


Resonances have been observed in the B"(p,7) reac- 
tion at proton energies of 0.67, 1.4, and 2.7 Mev and the 
angular distributions of the gamma ray to the ground 
state and first excited state of C’ have been measured 
at several energies in this range. The evidence favors 
spin and parity assignments of 2— for the 0.67-Mev 
resonance, 1— for that at 1.4 Mev, and 2+ at 2.7 Mev, 
but these assignments cannot be made with certainty. 

A determination of the parities of the levels at 0.67 
and 1.4 Mev would be sufficient to render their spin 
assignments unambiguous and this might be accom- 
plished by measuring the internal electron-positron 
pair angular correlation.’® Another approach would be 
triple correlation measurements on the 4.44-Mev 
gamma ray and 7. In addition it would be useful to 
extend the present data beyond 2.7 Mev. 

We wish to thank Dr. L. G. Elliott and Mr. W. T. 
Sharp for their interest in this work and for many 
instructive discussions of the results. 


16 A. P. French (private communication). 
16 Devons, Goldring, and Lindsey, Proc. Phys. Soc. (London) 
A67, 134 (1954). 
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The electron-neutrino angular correlation in the beta decay of Ne™ has been measured by observing the 
energy spectrum of F” recoil ions. The constant \ in the angular correlation function [1+A(v./c) cose» ] 
was found to be A= —0.21+0.08, indicating that the beta-decay interaction is of the form STP and not 
VTP. The observed angular correlation leads to the result 


cal f1|"/ce4| fo|*=0.60.0.17, 


which is consistent with Cs*™C7* if the nuclear configuration is (ds/2)*1/2, but not if the configuration is 
(S1/2)*172. Most of the F" recoils carried one unit of negative charge, but singly charged positive ions were 
also detected. The coincidence rate due to positive ions was about 10 percent of that due to negative ions. 


No doubly charged recoils were observed. 





I, INTRODUCTION 


ECENT measurements! of the electron-neutrino 
angular correlation in the beta decay of He® have 
indicated that the beta-decay interaction includes a 
tensor component and that the axial vector component 
is small or zero. The interaction must also include a 
scalar or (polar) vector component, as has been recog- 
nized since the discovery* of allowed J=0— 0 transi- 
tions in the decay of C”, O'%", and Cl*. The principal 
objective of this experiment was to identify the Fermi 
(S or V) part of the interaction by measuring the 
angular correlation in an allowed transition of the 
type AJ=0, with no change of parity. 

The most general interaction (excluding derivatives 
of wave functions), consistent with the requirement of 
relativistic invariance of the interaction Hamiltonian, 
is the linear combination 


H’ (8)=G[CsHs'+CyHy’ 
+CrH7'+CaHa'+CrHp'], (1) 
where 


Cet+Cy+Cr+C7+Cr=1, (2) 


and the subscripts refer to the five “pure” interactions 
Scalar, Vector, Tensor, Axial Vector, and Pseudoscalar. 
The transition probability for allowed beta decay with 
an interaction Hamiltonian of the form (1) has been 
calculated by de Groot and Tolhoek.® If there is no 
Fierz interference, the decay probability is proportional 
to [1+A(v,/c) cos#.,], where v, is the speed of the 
electron, @., is the angle between the directions of 
emission of the electron and the neutrino, and X is 


t Based on a thesis submitted in partial fulfillment of the re- 
quirements for the degree of Doctor of Philosophy at the Uni- 
versity of Illinois. 

* This work was supported jointly by the U. S. Atomic Energy 
Commission and the Office of Naval Research. 

1J.S. Allen and W. K. Jentschke, Phys. Rev. 89, 902(A) (1953). 

2B. M. Rustad and S. L. Ruby, Phys. Rev. 89, 880 (1953). 

’Sherr, Muether, and White, Phys. Rev. 75, 282 (1949); 
R. Sherr and J. B. Gerhart, Phys. Rev. 91, 909 (1953). 

‘W. Arber and P. Stahelin, Helv. Phys. Acta. 26, 433 foeoy 

5S. R. de Groot and H. A. Tolhoek, Physica 16, 456 (1950). 


given by® 
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(C#—Cy’) f | Horeca f a 





. ° 


(cote f | + (Cr?-+C 2) f o 


The assumption of no Fierz interference, as justified by 
the linear Kurie plots obtained for several allowed beta 
transitions,”~® leads to the conclusion that the inter- 
action cannot include both S and V, nor can it include 
both T and A. The results of the He® recoil experiments 
then indicate that the interaction is either STP,‘or 
else VTP, where the pseudoscalar component probably 
should be included to account for the shape of the 
RaE beta spectrum.” Substitution of C4=0 and either 
Cs=0 or Cy=0 in (3) reveals that if the Fermi com- 
ponent is S, then —1<\<, whereas if this component 
is V, then }<A <1. The interaction type can therefore 
be determined uniquely by a measurement of the 
angular correlation in a transition obeying Fermi selec- 
tion rules. In transitions with AJ=0, J+0, the angular 
correlation is dependent on both the Fermi (F) and 
Gamow-Teller (G-T) interaction components, and con- 
sequently the experimental results may be used not 
only to distinguish between the possible interaction 
types, but also to determine the relative magnitudes of 
the F and G-T components. 

The angular correlation constant \ can be deter- 
mined by observing coincidences between the beta 
particles and the recoil ions, the most direct procedure 


6In Eq. (3) the negligibly small terms corresponding to the 
pseudoscalar component have been omitted. 

( a M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
1952). 

8 J. P. Davidson and D. C. Peaslee, Phys. Rev. 91, 442 (1953); 
Phys. Rev. 91, 1232 (1953); Phys. Rev. 92, 1584 (1953). 

§ Q. Kofoed-Hansen and A. Winther, Phys. Rev. 89, 526 (1953). 
These authors have emphasized that the possibility of appreciable 
Fierz interference is not ruled out by the available experimental 
evidence. 

1 A. Petschek and R. Marshak, Phys. Rev. 85, 698 (1952). 
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Fic. 1. Cross section of recoil chamber showing electrostatic spectrometer and detectors. 


being to measure the coincidence rate as a function of 
the angle between the momentum vectors of these two 
particles. Alternatively, the coincidence rate can be 
observed as a function of the energy of one of the par- 
ticles and the value of \ inferred from the shape of the 
resultant spectrum. The latter method has the ad- 
vantage that the detectors can be made to subtend 
very large solid angles at the source, thus decreasing the 
running time required for a given statistical accuracy. 
In this experiment the energy spectrum of the recoil 
ions was observed, using an electrostatic spectrometer 
as an energy selector for the recoils. _ 

The selection of a suitable isotope for investigation 
was limited by the requirement that the source be in 
the form of a (preferably monatomic) gas which could 
be produced by cyclotron bombardment and separated 
readily from the target material. The decision was 
made to use Ne”, a positron emitter which undergoes 
a superallowed mirror transition with J=}— }. The 
maximum kinetic energy of the positrons is 2.18-+0.03 
Mev and the half-life is 18.5-0.5 seconds," corre- 
sponding to fic~2000 sec. The beta spectrum is simple 


1G, Schrank and J. R. Richardson, Phys. Rev. 86, 248 (1952). 


and has an allowed shape."-" The maximum kinetic 
energy of the F" recoil ions is about 200 electron volts. 


Il. APPARATUS AND PROCEDURE 
A. Description of Apparatus 


Ne” was produced in the reaction F%(p,n)Ne® by 
the bombardment of SF gas with 6-Mev protons from 
the University. of Illinois cyclotron. After separation 
from the SF., the ‘neon, was admitted to the recoil 
chamber, where the normal operating pressure was 
about 5X10-* mm Hg. A vertical cross section of the 
chamber is shown in Fig. 1. The radioactive gas entered 
the chamber through tube A and diffused throughout 
the vacuum system, but useful data were provided only 
by those disintegrations which occurred within the 
“source volume” (£), a region approximately 2 cm? in 
volume located between the electron detector and the 
electrostatic analyzer. The source volume was defined 
on the side nearest the beta detector by a hemispherical 
bubble of plastic foil, which was about 0.8 mg/cm? 
thick and was aluminized on its concave surface to 

12 Blaser, Boehm, Marmier, and Scherrer, Helv. Phys. Acta. 


24, 465 (1951). 
18 White, Delsasso, Fox, and Creutz, Phys. Rev. 56, 512 (1939). 





See ees we eS (NS SP OT Ve eS eS eS Ul 


~~ 


ELECTRON-NEUTRINO ANGULAR CORRELATION 111 


make it electrically conducting. The opposite side of 
the source was defined by the “gate,” a flat sheet of 
aluminum leaf approximately 0.25 mg/cm? thick, 
which was sensibly transparent to the positrons, but of 
adequate thickness to stop completely the recoil ions. 
This gate was supported by an aluminum plate which 
could be rotated by an external handle (F). There were 
two holes in the movable plate, each 10.5 mm in radius, 
either of which could be centered in front of the source 
volume. One hole was covered by the gate and the 
other was left open. Coincidence counts were observed 
with the “gate open” and with the “gate closed,” and 
the difference between these two sets of data repre- 
sented the coincidence rate due to disintegrations within 
the source. 

The geometry of the source region was the same with 
the gate either open or closed, and the radioactive gas 
could diffuse freely ori both sides of the gate. Positrons 
from the source volume were recorded by means of a 
scintillation counter consisting of a hemispherical shell 
(B) of plastic phosphor cemented into a Lucite light 
pipe (C), which was in contact with an RCA Type 5819 
photomultiplier tube (D). Since the scintillator was 
made much larger than the source volume, all positrons 
from the source entered the phosphor at roughly normal 
incidence, and the detection efficiency was nearly con- 
stant for different positions within the source. Recoil 
ions originating within the source volume were focused 
into the ion collector electrode (H) by an electrostatic 
field between the concentric spherical electrodes (G) 
of the spectrometer. Typical ion trajectories are in- 
dicated by the dotted lines in Fig. 1. The spectrometer 
electrodes were supported and centered by two end 
plates which also served to cut off the fringing field at 
the ends of the gap. Since most of the fluorine recoil 
ions carried one unit of negative charge, the inner elec- 
trode was normally positive and the outer one negative. 
Ions focused into the collector electrode H were ac- 
celerated through a potential difference of 2 kv in 
passing between two conical grids, and impinged on 
the inner surface of a cylindrical electrode where 
secondary electrons were released. The structure, con- 
sisting of the larger conical grid, two coaxial cylinders, 
and a flat grid, was so shaped that electrons ejected by 
ion impact at the inner wall of the first cylinder were 
focused through the flat grid onto the first dynode of a 
standard Allen-type™ electron multiplier (J). 

In order to prevent the detection of positrons which 
could not produce true coincidences, the region between 
the source volume and the scintillator was sealed off 
from the main vacuum chamber and evacuated with a 
separate mechanical pump. The background counting 
rate of the ion detector was minimized by allowing the 
radioactive gas to enter the ion detector vacuum can 
only through the small aperture of the ion collector. 


4 J.S. Allen, Rev. Sci. Instr. 18, 739 (1947). 


The vacuum can enclosing the electron multiplier was 
evacuated by a separate diffusion pump. 

Figure 2 illustrates the main components of the 
auxiliary apparatus employed in producing Ne” and 
recording data. Sulfur hexafluoride, previously purified 
and stored in a metal tank at about 5 lb/in.? above 
atmospheric pressure, was admitted continuously into 
the cyclotron target, from which the neon was carried 
along with the SF, through about 40 feet of copper 
tubing to the main experimental setup. Here the sulfur 
hexafluoride was frozen solid in a glass trap cooled with 
liquid nitrogen. Ne" entering the recoil chamber was 
first purified by passage through a steel trap in which 
any possible contaminants were removed by chemical 
reactions with chips of calcium metal heated to 400°C. 

Delayed positron-recoil coincidences were recorded 
by means of an oscilloscope and a camera in which 
35-mm film moved continuously at about 1.5 cm per 
minute. Voltage pulses produced by the arrival of 
positrons at the electron detector were amplified and 
then triggered the 1 usec/cm sweep of the oscilloscope. 
Recoil fluorine ions entering the ion detector produced 
pulses which, after amplification and shaping, were 
applied both to the vertical plates and to the intensity 
grid of the cathode ray tube. Data were read from the 
film by counting the number of pulses in each of 24 
time channels. When the results were plotted as a 
histogram, the true coincidences produced by dis- 
integrations in the source region appeared as a well 
defined peak superimposed on a uniform chance back- 
ground. The differential energy spectrum of the recoil 
ions was determined by recording data for several 
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Fic. 2. Simplified schematic diagram of apparatus used in produce 
ing Ne” and in recording delayed positron-recoil coincidences. 
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spectrometer voltages and counting the total number of 
true coincidences in each case. 


B. Performance of the Spectrometer and 
Detectors 


The electrostatic spectrometer was designed in ac- 
cordance with the theory due to Purcell’® and also to 
Browne ef al.,® the choice of dimensions amounting 
to a compromise between the conflicting requirements 
of good detection efficiency versus good focusing and 
energy resolution. The solid angle for the detection of 
monoenergetic recoil ions from the source center was 
approximately 0.07 X (4m) steradians. The performance 
of the spectrometer was investigated using a source 
which provided a beam of singly charged argon ions of 
210-ev energy. For twelve source positions, corre- 
sponding to points within the source volume in the recoil 
experiment, the observed relation between the ion 
energy and the total deflecting voltage was in agree- 
ment with the calculated value to within 4 percent, and 
for nine of these positions the agreement was within 2 
percent. The measured half-width of the spectrometer 
resolution curve for a point source was 2.5 percent, as 
predicted by the first-order focusing theory. The de- 
tection efficiency of the spectrometer plus ion detector, 
as measured with a given flux of ions entering the spec- 
trometer, was found to depend on the location of the 
source, with a variation of about a factor of three 
within the source volume. These results, which could 
not be calculated readily, were included in the com- 
putation of the expected recoil energy spectrum. 

The ion collector electrode was designed to permit 
the detection of recoil ions with an efficiency inde- 
pendent of recoil energy. Conical grids were used in 
order to accelerate the ions along their initial direction 
of motion and also to cause them to strike the wall of 
the first cylinder at a location independent of their 
initial energy. The shapes of the electrodes needed to 
focus the secondary electrons into the main multiplier 
structure were determined by plotting trajectories with 
model electrodes in an electrolytic bath. The per- 
formance of the ion collector electrode was investigated 
with Po alpha particles, and it was found that the de- 
tection efficiency increased as the focusing voltage be- 
tween the cylindrical electrodes was increased up to 
about 600 v, at which a plateau was reached. Conse- 
quently, the highest focusing voltage which gave no 
evidence of breakdowns, about 750 volts, was used in 
the recoil experiment. The 2-kv ion accelerating voltage 
between the conical grids corresponded to about ten 
times the maximum recoil energy in the Ne” decay. 
The highest accelerating voltage which could be used 
was limited by the background counting rate, pre- 
sumably due to field emission at the first grid, which 
increased with voltage above about 1 kv. Since most of 

15 E. M. Purcell, Phys. Rev. 54, 818 (1938). 


( 16 it Craig, and Williamson, Rev. Sci. Instr. 22, 952 
1951). 
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the investigations'—” of secondary emission due to ion 
bombardment have been carried out using positive ions 
or neutral atoms, and since no measurements of the 
detection efficiency versus ion energy were made in con- 
nection with this experiment, it cannot be stated with 
certainty that the response of the detector to negative 
fluorine ions was energy independent. Experimental 
work has demonstrated,!’ however, that an electron 
multiplier of this type will count 2-kev Li ions with 
nearly 100 percent efficiency, and since all of the F 
ions which could produce true coincidences were (after 
acceleration) of the same energy to within +5 percent, 
the data were analyzed with the assumption that the 
ion detection efficiency was independent of the recoil 
energy. 

The positron detection efficiency of the scintillation 
counter was measured using a 90-degree beta spec- 
trometer with a Na” source. The response was deter- 
mined as a function of the energy of the positrons for 
each of several angles ranging from 0 to 75 degrees and 
measured between the positron beam and the axis of 
symmetry of the detector (measured at the center of 
curvature of the phosphor). Most of the measurements 
with positrons were made in one plane, and the response 
at other azimuthal angles about the axis of symmetry 
of the detector was determined by an auxiliary series of 
observations with a Po”? alpha source. The results 
demonstrated that the detection efficiency dropped off 
rapidly as the angle between the positron beam and the 
symmetry axis was increased beyond 40 degrees, and 
that there was also a pronounced dependence of the 
efficiency on the azimuthal angle. The first of these 
effects was to be expected in view of the relatively 
inefficient collection of light originating far from the 
center of the scintillator, and the second was found to 
result from a nonuniform sensitivity of the 5819 photo- 
cathode. The positron energy corresponding to a de- 
tection efficiency of 50 percent, averaged over six 
azimuthal positrons, varied from 130 kev at the center 
to about 920 kev at the extreme edge of the phosphor. 
These results were used in calculating the expected 
recoil energy distribution. 


C. The Identification of Ne!* 


A compilation of possible reactions resulting from the 
proton bombardment of SF¢ indicated that, other than 
Ne, no radioactive product with a maximum beta 
energy between 1.5 and 3 Mev could be formed. In 
addition, the presence of contaminants with half-lives 
between 5 seconds and 30 minutes would be unlikely. 
The Ne” was identified in a preliminary experiment by 
an energy measurement with aluminum absorbers and 
a half-life determination using a Brush type BL 202 
recorder. The half-life was measured again as a check 
at the conclusion of the data run. A single activity was 

17 J. S. Allen, Proc. Inst. Radio Engrs. 38, 346 (1950). 


18H. D. Hagstrum, Phys. Rev. 89, 244 (1953). 
19 J. H. Parker, Jr., Phys. Rev. 93, 652, 1148 (1954). 
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observed, with energy and half-life in agreement with’ 
the values reported for Ne’. 


III. CALCULATION OF THE EXPECTED RECOIL 
SPECTRUM 


In calculating the expected recoil energy distribution, 
the source volume was divided into five cylindrical and 
thirteen ring-shaped volume elements and the spectrum 
was computed for a representative point in each ele- 
ment. Complete calculations were carried out for ten 
of the eighteen points, and the results for the other 
points were determined by graphical interpolation. The 
computed spectra for the different elements were then 
combined with appropriate weighting factors to obtain 
the spectrum for the whole source. Since the efficiencies 
of the detectors and the focusing properties of the 
spectrometer were included in the computations, the 
calculated energy distribution could be compared di- 
rectly with the data. 

Schrank and Richardson" have investigated the beta 
spectrum of Ne” and found the maximum kinetic 
energy of the positrons to be 2.18+0.03 Mev. Willard 
and Bair® have observed the threshold of the F” 
(p,m)Ne" reaction to be 4.2530.005 Mev. If one uses 
atomic masses listed in reference 21 and a neutron- 
proton rest energy difference” of 1.293 Mev, the beta 
energy calculated from this threshold value is 2.235 
Mev. A maximum positron energy of 2.200 Mev was 
assumed in calculating the recoil spectrum. The neu- 
trino was assumed to have zero rest mass, and the 
nonrelativistic approximation was used for the kinetic 
energy of the recoil ion. The Coulomb factor in the 
beta spectrum was obtained from the tables of Dismuke 
et al.™ Negligible Fierz interference was assumed. 
Calculated recoil energy spectra for the case of He® 
decay which illustrate the effect of possible Fierz inter- 
ference have been given by Rose.” 

The final result of the computations was an expected 
recoil energy distribution of the form 


N(Epr,d) = ALNo(Er)+AN i (Er) ], (4) 


where Ez is the recoil energy of ions originating at the 
center of the source volume and focused into the ion 
detector. A is a normalizing constant and X is the 
constant characterizing the electron-neutrino angular 
correlation, as given by Eq. (3). N(Epr,A) represents 
the expected true coincidence rate for a deflecting volt- 
age V=[(re—112)/rire }(Er/g) =0.576(Er/g) between 
the spectrometer electrodes, where Ep is the recoil 
energy in electron volts, g is the number of electronic 
charges carried by an ion, and 7, 72 are the radii of the 


*” H. B. Willard and J. K. Bair, Phys. Rev. 86, 629 (1952). 

21 Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). , 

# Tollestrup, Fowler, and Lauritsen, Phys. Rev. 78, 372 (1950). 

%3 Dismuke, Rose, Perry, and Bell, Oak Ridge National Labora- 
tory Report ORNL-1222, March 7, 1952 (unpublished). 

%M. E. Rose, Oak Ridge National Laboratory Report ORNL 
1593, October 19, 1953. 
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Fic. 3. Time-of-flight distributions of F'* recoil ions 
with gate open and closed. 


electrodes. The functions No(Er) and N(Ep) were 
obtained in graphical form. The value of \ (and inci- 
dentally the value of A) was found by fitting expression 
(4) to the data. 


IV. RESULTS AND CONCLUSIONS 
A. Experimental Results for Negative Recoils 


The time of flight distributions corresponding to 
negative ions observed at a spectrometer voltage of 97v 
are shown in Fig. 3. At this voltage the detection effi- 
ciency should be greatest for ions (from the source 
center) of 170 ev energy, corresponding to about 85 
percent of the maximum possible recoil energy in the 
decay of Ne’’. In the figure are shown the results ob- 
tained with the gate open and closed, as well as the 
difference (open minus closed) which represents the 
true coincidence count produced by disintegrations 
within the source volume. The data have been nor- 
malized to a total ion count of 3.2 10°, which is within 
5 percent of the numbers actually recorded. Most of 
the true coincidences with the gate in either position 
were produced by disintegrations which occurred be- 
tween the gate and the spectrometer. Recoil ions from 
this region have shorter flight paths than those originat- 
ing within the source volume, and consequently the 
peaks of both directly observed distributions are 
centered at flight times shorter than that of the differ- 
ence count. The vertical dotted lines on either side of 
the peak in the latter distribution represent the limits 
of the region within which counts were totaled to deter- 
mine one point of the recoil spectrum. The horizontal 
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Fic. 4. Time-of-flight distributions of F” ions from 
source volume. 


dotted line indicates the average net chance count per 
channel computed from the numbers in all channels 
outside of the vertical lines, and the shaded area under 
the peak represents the total number of disintegrations 
which occurred within the source yolume. 

Time of flight distributions for all of the recoil energies 
observed are shown in Fig. 4, in which only difference 
counts are plotted. The polarity of the spectrometer and 
ion collector voltages permitted the detection of nega- 
tive ions only. All of the results have been normalized 
to 3.2X10® ion counts. The total ion counts actually 
recorded were within +12 percent of this for all cases 
except at the spectrometer voltages of zero and 120 
volts, for which the running time was shorter and the 
count was only about 1.6X10® in each case. Each 
histogram is labeled according to the spectrometer 
voltage and the corresponding value of Ep for singly 
charged ions coming from the source center. The ob- 
servation of a large peak at 108 volts (Er=190 ev), 
and the absence of one at 120 volts (Er=210 ev), 
‘proved the calculated value of Eg(max)=200 ev to be 
correct to within +5 percent. The horizontal arrows in 
Fig. 4 show the expected location of each peak and the 
limits of the flight times calculated for ions originating 
at the source center. These computed time limits 
correspond to the different flight times of ions moving 
along trajectories near the inner and outer spherical 
electrodes. The observed peaks are wider than the 
limits indicated by the arrows because of the finite 
source dimensions and the spread in the recoil ve- 
locities of ions focused into the ion detector. A small 
additional broadening, amounting to about 0.2 micro- 
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second, was introduced because the time delay be- 
tween the incidence of a positron on the scintillator and 
the start of the oscilloscope sweep was not independent 
of the size of the triggering pulses. As is evident from 
Fig. 4, the observed flight times were in good agreement 
with the expected values. The vertical dotted lines have 
the same significance as those in Fig. 3, and the hori- 
zontal lines indicate the average net background count 
per channel. The net background, although small in 
comparison with the heights of the peaks, was con- 
sistently negative. This observation can be explained 
by the assumption that the average specific activity 
within the source volume was greater with the gate 
closed than with the gate open. No systematic error in 
the true coincidence count would result from a con- 
centration of gas behind the closed gate, provided that 
the specific activity between the gate and the spec- 
trometer were independent of the gate position. In 
view of the construction of the apparatus as shown in 
Fig. 1, it seems highly unlikely that the density of gas 
between the gate and the spectrometer could have been 
significantly influenced by the gate position, and it is 
therefore believed that any systematic error which 
might be inferred by the observation of a negative net 
background count is small in comparison with the 
statistical uncertainties. The peaks in the histograms 
of Fig. 4 were all produced by singly charged negative 
ions. Recoils of this charge would be expected in Ne” 
decay, since after the disintegration the fluorine nucleus 
of charge 9 is left with the ten electrons originally 
present in the neon atom. Negative ions with two units 
of charge would not be expected, but it might be men- 
tioned that any appreciable number of such ions would 
have produced a second peak in the distribution ob- 
tained at 40 volts. Such a peak, corresponding to 
doubly charged ions of 140-ev energy, would be centered 
at a flight time of about 3.5 microseconds, or 1.4 micro- 
seconds earlier than that for the singly charged ions of 
70-ev energy detected at the same voltage. There is no 
indication of any such peak in Fig. 4. 

The observed recoil energy spectrum and also the 
expected distributions calculated for various possible 
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ELECTRON-NEUTRINO ANGULAR CORRELATION 


electron-neutrino angular correlations are shown in 
Fig. 5. Each experimental point in this figure was ob- 
tained from the total true coincidence count in the peak 
of the corresponding histogram in Fig. 4. The “theo- 
retical” spectrum in best agreement with the experi- 
mental results was determined by fitting the calculated 
distribution (4) to the data by the method of least 
squares, with the result 


A= —0.21+0.08, 


where the indicated uncertainties are standard devia- 
tions. There are believed to have been no systematic 
errors of magnitude comparable to the statistical un- 
certainties, and no allowance for such errors has been 
made in the limits stated above. In addition to the curve 
corresponding to A=—0.21, the calculated spectra 
given by Eq. (4) for the “pure” interactions S, V, T, A 
are shown in Fig. 5. Each of these curves has been 
normalized to the same area as that beneath the plot 
for A= —0.21. 


B. Beta-Decay Interaction 


According to Eq. (3), the experimental result \ 
=—0.21 indicates that the beta-decay interaction 
contains a scalar component and that the (polar) 
vector component is small or zero. The interaction is 
therefore of the form STP. This conclusion is based on 
(1) the results of the He® experiments of Allen and 
Jentschke! and of Rustad and Ruby,? (2) the results of 
this experiment, and (3) the assumption of negligible 
Fierz interference.””* The result that the interaction is 
STP is in agreement with the conclusions of Mahmoud 
and Konopinski’ and of Peaslee,?® who have analyzed 
the shapes of beta spectra observed in allowed and for- 
bidden transitions, and is also consistent with the ob- 
servations of Alford and Hamilton?* in their recoil 
experiment on Ne”. 

An expected value of the angular correlation con- 
stant \ can be estimated?’ from the observed ft values 
for Ne’ and O". With ff=1970+100 sec ?® for Ne® 
and 3275475 sec” for O', the expected result is 
\=—0.07+0.02 if one assumes the Fermi interaction 
component to be S, or \=+0.530.01 if one assumes 
that component to be V. Although the expected value 
for the STP combination is not in good agreement with 
the result obtained in this experiment, the V7P inter- 
action definitely appears to be ruled out. 

The form of the interaction and the value of \= —0.21 
+0.08 having been determined, Eq. (3) may be re- 


25D. C. Peaslee, Phys. Rev. 91, 1447 (1953). 

26 W. P. Alford and D. R. Hamilton, Phys. Rev. 94, 779 (1954). 

27 The estimation of the expected angular correlation from the ft 
values of O! and Ne'® was suggested to us by D. C. Peaslee. 

28 A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 
iss)” Mat.-fys. Medd. 27, No. 14 (1953); Phys. Rev. 86, 428 

2” J. B. Gerhart, Phys. Rev. 95, 288 (1954). 


written to yield the ratio 


2 
cel fi 
1 


(“— 
2 3\ 44. 
Cr? fo 


Unfortunately the value of | fo|? for the decay of 
Ne” is not known with certainty. Peaslee*® has assumed 
the nuclear configuration to be (ds/2)*1/2 and quoted the 
value | fo|*=1.6. Winther and Kofoed-Hansen”* have 
assumed (s1/2)*1/2, “probably in strong admixture with 
ds2?S1j2,” and found | fo|?=2.59, in agreement with 
the value of 2.65 given earlier by Trigg.*! The theo- 
retical value of | /o|?=1.6, however, agrees with the 
value of 1.6 obtained by Kofoed-Hansen and Winther 
from a semiempirical relation between the ft values 
and matrix elements of other mirror transitions. Sub- 
stitution of | fo|?=2.6 and | f1|?=1 in (5) yields 
Cs*/C7*=1.8+0.4, whereas with | fo|?=1.6 the result 
is Cs?/Cr’=1.1+0.3, where the limits of error include 
only the statistical uncertainty in the results of this 
experiment, and neglect the much larger error associ- 
ated with the uncertainty in the value of | fo|*. The 
value 1.1+0.3 is consistent with the results of Blatt* 
(0.54_0.25+**), of Konopinski and Langer (1.4+0.7 
from H® and He®, 0.8_o.3+-> from O' and He‘), of 
Gerhart” (0.73_0.2:+°-!*), of Bouchez and Nataf* (0.99 
+0.24), and of Kofoed-Hansen and Winther®® (1.0 
+0.2). From these results it may be concluded that the 
nuclear configuration is probably (ds;2)*1/2 and not 
(S1y2)*1y2.35 

The conclusion STP might be checked by an experi- 
mental determination of the electron-neutrino angular 
correlation in a J=0— 0 transition. With a transition 
of the type 0— 0 the expected result would be either 
A=1 or A=—1, and consequently a more certain con- 
clusion might be reached with no greater accuracy 
than that achieved in the present experiment. Once the 
interaction type has been definitely established, addi- 
tional information relative to the magnitudes of the 
coupling constants might be obtained through further 
recoil experiments, by measuring the angular correla- 
tion in other allowed transitions for which AJ =0, J¥0. 





) =0.69+0.17. (5) 








% DZD. C. Peaslee, Phys. Rev. 89, 1148 (1953). 

31 G. L. Trigg, Phys. Rev. 97, 506 (1952). 

2 J. M. Blatt, Phys. Rev. 89, 83 (1953). 

33 —. J. Konopinski and L. M. Langer, Ann. Revs. Nuclear Sci. 
2, 261 (1953). 

% R. Bouchez and R. Nataf, J. phys. et radium 14, 217 (1953). 

35 In a private communication, Peaslee has pointed out that the 
calculation of | fo|?=2.6 for the (s1/2)* configuration assumes a 
deformable nuclear core, whereas that leading to | fo|?=1.6 for 
the (ds/2)* configuration does not. A value of | fo@|?=3 for the 
(si2)* configuration, obtained without the assumption of a de- 
formable core, might therefore be more appropriate than 2.6 for 
a comparison of the two configurations. With a o@|?=3, Eq. (5) 
would yield a ratio of Cs*/C7?=2.1+0.5 in greater disparity with 
the other results quoted above, thus strengthening the conclusion 
that the configuration is not (s12)°. 
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Fic. 6. Time-of-flight distributions of positive and 
negative F"® recoil ions of 170-ev energy. 


A®* would furnish a good example, and since it is an 
inert gas it could be handled with apparatus similar 
to that described above. 


C. Positively Charged Recoil Ions 


The results of a search for positive recoil ions are 
shown in Fig. 6, in which time of flight distributions of 
both positive and negative recoils are plotted. The 
histogram having the larger peak represents a portion 
of the data obtained in the observation of the recoil 
energy spectrum of negative ions, and shows the num- 
ber of coincidences per channel recorded in about four 
hours with the gate open. With 97 volts between the 
spectrometer electrodes, the energy of the ions detected 
was about 170 ev. The distribution with the smaller 
peak was observed in about six hours of running time, 
with experimental conditions which were the same as 
before, except that the deflecting and accelerating 
voltages were reversed to permit the detection of 
positive recoils. The histogram for positive ions has 
been normalized to the same total positron count as 
that recorded in the observation of negative ions, so 
that the two distributions correspond to the same 
number of disintegrations in the vacuum chamber. The 
average positron counting rates during the two runs 
differed by less than 5 percent. The histogram for 
positive ions shows a definite peak at the same flight 
time as that observed for negative ions. A comparison 
of the numbers of counts within the peaks of the two 
distributions reveals that the true coincidence rate due 
to positive recoils was about ten percent of that due to 
negative recoils. 

The observed ratio of positive to negative recoils is 
not amenable to direct comparison with theoretical 
predictions of the ionization produced in beta decay. 
Since the absolute disintegration rate was not meas- 
ured, the relative number of neutral fluorine atoms 
produced is not known. The relative detection efficien- 
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cies for positive and negative ions are also uncertain. 
According to the calculations of Levinger®* and of 
Schwartz,®” the change of nuclear charge in the decay 
process should cause the ejection of an electron from 
either the K or L shells of the daughter atom with a 
probability of about 2.7/Z? per disintegration, or about 
3 percent in this case. A larger ionization probability is 
predicted if the screening of the nucleus by the elec- 
trons is taken into account. The increase amounts to a 
factor of three for Z=80, but would be less for Z=9. 
For the production of positive ions, however, two elec- 
trons must have been ejected from the F- recoils. 
Serber and Snyder** have estimated that the average 
excitation of the ion, due to the change of nuclear 
charge, is 54 electron volts for Z=10. The ejection of 
two electrons from an F~ ion requires*-° only about 
21.5 ev, and is therefore energetically possible. The loss 
of more than one electron in the K capture of A” 
has been observed by Perlman and Miskel,* who found 
the average charge of the daughter Cl*’ ions to be 
+3.41+0.14 electron charges. The possibility that the 
positive ions observed in this experiment might have 
been produced by scattering seems unlikely, since the 
work function of the metal surfaces, about 4 ev, is 
much smaller than the energy required for the removal 
of two electrons from an F~ ion. Neutralization of 
negative recoils at a surface was possible, as the elec- 
tron affinity of fluorine® is only 4.1 ev, but neutral 
particles could not be detected. Although the possi- 
bility of scattering cannot be ruled out conclusively, 
the evidence seems to indicate that the positive ions 
observed were produced by the ejection of two elec- 
trons in the shakeup following the beta-decay process. 
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By bombardment of zirconium, niobium, yttrium, and silver targets in the 184-inch cyclotron it has been 
possible to produce the isomer pair Nb®" and Nb®. The isomerism arises from the odd 41st proton below 
the 50-proton closed shell of the single-particle nuclear model. Nb*®(go/2) is a 1.9-hour activity emitting 
2.85-Mev positrons to produce Zr®, The yield of the Nb®"(p;) is about 30-100 fold less and its radiations 
were not directly observed. By scintillation spectrometer measurements on zirconium daughter activity 
it is shown that Nb®” decays with about a 2-hour half-life to 4.4-minute Zr®”"(p,). The M4 gamma transition 
between the two niobium levels is not observed, indicating that the level spacing is small and the upper 
level deactivates primarily by positron emission. The log ft values are larger than expected and are discussed 
in terms of the even-even core rearrangement considerations of A. De-Shalit and M. Goldhaber [Phys. 
Rev. 92, 1211 (1953) ]. Nb® was also prepared by bombardment of NaBr with accelerated carbon ions in the 


60-inch cyclotron. 





I. INTRODUCTION 


TUDY of the radioactivity present in the niobium 
fraction isolated from targets of several elements 
bombarded in the 184-inch cyclotron has resulted in the 
determination of the properties of the previously 
unreported isomeric pair Nb® and Nb®™. This infor- 
mation is summarized in Fig. 1. The reactions by which 
Nb® was made and the evidence for the mass assign- 
ment are briefly given in Sec. II. Following this, a 
report is given of the detailed study of Nb®” and Nb® 
by means of scintillation spectroscopy. The suggested 
decay scheme of Fig. 5 is discussed at the end of the 
paper. 
Independent work on these isomers has recently been 
prepared for publication by Diamond.! Our findings 
are similar, with one exception which is discussed later. 


II. ORIENTATION EXPERIMENTS 


Samples of zirconium metal were bombarded with 
40-Mev protons for 30 minutes. G-M decay curves on 
the niobium fraction isolated from these targets within 
an hour of the end of the bombardment indicated 
that >80 percent of the activity originated with one 
unknown activity of 1.9-hour half-life, most of the 
rest being 14.6-hour Nb” and a small amount of longer- 
lived activity, principally 79-hour Zr® from the decay 
of Nb*®. Measurements in a beta-ray spectrograph of 
low resolution showed the 1.9-hour activity to consist 
of positrons of about 3-Mev energy. The isolation of 
79-hour Zr® activity from the purified niobium fraction 
proved the presence of Nb® parent activity. Quanti- 
tative timed milkings of the zirconium daughter 
activity showed that the Nb® half-life was about 2-4 
hours and hence Nb® was identified with the 1.9-hour, 
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~3-Mev positron acitivity. Chemical difficulties in 
obtaining quantitative separation of the zirconium 
without appreciable loss of niobium made the results 
less exact than was desired. 

Very similar results were obtained by studying the 
niobium fraction isolated from niobium foils bombarded 
with 90-Mev protons, or from silver foils bombarded 
with 340-Mev protons,” or from yttrium oxide targets 
bombarded with 60-100-Mev helium ions. In every 
case the two chief activities were 14.6-hour Nb” and 
1.9-hour Nb®. The ratio by activity of Nb® to Nb® 
was roughly the same (~2-6) in each case. 


Ill. GAMMA-RAY STUDIES ESTABLISHING 
THE ISOMERISM 
Nb® has 41 protons, and according to the single- 
particle shell model may well exist in the states go/2 
and 12, differing in spin by 4. Hence there is the strong 
possibility of isomerism in‘Nb®. The systematics of the 
29/2— p12 separation in this region as given by Fig. 75 
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Fic. 1. Decay scheme of Nb® and Nb®™. 


2 P. K. Kofstad, Ph.D. thesis, University of California Radia- 
tion Laboratory Unclassified Report UCRL-2265, June 30, 1953 
(unpublished). 

8In unpublished University of California Radiation Labora- 
tory reports, we had indicated that we had evidence for Nb*’ 
as well as Nb®. On the basis of more complete study we conclude 
that we have no reliable evidence on the properties of Nb*’. 
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of an article on nuclear isomerism by Goldhaber and 
Hill‘ suggest that this separation in Nb® is very slight 
and the decision as to which spin state is the ground 
state is quite uncertain. Consequently one would 
expect the upper state of Nb® to deactivate pre- 
dominantly by positron emission rather than by gamma 
emission. Zr® is known® to exist in two isomeric forms 
by virtue of its 49 protons which give it an odd proton 
immediately below the 50-proton shell. The upper state 
is the p12 state and has a half-life of 4.4 minutes for its 
predominant decay by emission of 588-kev gamma rays 
to the ground state (see Fig. 1). This ground state with 
spin p12 decays with a half-life of 79 hours to 13-second 
ym 6 A pair of isomers occurs again in Y® because of 
the odd proton below the 50-proton shell. Y®”(g9/2) 
decays by emission of a 910-kev gamma ray to stable 
Y®(py2). 

From these facts it was possible to design experi- 
ments to check for the expected isomerism in Nb®. 
These experiments consisted chiefly in the examination 
of the zirconium daughter activity milked from niobium 
for the 588-kev gamma radiation of Zr®" and the 
910-kev radiation of Y®. This was done successfully 
with the aid of a sodium iodide-photomultiplier combi- 
nation coupled to a 50-channel pulse-height analyzer. 

A 5-mil niobium foil was bombarded for 1 hour with 
100-Mev protons. After dissolving the foil in an 
HF-HNO; mixture, LaF; was precipitated several 
times to remove zirconium and yttrium activity. 
After the last scavenge precipitation an 8-minute 
growth period was allowed to pass, and LaF; was 
precipitated and quickly separated to remove zirconium 
which had grown in. The LaF; was placed in the scintil- 
lation spectrometer and data were taken on the gamma 
spectrum for 1 minute with the purpose of observing 
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Fic. 2. Gamma spectrum of Zr®” and Zr® isolated from Nb® 
after an 8-minute growth period. Curve one is a one-minute run 
started 8.2 minutes after an 8-minute growth period. The 588-kev 
gamma ray of Zr®™ is plainly visible. Succeeding one-minute 
runs show the rapid decay of this 4.4-minute activity. 


01982) Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
a Bendel, Brown, and Becker, Phys. Rev. 91, 1203 
¢M. Goldhaber et al., Phys. Rev. 83, 661 (1951). 
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the 4.4-minute Zr®™ activity, if present. The registers 
were then reset and data taken again for 1 minute. 
Figure 2 shows the series of curves thus obtained. The 
588-kev gamma radiation of Zr®" and the 910-kev 
gamma radiation resulting from the decay of Zr® to 
Y®™ are plainly evident. The activity in the 588-kev 
peak after correcting for coincidence losses in the 
mechanical registers decayed with a half-life of 4-11 
minutes. 

After complete decay of Zr®”, the gamma spectrum 
obtained corresponded to the annihilation radiation 
and the 910-kev gamma radiation expected of a sample 
of Zr® (see Fig. 3). This activity decayed with the 
proper 79-hour half-life. Subsequent experiments in 
which the niobium was given more extensive purifi- 
cation and the zirconium was isolated by precipitation 
of barium fluozirconate gave the same results. 

In a careful series of measurements taken of activity 
isolated after 2-minute growth periods, it was possible 
to determine the atom ratio of Zr” and Zr® formed 


800 


700 


a 
8 


510 KEV 


COUNTS PER CHANNEL 
w 
8 8 8 


8 


3 








10 20 30 40 
CHANNEL 


Fic. 3. Gamma spectrum of Zr® daughter activity isolated from 
initially pure niobium fraction. 


from the decay of niobium. This was done by integrating 
under the photopeaks and making suitable corrections 
for half-life and counting efficiency. The counting 
efficiency of the 588-kev gamma ray was taken as 12 
percent and the total conversion coefficient as 0.076.5 
The counting efficiency of the 910-kev gamma ray 
was taken as 7.3 percent and K conversion was con- 
sidered negligible. The atom ratio obtained was 1.20.5 
X10~, showing that the major decay was going to the 
go/2 ground state of Zr®. This atom ratio was deter- 
mined for zirconium daughter fractions isolated after 
2-minute growth periods at various times from 1 hour 
after bombardment up to 8 hours after bombardment. 
There appeared to be no significant change in the ratio 
during this time which was taken as an indication that 
the half-life of Nb®(1/2) is close to that of Nb®(go/2). 

The whole series of measurements was repeated on a 
different bombardment of niobium. The same atom 
ratio within an experimental error of about 30 percent 
was obtained and this ratio underwent no significant 
change in a series of milkings covering a 6-hour period 
after the bombardment. 





ISOMERIC PAIR, 


It was considered desirable to know whether the 
Nb®(p1/2) to Nb®(go/2) ratio was different in a sample 
prepared by a different method. For this purpose the 
niobium fraction of a silver target bombarded with 
340-Mev protons was studied. After a 40-minute 
bombardment the target was dissolved in 10M HNO. 
Niobium was coprecipitated on MnOs. This precipitate 
was dissolved in 12M HCl and contacted with di- 
isopropyl ketone to extract the niobium.’ After niobium 
was backextracted into water and evaporated to 
dryness it was taken up in a mixture of 10M HNO; 
and HF. Zirconium daughter activity was removed 
periodically by addition of zirconium and barium 
carrier to precipitate barium fluozirconate. Scintillation 
spectrometer curves on zirconium fractions so isolated 
after brief growth periods showed the 588-kev radiation 
of Zr®™, and the annihilation radiation and 910-kev 
radiation of Zr®. The dtom ratio of Zr®” to Zr® was 
again observed to be constant for the activity milked 
at 1-hour intervals for a period of 5 hours. However, a 
significant difference in this ratio from that obtained 
from niobium bombardments was found. In the niobium 
isolated from silver spallation targets the observed 
atom ratio was 3X10-%, or a factor of 4 lower. This 
difference is believed to be well outside the experi- 
mental error. 

As a further check the same ratio was measured in a 
similar manner on a niobium sample prepared by 
bombardment of zirconium metal foil with the 32-Mev 
proton beam of the Berkeley linear accelerator. In 
this case an atom ratio of about (2.6+0.5X10~ was 
obtained which is a factor of approximately 2 greater 
than in the samples isolated from niobium targets and 
a factor of about 9 greater than in the silver bombard- 
ment case. 

The gamma spectrum of the purified niobium fraction 
was run at a time when more than $ of the activity 
was Nb®, and on samples purified 24 hours later when 
Nb” was the chief activity. A comparison of the two 
spectra showed that Nb® did not emit any gamma rays 
in addition to the annihilation radiation and the only 
gamma rays in both spectra were those of Nb reported 
by Boyd.* The 588-kev gamma ray was not intense 
enough in comparison to the 510-kev annihilation 
radiation peak for it to be observed. If Nb*®™ decayed 
chiefly by isomeric transition, a prominent gamma ray 
of less than 300 kev should have been observed. 

During the course of these studies considerable data 
on the radiations of Nb® were obtained. This will be 
reported in a separate paper. 

The positron end-point energy was determined by 
using an anthracene crystal photomultiplier combi- 


™H. G. Hicks and R. S. Gilbert, California Research and 
Development Corporation Reports CRD-R-57 and MTA-33, 
April 1953 (unpublished). 

8G. E. Boyd and B. H. Ketelle (unpublished data, 1951), as 
reported by Hollander, Seaborg, and Perlman in Revs. Modern 
Phys. 25, 469 (1953). 
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Fic. 4. Positron endpoint of Nb® as determined on anthracene 
crystal spectrometer. Standards used were Cs'*? and Sb™. 


nation coupled to a 50-channel pulse analyzer. Figure 
4 shows a typical end-point determination of 2.850.10 
Mev for the Nb*®—Zr® transition. It was established 
that these positrons decayed with a 2-hour half-life. 


IV. CARBON ION BOMBARDMENTS 


In addition to the bombardments already mentioned, 
Nb® was prepared in a novel way by the bombardment 
of bromine with accelerated carbon ions. This was done 
in the 60-inch cyclotron by using a beam of hextuply 
charged carbon ions (C**).® The carbon ions in the beam 
have a continuous spread of energy with a maximum 
energy of 120 Mev. Sodium bromide powder wrapped 
in thin tantalum foil was bombarded to carry out the 
reactions: 

oC? + 35Br®—,, Nb”+3 on}, 


6C?+- 35Br®— 4, Nb®+-4 on. 


After bombardment the sodium bromide was dis- 
solved in 10M HNO; and extracted with CCl, to 
remove bromine. MnO, was precipitated to remove 
niobium. The MnO, was dissolved in 12M HCl and 
from this solution niobium was extracted with di- 
isopropyl ketone. Backextraction of the niobium into 
water completed the purification. Resolution of a 
G-M decay curve extrapolated back to the end of the 
bombardment showed @ of the activity to be 1.9-hour 
Nb® and % to be 14.6-hour Nb”. The atom ratio, 
assuming equal counting efficiencies, is 0.7. Gamma 
analysis within 2 hours of the end of the bombardment 
showed the gamma rays of Nb” and no others. Gamma 
analysis of zirconium daughter fractions showed the 
910-kev gamma ray of Y®". No attempt was made to 
search quickly for Zr®™. 


V. DISCUSSION 


The experimental data are best summarized by the 
decay scheme of Fig. 1. This scheme is incomplete 
because the energy separation of the Nb® states and 
the identity of the higher state have not been deter- 


® Miller, Hamilton, Putman, Haymond, and Rossi, Phys. Rev. 
80, 486 (1950). 
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mined. The small ratio of the Nb®" to Nb® in the 
samples we were able to prepare made it impractical to 
get the energy separation by the resolution of the 
positron spectrum into two components. From the 
systematics of the p12—go/2 separation quoted pre- 
viously,‘ it is expected that this separation in Nb® 
is quite small and that hence the isomeric transition 
branching must be slight. By preparing very active 
samples and looking for the electrons of a highly 
converted M4 transition in the 0-200-kev range with a 
precision spectrometer, it might be possible to learn 
this energy separation. 

Figure 1 differs from a very similar scheme presented 
by Diamond! only in that he assigns a half-life of 
0.8 hour to the p12 level of Nb®. This was done on the 
basis of a series of quantitative timed milkings of 
zirconium daughter activity carried out in much the 
same manner as described in this report, except that 
the determination of the relative amounts of 4.4- 
minute Zr®™ and 78-hour Zr® activity was done by the 
resolution of a decay curve taken on a scintillation 
counter without pulse-height analysis. Because our 
data are based only on the activity in the 588-kev and 
910-kev gamma peaks we feel they are somewhat more 
trustworthy. 

As already mentioned, the atom ratio of Nb®(1/2) to 
Nb*®(go/2) was constant over a period of several hours 
for niobium samples prepared from niobium, silver, 
and zirconium targets. This is inconsistent with the 
half-life of 0.8 hour reported by Diamond for Nb® (1/2). 
It is not clear why the two methods give different 
results. 

From Moszkowski’s” graphs the log/t value for the 
2.85-Mev positron transition Nb*(g9/2)—>Zr®(go/2)_ is 
6.1, which is considerably higher than that expected 
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Fic. 5. Decay scheme for Nb®, showing the main configurations 
of the protons (left) and the neutrons (right). The go2 proton in 
A stabilizes the even-even core in a (go/2)® configuration. The 
transition AC is delayed because of the necessity for rearrange- 
ment of the neutron core to produce two 1/2 neutrons in C. 
B is indicated with a mixed neutron configuration, but the 
(go/2)®(p12)* configuration probably predominates. Hence the 
transition BD would be delayed. 


0S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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(5.00.3) for an allowed transition. If the unknown 
Nb®"—Nb® separation is neglected, the logft value 
of the Nb®"(1/2)—>Zr®"(p1/2) transition is 5.65 which 
is still somewhat higher than expected. These two 
transitions can be added to a growing list of 
apparent exceptions to the usual rules of beta decay 
discussed by De-Shalit and Goldhaber." For example, 
the well-established Zr®(g9/2)—-Y®"(go/2) transition has 
a logft value of 6.1 and similarly, the transition 
Zr®™(p1/2) > Y™ (p12) has a log/t value of 6.85. These 
and other examples are discussed by De-Shalit and 
Goldhaber" who give an explanation in terms of a 
rearrangement of nucleons in the even-even core of an 
odd-A nucleus. 

From their development the decay scheme of Fig. 1 
can be redrawn in the form of Fig. 5. 


VI. SPECTROMETER EQUIPMENT 


Scintillation spectrometer—The gamma scintillation 
spectrometer used during the course of this work was 
assembled by A. Ghiorso and A. E. Larsh of this 
laboratory. A sodium iodide crystal of 1.5-inch diameter 
and 1.0-inch thickness was used for the initial detection 
of the gamma ray. The photomultiplier coupled to the 
crystal was a Dumont-6292 tube, and mounting of the 
crystal was done by the methods of Borkowski.” The 
crystal-photomultiplier assembly was enclosed in a 
2-inch thick lead shielding. 

The output from the photomultiplier was amplified 
in a preamplifier and then in a linear amplifier. The 
final pulse was then analyzed by a 50-channel differ- 
ential pulse-height analyzer designed by Ghiorso and 
Larsh. Calibration of the instrument was carried out 
with known radiations such as those from Na”, Cd™, 
Cs!87, U5, and Am! at identical gain and bias settings. 
A detailed description of the instrument will be given 
in a forthcoming publication of Ghiorso and Larsh.” 

The positron energy measurements were made with a 
}-inch thick crystal of anthracene used in connection 
with the above equipment. 
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V*, produced by proton bombardment of chromium, has been found to be a pure K-capture nuclide with 
less than 0.05 percent 8+ branching or gamma radiation; the half-life is 33420 days. 





ANADIUM-49 is listed in the literature! as a 
K-capture nuclide of 600-day half-life with con- 
verted gamma rays of energy 0.12 Mev and 0.08 Mev. 
The basis of this assignment is work done by Cork 
el al.,2 who observed such an activity in vanadium 
irradiated in the ORNL graphite reactor. The presump- 
tion was that the activity observed was formed by an 
(n,2n) reaction on the 0.25 percent abundant V®. No 
chemical separation was performed. It was thus of 
interest to verify the decay of V®. 

A chromium target was irradiated with 22-Mev 
protons in the ORNL 86-in. cyclotron. Vanadium-49 
could be produced by the reaction Cr(p,2)V®, 
Cr®(p,0)V® and Cr(p,2n)Mn® with decay to V*. In 
addition, some vanadium-48 (16-day) might be expected 
from a Cr®(p,an)V* reaction. The chromium target 
after irradiation also contained Cr*!(27.8-day), Mn*- 
(6-day), and Mn™(310-day). It was dissolved in hydro- 
chloric acid and allowed to stand five months to permit 
the V8 to decay. In addition, this cooling period reduced 
the level of radioactivity in the sample, since the 
manganese-52 activity was lowered to a non-detectable 
level, and the Cr®!(27.8-day) was reduced to about one- 
fortieth of its original value. 

A portion of the target solution (containing 1 mg of 
vanadium carrier and 10 mg of manganese holdback 
carrier) was evaporated to near dryness, made to 10 ml 
in volume with 4 percent sulfuric acid, cooled in ice, 
and a cupferron precipitation of the vanadium was 
made by addition of a few drops of 6 percent cupferron 
solution.’ 

The vanadium precipitate was centrifuged, washed, 
and redissolved in sulfuric acid. After addition of chro- 
mium and manganese holdback carrier, the precipitation 
was repeated. 

‘Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

? Cork, Keller, and Stoddard, Phys. Rev. 76, 575 (1949). 

3G. E. F. Lundell and J. I. Hoffman, Outlines of Methods of 


— Analysis (John Wiley and Sons, Inc., New York, 1938), 
p. Tiv: 


After three cycles of the above procedure, the 
vanadium cupferron precipitate was filtered, washed, 
and ignited to V20s. 

By use of a calibrated argon-methane filled propor- 
tional counter spectrometer equipped with linear 
amplifier and differential and integral pulse-height 
selector, the x-ray peak resulting from the K capture 
in V“ was observed. The energy calibration was made 
using x-rays from Fe®®, Mn*, and Cr®!. The x-rays from 
the vanadium source were of the energy calculated for 
titanium x-rays. The total number of K-capture pro- 
cesses occurring in the sample (~10’ dis/min) was 
estimated from a previous calibration of the counter. 
This V2O; source was then examined using a 3 inchX3 
inch NaI(Tl) gamma-ray spectrometer. No photopeaks 
corresponding to gamma rays of any energy above 30 
kev were observed. It is thus concluded that the 
upper limit of 8+ branching is about 0.05 percent; the 
same limit is placed on any y rays of energy <0.51-Mev. 
Absorption data in aluminum obtained with a helium- 
filled Geiger-Mueller counter (window thickness 2.3 
mg/cm?) failed to reveal any conversion electrons or 
beta particles. 

Portions of V.O; from two different separations were 
used to make decay measurements. The decay was 
followed on a windowless methane-flow beta propor- 
tional counter. The data for eight weeks, when analyzed 
by “least squares”, indicate the half-life of V® to be 
334+ 20 days. 

Another target which had cooled only one month was 
processed through the chemical procedure. Vanadium- 
48 was found in addition to the vanadium-49. The 
relative amounts were roughly in the ratio 300 to 1 in 
favor of the V“. No other activity was found to carry 
through with the vanadium precipitate. 

The author is indebted to Farno Green, who sug- 
gested the problem and supervised the irradia- 
tions, and to A. R. Brosi who assisted in the decay 
measurements. 
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A simple harmonic oscillator independent-particle model is used for sum-rule calculation of electric dipole 
transitions in the nuclear photoeffect. First we find the level spacing hw=42A-! Mev for nuclear radius pa- 
rameter ro>=1.2. Combining this result with the integrated cross section, we find the bremsstrahlung- 
weighted cross section o,= f{ (¢/W)dW =0.36A*! millibarns. The calculated o is not inconsistent with a 
preliminary analysis of experimental measurements for He, Be, C, Al, Cu, Mo, Ag, Ta, Pb, and U. We 
also use the simple harmonic oscillator independent-particle model to calculate the increase in the integrated 
cross section due to neutron-proton exchange forces. We find that the relative increase is not far from the 
Levinger-Bethe value of 0.8x (where x is the fraction of exchange force) for the closed-shell nuclei He‘, 0"*, 
and Ca, for both Gaussian and Yukawa neutron-proton potentials, and for two values of the radius pa- 


rameter 7: 1.2 or 1.5. 





I. INTRODUCTION 


N a previous paper! (here designated by I), the 

author and D. C. Kent used sum-rules to calculate 
various moments of the o(W) curve for nuclear ab- 
sorption cross section vs photon energy. We used nu- 
clear wave functions for an independent-particle model 
(IPM) in a finite square well, for two nuclei of mass 
number 68 and 184, respectively. We found that the 
calculations were not inconsistent with present experi- 
mental data on Cu and Ta, provided: (i) that in the 
calculations we used a rather small nuclear radius, 
with radius parameter ro>=1.2; and (ii) that we also 
included the effects of exchange forces in increasing the 
harmonic mean energy for photon,absorption. 

In this paper we would like to study further the 
applicability of the IPM for the nuclear photoeffect. 
To simplify calculations we have changed from the 
finite square well IPM used in I to a simple harmonic 
oscillator IPM. The parameter w, defined using the 
IPM potential }Mw*r’, is evaluated in terms of the 
radius parameter fo in the following section. In Sec. IIT 
we use the simple harmonic oscillator IPM to evaluate 








1 1 
80 160 320 
Fic. 1. The graph shows that the average quantum number # 
[defined by Eq. (5)] for a simple harmonic oscillator independent- 
particle model can be approximately represented by the rela- 
tionship #=0.87A}!. The line shows this equation; the points are 
shown for calculations for individual nuclei. 


* This work was supported by the National Science Foundation. 
1J. S. Levinger and D. C. Kent, Phys. Rev. 95, 418 (1954), 
designated by I. 


the bremsstrahlung-weighted cross section, 
w= [ (o/myaw; (1) 


op is the electric dipole cross section for the nuclear 
photoeffect weighted by the dW/W approximation to 
the bremsstrahlung spectrum. Thus gy is rather easily 
compared with measured bremsstrahlung yields for 
photonuclear processes. Also the calculated a» is not 
changed by the presence of neutron-proton exchange 
forces. The calculated oy is proportional to the square 
of the nuclear radius, and we can obtain reasonable 
agreement between calculations and experiment if we 
use 79=1.2 for the radius parameter. (The radius is 
R=nA*X10-* cm.) 

In Sec. IV we calculate the increase in the integrated 
cross section int due to the neutron-proton exchange 
force. Levinger and Bethe? (here referred to as LB) 
calculated 


Cint= f odW =0.015A (1+0.8%) Mev-barns. (2) 


Here «x is the fraction of the neutron-proton force that 
has an exchange character. The coefficient 0.8 depends 
on the nucleon wave functions that are assumed. LB 
used a model of a degenerate Fermi gas; while we shall 
use nucleon wave functions for a simple harmonic 
oscillator IPM. We find that the simple harmonic 
oscillator IPM calculation gives a coefficient with a 
value rather close to that found in the LB calculation. 
These phenomenological calculations of cint are being 
superseded by the more fundamental dispersion-theory 
calculations of Gell-Mann, Goldberger, and Thirring.’ 
However it seems worthwhile to repeat the phenomeno- 
logical calculation for a somewhat different nuclear 
model, to provide a firmer number to compare with the 
dispersion theory result. 

2J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950), 
designated by LB. 


( “_ Goldberger, and Thirring, Phys. Rev. 95, 1612 
1954). 
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II. SIMPLE HARMONIC OSCILLATOR POTENTIAL 


In this section we shall evaluate the classical angular 
frequency w for the simple harmonic oscillator potential 
in terms of the nuclear radius. This evaluation has been 
done by Wut for several light nuclei. Wu uses an oscilla- 
tory wave function for the least bound nucleon for r<R, 
and a damped wave function for r>R. Matching at 
the nuclear radius R determines the parameter w. In 
this paper we shall match the radius R in a different 
manner, which gives us a rather smaller value of w. 

Our method consists in calculating the expectation 
value (r?) for each nucleon in a simple harmonic os- 
cillator potential. This mean square radial distance is 
then averaged over all nucleons in the nucleus, giving 
()a for the nucleon density distribution, in terms of w 
and A. We equate (r”), to the value 2R? for a sphere of 
uniform density out to radius R=7r.A!X 10-" cm. Thus 
we determine w in terms of A and 1». 

Our present method of using 7» implies that the 
values given (e.g., Hofstadter ef al.5 and Fitch and 
Rainwater®) are based on the mean square radius for 
the nucleon density distribution. Actually different 
measurements weight the density distribution with 
different factors,’ and also measure the nuclear charge 
distribution rather than the possibly different nucleon 
density distribution. 

For a nucleon with quantum number m, the mean 
square radial distance 


(°)= (h/Mw) (n+3/2). (3) 


The nuclear mean square radial distance (r?)4 is found 
averaging over all A nucleons: 


(P)a= (h/Mw)d nen(n+3/2)/A=(h/Mw)n, (4) 


where c, is the number of nucleons with quantum num- 
ber . (We are neglecting any differences among nu- 
cleons due to spin or charge.) Figure 1 shows that 7, 
the average value of , is well represented by 


N=> nCn(n+3/2)/A=0.87A}. (5) 


(The “breaks” at the magic numbers are quite small.) 
Matching the nuclear mean radial distance with 2R?, 
we solve for fw: 


too = 1.45 (12/Mre)A-t= 424-4 Mev. (6) 


Here the numerical result is based on ro=1.2. The 
proportionality of the nuclear energy scale to rg-*A-* 
was found in I for a finite square well, and is char- 
acteristic of any IPM.® 


4S. S. Wu, Ph.D. thesis, University of Illinois, 1951 (un- 
published). 

Note added in proof.—Also see B. C. Carlson and I. Talmi, 
Phys. Rev. 96, 436 (1954). 

> Hofstadter, Hahn, Knudsen, and McIntyre, Phys. Rev. 95, 
512 (1954). 

°V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1954). 
(1934) L. Hill and K. W. Ford, Phys. Rev. 94, 1617 and 1630 

8 J. S. Levinger, Ann. Revs. Nuclear Sci. 4 (1954). 


TaBLE J. Nuclear energies calculated from the IPM. 








This paper*® Wub 
vo =1.37 vo =1.2 vo =1.37 


20 Mev 
15 
12 


Paper Ie 


Nucleus ro =1.2 











® The value of fw is given by Eq. (6). 

b See reference 4. 

¢See reference 1, Tables VI and VII, for the harmonic mean energy 
(not including exchange effects). 


We could obtain a better fit to the low-A points in 
Fig. 1 if we used an exponent slightly lower than 3, 
giving an exponent of —0.35 in Eq. (6), and a some- 
what larger coefficient. This refinement seems un- 
warranted at present, in view of the following ap- 
proximations: (a) We have assumed that (r’)4 is 
proportional to A! for all nuclei, even those as light as 
He‘; (b) we have neglected Coulomb effects on the 
proton; we use A=2Z throughout this paper; (c) we 
have assumed that the simple harmonic oscillator po- 
tential continues to indefinitely large R; (d) we have 
neglected spin-orbit coupling, and configuration in- 
teractions. 

For the alpha-particle and lighter nuclei, we can use 
the LB calculation? of the harmonic mean energy Wn, 
since for these nuclei there are no Pauli principle cor- 
relations to change the result. With ro>=1.2, the LB 
value is W7=72A-? Mev=29 Mev, for He’, in reason- 
able agreement with 26 Mev given by Eq. (6). For the 
alpha particle Wy and o» are determined entirely by 
the value of (r?)4. (We plan in subsequent work to 
calculate (r?)4 from alpha-particle wave functions. 
Here we use the dubious extrapolation of the nuclear 
radius to very small nuclei, to find approximate analyti- 
cal expressions for Wy and os in terms of A.) 

Equation (6) gives lower values for light nuclei 
than those calculated by Wu. In Table I we compare 
the two results, for 7o= 1.37. We also compare Eq. (6) 
for Aw for Cu and Ta with the calculation in I for the 
harmonic mean energy for these two nuclei using a finite 
square well, with ro>=1.2. Our value of fw is different 
from Wu’s, since we have interpreted the nuclear 
radius R in terms of a mean square radial distance, 
rather than as the limit of the classically allowed region. 
Our value of iw here is somewhat lower than the har- 
monic mean energy calculated in I for Cu and Ta, 
even though the same (r*), is used. 

Our present value of iw can be compared unfavorably 
both with photonuclear experiments and with measure- 
ments of low-lying nuclear energy levels. The former 
experiments show that the bulk of levels that can be 
reached by dipole transitions from the ground state 
have an excitation energy of about 17 Mev for medium 
nuclei such as Cu; while Eq. (6) gives only 10 Mev, 
even if we use a small nuclear radius. However, (see I) 
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exchange forces increase the harmonic mean energy for 
photon absorption by about forty percent, greatly im- 
proving the agreement between calculations and ex- 
periment. (The argument of I is somewhat inconsistent : 
it is claimed that the IPM holds to a reasonable ap- 
proximation for all nucleons in their ground state; but 
that nucleons excited by electric dipole absorption 
experience quite a different potential, the difference 
being caused by neutron-proton exchange forces. Since 
the potential has not yet been derived from two body 
forces the effect of exchange forces cannot at. present 
be included in the nuclear potential. We believe that 
our method of including the effect of exchange forces 
on the harmonic mean energy has a heuristic value, in 
spite of its inconsistency.)T 

On the other hand, our value iw= 10 Mev for medium 
nuclei is much larger than the values of several Mev 
found for the excitation energy of low-lying nuclear 
levels which might well be identified as the next nucleon 
level for a simple harmonic oscillator potential. A 
detailed analysis of low-lying levels to identify them 
with oscillator levels is desirable. 

We shall not try to justify our value of fw, but shall 
use it in this paper as an admittedly crude approxima- 
tion to an IPM treatment of the nuclear photoeffect. 


Ill. BREMSSTRAHLUNG-WEIGHTED CROSS SECTION 


In this section we shall evaluate the bremsstrahlung- 
weighted cross section o, using a simple harmonic 
oscillator IPM, and we shall compare with experi- 
mental data. 

LB? evaluate the bremsstrahlung-weighted cross sec- 
tion as 


n= f "(o/W)dWw 


= (€/he) (Am) {[(N/A) 2X @:— (Z/A)YD 23) Pho. (7) 


Here > .z; is the sum of the components of proton dis- 
placements along the direction of polarization of the 
photon; while >- jz; refers to neutrons. The expectation 
value is taken for the ground state of the nucleus. LB 
assumed that there were no correlations among the 
nucleons. In I we included Pauli principle correlations 
among pairs of protons, and among pairs of neutrons, 
for a square well IPM. In this paper we shall include 
the Pauli principle correlations for a simple harmonic 
oscillator IPM. 

The Pauli principle correlations decrease o», since 
due to the Pauli principle each proton is surrounded 
by an “exchange hole” in which there is a decreased 
likelihood of finding another proton.’ There may also 

+ Note added in proof —A more consistent interpretation is that 
two-body exchange forces contribute to a velocity-dependent 
nuclear potential for the IPM. This velocity-dependence in- 
creases Wy. 


9 J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley & Sons, Inc., New York, 1952), Sec. TIT. 3. 
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be significant dynamical correlations, causing a neutron 
and proton in a triplet S state, for example, to tend to 
remain close together, further decreasing the value of 
a». These dynamical correlations, which are most 
marked in a sub-unit model” are neglected in the IPM 
treatment of this paper. 

In I we calculated o using Eq. (7). Our present calcu- 
lation is done by the same method in the Appendix. 
However we shall find it shorter to calculate the same 
answer for os by a round-about approach: i.e., 


o5=Cint/Wuy. (8) 


Here we have utilized the LB definition of the har- 
monic mean energy Wy. For the simple harmonic 
oscillator potential, with pure ordinary forces, Wy is 
just Aw=42A-! Mev since electric dipole absorption 
causes transitions only between adjacent levels. (The 
special property that the harmonic mean energy equals 
the mean energy only for the case of an oscillator po- 
tential is discussed in the appendix, and related to the 
Heisenberg uncertainty principle.) Also, for pure ordi- 
nary forces, the numerator is (LB) 


Tint= f odW =15A Mevy-millibarns. (9) 


Substituting in Eq. (8) we have the bremsstrahlung- 
weighted cross section 


op= 15A/42A-*=0.36A4 mb. (10) 


Our value for o, is proportional to 7°, since ro deter- 
mines the scale for proton displacement 2; in Eq. (7), 
and the proton displacement enters squared. (Our 
numerical value is based on ro9= 1.2.) o» is proportional 
to A‘/®, rather than A5/3 as found by LB, since the 
Pauli principle correlations are increasingly effective 
for large A in decreasing the sum in Eq. (7). Our 
present value for o, is somewhat higher than that 
given in I for Cu and Ta, corresponding to the com- 
parison in Table I that our fw is somewhat lower than 
Wy of I. (The numerator oint is independent of the 
model, for pure ordinary forces.) o, depends on the 
ground state nuclear wave functions, but is not changed 
by the existence of neutron-proton exchange forces. 
Thus we can calculate o, for pure ordinary forces, and 
compare our result with experimental data on actual 
nuclei, where there are significant exchange forces. 

In comparing Eq. (10) with experiments we shall not 
attempt any exhaustive treatment of the experimental 
data. Our purpose here is to call attention to the 
significance of the bremsstrahlung-weighted cross sec- 
tion as a useful source of information concerning nuclear 
wave functions; and to make only a preliminary com- 
parison between experiment and theory. In I we inte- 
grated to an upper limit of 70 Mev in using the experi- 


10 A. Winslow, Ph.D. thesis, Cornell University, 1952 (un- 
published). 
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TABLE II. Analysis of the experimental contributions to the bremsstrahlung-weighted cross section op (in millibarns). 
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4 Jones and Terwilliger, reference 21; » Fuller, reference 26, Benedict and Woodward, reference 27; © Nathans and Halpern, reference 15; 4 Montalbetti, 
Katz, and Goldemberg, reference 13; © Nathans and Halpern, reference 12; { Halpern e¢ al., reference 18; * Price and Kerst, reference 11; » Byerly and 
Stephens, reference 19; ‘ Wilkinson e¢ al., and Hanson et al., reference 16; | Duffield and Huizenga, reference 17. * The last column is the sum of the con- 
tributions of the various processes to the bremsstrahlung cross section a, which is defined in Eq. (1) of the text. The lower limit is found by using the lower 
limit of column 4 (neutron multiplicity from compound nucleus estimate) and omitting the contributions of columns 5 and 6. The upper limit is found by 
using the upper limit of column 4 (neutron multiplicity equals unity) and including all the other contributions. The value of o» is plotted in Fig. 2, and 
compared with theory. 


mental data to determine o, [Eq. (1)] and cine [Eq. Mev, and also to the double-peaked cross section! 


(9)]; but we have changed to an upper limit of 150 
Mev for consistency with the value used by Gell-Mann, 
Goldberger, and Thirring.’ (A real advantage of work- 
ing with op rather than oint is that the experimental 
value is rather insensitive to the cross section at high 
energies, where the experiments are less complete, and 
where we face the question of what upper limits to use 
in the integrals.) 

The experimental data on the nuclei Be, C, Al, Cu, 
Mo, Ag, Ta, Pb, and U are treated in three energy 
ranges: medium (0 to 22 Mev); high (22 to 62 Mev) 
and very high (62 to 150 Mev). In the medium-energy 
region we can determine the contribution to a» directly 
from the yield curve!" or we can determine the con- 
tribution to 0» by numerical integration of the published 
excitation curves.”-8 The yield Y is 


Y= f 1(W)o(W)dWo(Wm) f o(W)dW/W, (11) 


where we have written the bremsstrahlung spectrum 
1(W)= ¢(W)/W; ¢(W) is a slowly varying function of 
W and may to a first approximation be taken out of 
the integral and evaluated at the energy W,, correspond- 
ing to the peak cross section. In our preliminary work 
we have taken ¢(W) as the Schiff thin-target spectrum, 
corrected for absorption, and appropriately normalized 
to the ionization in roentgens." 

Our values for o, using the 22-Mev bremsstrahlung 
yield given in column 2 of Table II are in good agree- 
ment with integrations from the o(W) curve. The 22- 
Mev yield method is inapplicable to a case such as C, 
where the peak cross section occurs at just about 22 


1G, A. Price and D. W. Kerst, Phys. Rev. 77, 806 (1950). 
12R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 
wa- Katz, and Goldemberg, Phys. Rev. 91, 659 
MR, Nathans, Ph.D. thesis, University.of Pennsylvania, 1954 

(unpublished), Table IVa. Also see reference 12. 


for Be. 

We shall use the data based on particle (neutron and 
proton) yields, even though such measurements tend 
to give too large an absolute cross section since multiple 
reactions are counted more than once. Corrections of 
20 percent are made for multiple neutron emission for 
Ta,!® Pb (assumed the same as Ta); and corrections of 
35 percent for fission and emission of two neutrons by 
U.” Corrections for multiple particle emission are 
believed small in this energy region for the other nuclei. 

Proton yields in the medium energy region are of 
importance for nuclei up to Mo as shown by column 3 
of Table II. The contributions to the bremsstrahlung- 
weighted cross section are taken from the measurements 
of Montalbetti, Katz, and Goldemberg; Halpern ef 
al;'8 and Byerly and Stephens.” (Also see Chastel,” 
who finds a larger proton yield for Li gammas on Cu 
than would be expected from the work of Halpern or 
Stephens with 24-Mev bremsstrahlung.) 

The neutron yields above 22 Mev have been measured 
by Jones and Terwilliger. Their vo(W) curves have 
been treated in two different ways to obtain upper 
and lower limits for the neutron contribution to o» 
from 22 to 62 Mev given in column 4 of Table II. We 
find the upper limit by assuming that only one neutron 
is emitted (multiplicity » equals one) and calculating 
S («/W)dW. We obtain a lower limit for the contribu- 
tion to o, by assuming that neutron multiplicity has the 
approximate upper limit of W/E, where E, the average 
energy per neutron emission, is about } the neutron 


15 R. Nathan and J. Halpern, Phys. Rev. 93, 940 (1953). 

16, A. Whalin and A. O. Hanson, Phys. Rev. 89, 324 (1953); 
Carver, Edge, and Wilkinson, Phys. Rev. 89, 658 (1953). 

17 R. B. Duffield and J. R. Huizenga, Phys. Rev. 89, 1042 (1953). 

18 FE. V. Weinstock and J. Halpern, Phys. Rev. 94, 1651 (1954), 
and earlier papers by Halpern ef al. 

19 P, R. Byerly and W. E. Stephens, Phys. Rev. 83, 54 (1951). 

” R. Chastel, J. phys. et radium 15, 459 (1954). 

21 L, W. Jones and K. M. Terwilliger, Phys. Rev. 91, 699 (1953). 
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binding energy.” With this assumption the contribution 
to oz has a lower limit of Ef (¢/W?)dW. 

Rather little is known about proton reactions in the 
high-energy region. We estimate this contribution to 
op by using the neutron contribution to o in this energy 
region and assuming the proton/neutron yield ratio is 
about the same in the high-energy region as in the 
medium-energy region. The resulting numbers, given 
in column 5 of Table II are most uncertain, even 
though, particularly for C and Al, high-energy proton 
yield contributes a large part of the total brems- 
strahlung-weighted cross section. (Nathans and Hal- 
pern” have suggested a substantial contribution of the 
high-energy proton cross section to ging for light 
elements.) 

The contribution of the very high-energy region from 
62 to 150 Mev is estimated in column 6 of Table II. 
Here we find the absorption cross section at 140 Mev 
as done by Jones and Terwilliger.*1 Assuming that 
the cross section is about constant from 62 to 150 Mev, 
the integration for the bremsstrahlung-weighted cross 
section is then performed. This rather uncertain con- 
tribution to oy is rather small (10 percent or less). We 
have not included in this table the contributions from 
inelastic or elastic gamma scattering. They are 
probably less than 10 percent of the total. 

The values for o» given in the last column of Table IT 
are given as lower and upper limits. The lower limit 
is found by adding the values of columns 2 and 3 to the 








Fic. 2. Comparison of experimental and theoretical values for 
the bremsstrahlung-weighted cross section oo= {'(¢/W)dW. The 
experimental values shown by vertical bars are given in Table II. 
The bars show the lower and upper limits for 0», based on different 
analyses of the experiments. They do not include errors in meas- 
urement of absolute values. The solid line shows o,=0.36A‘/ 
millibarns, derived from a simple harmonic oscillator independent- 
particle model [Eq. (10) ]. The dotted line is based on calculations 
for Cu and Ta (reference 1) for a finite square well independent- 
particle model. 


2 J. S. Levinger and H. A. Bethe, Phys. Rev. 85, 577 (1952). 
%C. S. Del Rio and V. L. Telegdi, Phys. Rev. 90, 439 (1953). 
% E. G. Fuller and E. Hayward, Phys. Rev. 95, 1106 (1954). 
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lower limit in column 4, and omitting the contributions 
of columns 5 and 6. For the upper limit to os, we use 
the upper limit for the high-energy neutron yield given 
in column 4, and add all the other contributions to o;. 
An additional allowance of at least 20 percent (Nathans 
and Halpern)” should be made for systematic errors in 
the various absolute measurements. 

The rather poorly known bremsstrahlung-weighted 
cross section for He‘ is based on work by Halpern et ai.” 
up to 26 Mev; on Fuller’s work”* up to 36 Mev; and 
on Benedict and Woodward’s measurements*’ at the 
higher energies. Halpern’s data give 0.2 mb for the 
neutron contribution to a, up to 26 Mev; while Fuller’s 
data give a contribution of 0.6 mb for the proton yield 
up to 36 Mev. (Fuller’s proton cross sections are about 
25 percent higher than Halpern’s neutron cross sections, 
for the same photon energies.) If we take 0.2 mb as an 
average cross section for proton emission in the high- 
energy region,”’ we have a proton contribution to a» of 
0.3 mb from 36 to 150 Mev. The total proton contribu- 
tion of 0.9 mb is doubled to account for single neutron 
emission; and might be increased somewhat further to 
take account of multiple disintegration of the alpha 
particle. However, Halpern’s neutron measurements 
suggest a reduction of 20 percent. We take 1.5 mb 
<oo<3 mb. 

Figure 2 compares the experimental bremsstrahlung- 
weighted cross sections estimated in Table II with the 
calculated value of o, given in Eq. (10). We also show 
a dashed ‘line from Cu to Ta giving the finite square 
well IPM calculations of I. The agreement between 
experiment and theory is rather better than expected, 
considering the preliminary character of both estimates. 
More accurate experimental data for o» would be of 
great help in deciding both the size of the nucleus, and 
the extent of dynamical sub-unit correlations. The 
present agreement between experiment and theory (if 
we use a rather small radius, with radius parameter 
ro=1.2) indicates that sub-unit correlations are not of 
great significance for moderate energy photonuclear 
reactions. (Note that o» weights the o(W) curve favor- 
ing low W.) That is, the IPM is not unsuccessful in the 
moderate-momentum region, for the nuclear ground 
state. (If we used ro>=1.5, the disagreement between 
experiment and theory would suggest sub-unit correla- 
tions significantly modifying the IPM.) 


IV. EXCHANGE FORCE CONTRIBUTION TO 
INTEGRATED CROSS SECTION 


The increase by a factor (1+Cx) in oint due to ex- 
change forces was calculated by Levinger and Bethe 
(LB)? using nuclear wave functions for a degenerate 
perfect Fermi gas, normalized to give the correct 


25 Ferguson, Halpern, Nathans, and Yergin, Phys. Rev. 95, 
776 (1954). 
26 E, G. Fuller, Phys. Rev. 96, 1306 (1954). 
( 7 us S. Benedict and W. M. Woodward, Phys. Rev. 83, 1269 
1951). 
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nucleon density. (Also see Feenberg”* and Siegert.”) In 
this paper we shall present the results of calculations 
using the simple harmonic oscillator IPM discussed 
above. We start with LB, Eq. (11), for the summed 
oscillator strength for electric dipole transitions: 


Eafon=NZ/A— (2M /it)2(1/6) f WDD 


x V (rsj)PiWodr. (12) 


Here x is the fraction of the neutron proton force that 
has an exchange character; Yo is the complete nuclear 
wave function; 7 denotes protons and j neutrons, the 
double sum being over all pairs of neutrons and protons; 
r;j is the distance between proton 7 and neutron j, 
while V(r;;) is the neutron-proton potential; and P;; is 
the Majorana exchange.operator. Three approximations 
were made: (i) The LB approximation of a degenerate 
Fermi gas model allowed replacing the double sum in 
Eq. (12) by integrals over the momenta of protons and 
neutrons. (ii) In evaluating the integral over r,; the 
Fermi gas approximation also neglects surface effects 
that might be appreciable for a real nucleus. (iii) LB 
found that the exchange operator P;; gave a significant 
decrease in the integral. On the other hand, for a very 
light nucleus such as the alpha particle, all particles 
have the same spatial wave function, to the extent 
that we neglect the spin and charge dependence of 
nuclear forces, as we shall do in this paper. Then for the 
alpha particle the exchange operator cannot decrease 
the integral, as it does for the Fermi gas model. These 
three differences suggest that a calculation with dis- 
crete IPM wave functions for a finite nucleus might 
give a rather different result than found using the LB 
approximations. However we find that the LB approxi- 
mation gives results quite close to those for a harmonic 
oscillator IPM for closed shell nuclei. Apparently the 
main contribution to the integral of Eq. (12) comes from 
rather small neutron-proton distances, so that the 
details of the neutron and proton wave functions are 
not significant. 

Evaluating Eq. (12) with a neutron-proton Gaussian 
potential [— Vo exp(—?r?/6*) ] and simple harmonic os- 
cillator wave functions is straightforward, though 
tedious, so we shall not present the details of the 
calculation. We perform the integrations in Cartesian 
coordinates, and for this reason find it convenient to 
use a Gaussian neutron-proton potential, which can be 
simply expressed in terms of the Cartesian coordinates 
of the two particles. The integral of Eq. (12) is evalu- 
ated for each sextet of quantum numbers for the neu- 
tron-proton pair: (”2,%,,”,) for proton, and (mz’ my’ ,n,’) 
for neutron. The double sum over neutron-proton pairs 
| is then done algebraically. Since here we neglect the 
spin and charge dependence of nuclear forces, the double 


*8 EF. Feenberg, Phys. Rev. 49, 328 (1936). 
*” A. J. F. Siegert, Phys. Rev. 52, 787 (1937). 
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Fic. 3. The coefficient C for the increase of the integrated cross 
section is plotted against the parameter ro/b for several different 
nuclei. The integrated cross section=0.015A (1+Cx), where x is 
the fraction of neutron-proton exchange force; ro is the nuclear 
radius parameter, and 6 is the intrinsic range of the Gaussian 
neutron-proton potential. The four curves are Crp (reference 2) 
for the Fermi gas model; Cue for Het; Co for O'%; and Coa for 
Ca®, The last three are calculated using a simple harmonic oscil- 
lator independent-particle model. See Eqs. (20), (16), (17), and 
(18) for the four curves. 


sum does not involve a prohibitive amount of work: 
thus for Ca the 400 different neutron-proton pairs 
amount to only 15 different sextets of neutron and 
proton quantum numbers, combined with appropriate 
weights. 

The neutron-proton potential is taken as a weighted 
average of the singlet and triplet potentials for the 
Gaussian case. We use an intrinsic range b of 2.2 10-" 
cm, and a well-depth parameter s= 1.3. We express our 
results for the coefficient C of x in terms of the two 
related parameters v and u. 


v= 1/6'a, 
a= Mw/h=1.46A-'5X 10° cm, (14) 
u=ro/b= (0.71A-'n)}. (15) 


Here b= 1.446 from the effective range theory; and we 
use Aw from Sec. II. (The actual calculation is done in 
terms of v, giving polynomials with integral coefficients. 
The parameter x is useful for comparing calculations 
for the various nuclei.) Our equations for the coefficient 
C for the closed-shell nuclei He‘, O'*, and Ca® are given 
below; plotted against « in Fig. 3; and evaluated in 
Table IV for the values ro= 1.2 and ro=1.5. For Het, 


C= 14.00(1-+20)-5/?= 31.54?(1+4.48u")-5, (16) 


(13) 
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For O'8, 


C=3.500(4+-60+31v*) (14+-20)?? 
= 12.44? (44+-21.3¥?+-391u4) (1+7.10?)”, 
For Ca®, 
C=1.750(8+ 240+ 176v?+ 1680*+-389r*) (14-20)-8/ 
= 8.43u?(8+ 116u?+-4080u'+ 18 800u°+-209 000u°) 
X (1+9.64u?)-8/2, (18) 
Using the Fermi gas model [LB, Eg. (19)] for this 
Gaussian neutron-proton potential, we find it conveni- 


ent to express the coefficient C in terms of a parameter 
t, as well as the parameter u used above. 


t= (Bk) 2=0.695u2. 


(17) 


(19) 


Here & is the maximum wave number for the Fermi 
gases of neutrons and protons. The LB calculation for 
the Fermi gas model gives 


C=3.95#H[ (2t+-1)e“/*-4+-1— 24] 


= (4.584°+3.29u)e1 4" +4-3.29u—4.58u3. (20) 


This equation is also plotted in Fig. 3, and evaluated in 
Table ITI. 

In Table III we also present the LB results for square 
and Yukawa neutron-proton potentials. (See LB, Table 
I.) We have calculated C for a quasi- Yukawa potential 
by expressing the contribution to C for each of the 
Gaussians. We use a Yukawa potential for an intrinsic 
range b of 2.5X10—", and a depth parameter of 1.3: 


Vy=1.57(#?/M X10-)e-7""18/(7/1.18). (21) 


Here the radial distance r is given in units of 10-" cm. 
We fit Vy within 10 percent over a range of r from 0.3 
to 4X 10-* cm (a factor of almost 1000 in Vy) with the 
sum of 4 Gaussian potentials: 


Vy! = (h#/MX10-*) (0.12¢-77/7-754.0,55¢-12/2.3 


+2.6¢—17/9-584.8 4e-17/0.066)_ (22) 


TABLE III. Summed oscillator strength (times A/NZ). 








Nuclear radius parameter ro 
ro =1.2 ro=1.5 


1+1.12x 1+0.87x 
1+0.99x 1+0.80x 
1+0:94x 1+0.77x 
1+1.07x 1+0.96x 
1+1.06x 1+0.80x 


Neutron-proton 


Nucleus potential 


He‘, SHO 

O'%, SHO 

Ca®, SHO 
Fermi gas (LB) 
Fermi gas (LB) 





Gaussian 
Gaussian 
Gaussian 
Gaussian 
Square 


Fermi gas (LB) 
He‘, SHO 

O'6, SHO 

Ca®, SHO 


Yukawa 

Quasi- Yukawa 
Quasi- Yukawa 
Quasi-Yukawa 


1+0.76x 
1+0.84x 
1+0.73x 
1+0.70x 


1+0.69x 
1+0.72x 
1+0.63x 
1+0.61x 








In Table III x is the fraction of the neutron-proton force that has an 


exchange character. The coefficient of x gives the relative change in the 
summed oscillator strength, or in cint, due to complete exchange force. 
This coefficient C is plotted in Fig. 3, and given in Eqs. (16), (17), (18) for 
a calculation with simple harmonic oscillator (SHO) independent-particle 
model for Het, O'%, and Ca‘ respectively. The LB calculation (reference 2) 
for a Fermi gas model is given in Eq. (20) and Fig. 3 for a Gaussian neutron- 
proton potential, and in LB [Eqs. (20) and (21) and Table I] for the square 
and Yukawa neutron-proton potentials. The calculations for He, 


; O, and 
Ca for a quasi- Yukawa potentia! are diseussed following Eq. (22). 
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The 4 terms in Vy’ correspond to intrinsic ranges } 
for the 4 different Gaussians of 4.0, 2.1, 1.1, and 0.37 
X10-" cm respectively. These 4 Gaussians should be 
used with Fig. 3 with weights of 0.26, 0.35, 0.40, and 
0.16 respectively. (Note that Fig. 3 is for a Gaussian 
potential of depth Vo proportional to b-? and that we 
are using Fig. 3 for different values of 6.) We find the 
results for He, O, and Ca for a quasi- Yukawa potential 
given in the last three rows of Table ITI. 

As a check on this method of calculating with a 
Yukawa potential we have used the curve marked LB 
in Fig. 3 for the LB Fermi gas model, together with 
Vy’ as a sum of 4 Gaussians to find the coefficient C 
for a Yukawa potential with the LB model. Our values 
of 0.78 (for ro=1.2) and 0.71 (for ro=1.5) are in good 
agreement with those calculated directly for Vy by 
LB for the Fermi gas model: 0.76 (for ro= 1.2) and 0.69 
(for ro= 1.5). 

LB found that the coefficient C was not sensitive to 
the shape of the neutron-proton potential, or to the 
radius parameter ro. We have now found that C is also 
not sensitive to the particular nuclear wave functions 
used : the Fermi gas model, or simple harmonic oscillator 
IPM for the closed-shell nuclei He, O, or C. The ex- 
treme range in the coefficient C for the 18 examples 
given in Table III is from 0.61 to 1.12. The LB rough 
average of 0.8 seems about as good an average as any. 
(It agrees quite well with the calculated values ranging 
from 0.70 to 0.84 for a Yukawa potential, with ro= 1.2, 
which we believe is the most appropriate set of pa- 
rameters.) In any case, even a 20 percent change in C 
changes the integrated cross section ging=0.015A 
(1+Cx) by only 7 percent. (Here we have taken the 
value x=0.5 for the approximate fraction of exchange 
force.) 

We have here used the simple harmonic. oscillator 
IPM for closed-shell nuclei filling the lowest, first, and 
second shells. It is very probable that heavier nuclei 
treated on this model would show quite good agreement 
with the results found here for Ca“. (The curves for 
O and Ca in Fig. 3 agree quite closely.) Nuclei inter- 
mediate between closed shells might give a somewhat 
lower value of C, as the interference effects of the P;; 
term in Eq. (12) would become relatively more im- 
portant. Preliminary calculations on the B" nucleus 
with simple harmonic oscillator IPM and Gaussian 
neutron-proton potential give a value of C about 25 
percent lower than that for the closed-shell nuclei He 
and O. This calculation made in Cartesian coordinates, 
is not completely reliable, as arbitrary assumptions 
were made as to the filling of the neutron and proton 
shells in this coordinate system. 

For large w, all the curves in Fig. 3 [Eqs. (16), (17), 
(18), and (20)] are proportional to «-*, This result 
corresponds to the treatment without interference [LB, 
Eq. (14) ] for the square-well neutron-proton potential. 
The «* dependence for fixed intrinsic range 6 corre- 
sponds to an rg¢* dependence. That is, the average 
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value of 7;7V(r;;) in Eq. (12) is proportional to the 
mean nucleon density. For small u, the IPM curves are 
proportional to wu. For fixed b, small « corresponds to 
small ro, or a small nucleus. The finite nuclear size 
then limits the average value of r;;?V(r;;) to propor- 
tionality with 70; i.e., proportionality to u?. In the LB 
Fermi gas model, the coefficient is proportional to u 
for small w. Here LB used an infinite nucleus, the inter- 
ference effect of the P;; term greatly decreasing the 
value of the coefficient for small u, though the de- 
crease due to the interference term is not as great as 
that considered here due to the finite nuclear size. 

This discussion for large « and small w is not directly 
applicable to the actual case of u about 0.6. However 
the discussion indicates the similarity of the LB Fermi 
gas treatment and IPM treatment at least in the ex- 
treme cases of large « and small wu. 

Preliminary numerical results by Gell-Mann, Gold- 
berger, and Thirring* (GGT) for the integrated ‘otal 
photonuclear cross section give an increase of about 
forty percent over the standard sum-rule result of 
0.015A Mev-barns. Their numerical result agrees sur- 
prisingly well with the LB result (and that of this 
paper) of 0.8%, using x about 3. We might speculate 
briefly that these quite different calculations give similar 
results because the approximations used are more 
closely related than appears on the surface. The funda- 
mental approximation of the GGT calculation is the 
assumption that the forward-scattering amplitude for 
extremely high-frequency electromagnetic waves is the 
same for A nucleons bound in a nucleus as for the A 
free nucleons. (Given this one assumption, the GGT 
calculation then proceeds using dispersion theory rela- 
tions between the forward-scattering amplitude and the 
total photonuclear cross section. The numerical results 
are based on the difference of pion photoproduction 
cross sections for free and bound nucleons.) The GGT 
assumption of the high-frequency forward-scattering 
amplitude appears to be closely related to the assump- 
tion that the nucleus is essentially a nonrelativistic 
system. (For example, in atomic physics if we can 
calculate the forward-scattering amplitude using the 
atomic form factor, as is appropriate for a nonrela- 
tivistic system for frequencies far from those giving any 
appreciable absorption, we find that the atomic for- 
ward scattering is just that of Z free electrons.) The 
assumption that a nucleus is essentially a nonrela- 
tivistic system is, in turn, needed to justify the several 
approximations of the LB treatment (or that of this 
paper): (a) the use of a phenomenological treatment of 
the meson exchange currents, as in Siegert’s theorem ;?8 
(b) the calculation of electric dipole processes only; 
and (c) the neglect of retardation in calculation of the 
matrix element. (Several theorists have suggested that 
the last two approximations tend to cancel.) 

Thus it seems possible that the agreement of the 
GGT result with that of LB and this paper is caused 
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by both calculations resting on the same basic assump- 
tion of neglect of relativistic effects in a nucleus. On 
the other hand, it is quite possible that any numerical 
agreement between the GGT and LB calculations is 
fortuitous, and may disappear completely when more 
accurate numerical calculations are made. 


V. DISCUSSION 


In I we concentrated on the calculation of the har- 
monic mean energy Wy for two nuclei. In this paper 
Eq. (6) gives Wy=42A-* Mev for a simple harmonic 
oscillator IPM with ro>=1.2, and pure ordinary forces. 
A Serber force gives about 40 percent increase in cint, 
and therefore in Wz, giving the value W7=60A—! Mev. 

This value of the harmonic mean energy, corrected 
for exchange effects, is somewhat low when compared 
with experiment, though it is not in serious disagree- 
ment with experimental results. 

Since we have shown in Fig. 2 that our calculated 
bremsstrahlung-weighted cross section a» is in reason- 
able agreement with our preliminary interpretation of 
photonuclear experiments, the disagreement between 
the calculated and experimental harmonic mean en- 
ergies implies a disagreement between the calculated 
and experimental values of cint, the experimental values 
being somewhat higher. Recent summaries,” give 
rather good agreement for medium and heavy nuclei 
between calculated and experimental cint (using x=} 
for a Serber force). We believe that if the integrations 
were done up to an energy of 150 Mev (in accord with 
the GGT calculation) that the experimental cross sec- 
tions would be somewhat higher than the calculated 
value for the whole range of nuclei. (See, for example, 
the Jones-Terwilliger value of cint for Ta.) Since the 
high-energy cross sections are still poorly known, we 
cannot do more than speculate on this question. 
Neutron-proton correlations, as for example in the 
quasi-deuteron model which may be a valid approxima- 
tion for high-energy photons” would tend to decrease op 
and to increase gint. Both effects would increase Wx. 

We believe we have shown that a crude independent- 
particle model for the nuclear ground state gives results 
for the bremsstrahlung-weighted cross section 03, for 
the integrated cross section, and for the harmonic mean 
energy that are not inconsistent with present experi- 
mental data. More experimental data are needed, par- 
ticularly in the energy region from 25 to about 100 Mev. 
Also an analysis of the experimental data to give the 
quantities o, and Wy as well as cint would be of use in 
comparing experiments with sum-rule calculations. The 
independent-particle model calculation should be re- 
fined, and deviations from the IPM (as in the quasi- 
deuteron model) should be studied. 

%M. Q. Barton and J. H. Smith, Phys. Rev. 95, 573 (1954); 


tis oe" Odian, Stein, and Wattenberg, Phys. Rev. 95, 576 
1954). 
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APPENDIX 


Harmonic Mean Energy 


Here we derive certain well-known results in a dif- 
ferent manner. First we wish to shown the relation be- 
tween the Heisenberg uncertainty principle and the 
delta-function shape of the o(W) curve for simple 
harmonic oscillator wave functions. For simplicity we 
shall work with only one particle in a simple harmonic 
oscillator potential. 

Using the notation and some equations from LB,? 


we have 
Lafon= i, 
Yn(En— Eo) fon= (2/M) (P?)o0, (A2) 
L nfon/(En—Eo) = (2M/h?) (2°) 00. (A3) 


Here fon is the oscillator strength; z is the component 
of the displacement, and of the momentum, along 
the polarization direction. Since j=Z=zero for the 
ground (0) state, we write 


(Ap)*=(f%)00; (Az)*= (2%) oo. (A4) 


Using these equations, we find the mean energy W 
and the harmonic mean energy Wy: 


W=n(En—Eo) fon/Dinfon= (2/M)(Ap)*, (AS) 
W=Znfon/LX nfon/(En—Eo)]=#?/2M (Az)’. (A6) 


For any shape of the photon absorption curve we must 
have W >Wyz. Using this inequality together with Eqs. 
(AS) and (A6), we find: 


(2/M) (Ap)? > h?/2M (dz)’, 


(Al) 


(A7) 
(Ap)?(Az)?>h?/4. 


This is a rather indirect method of deriving the Heisen- 
berg uncertainty principle. Further, the equality be- 
tween W and Wy holds only for a delta-function shape 
of the ¢(W) curve; while the equality in the Heisenberg 
uncertainty principle holds only for a simple harmonic 
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oscillator potential. Thus we have related these two 
properties of simple harmonic oscillator wave functions. 

For many particles in a simple harmonic oscillator 
IPM, we want to show that Wy=/w. Using the nota- 
tion of I,’ we write the harmonic mean energy: 


Wu= (#/2M)A/(D+B), 
where the diagonal term is 
D= (X 8?) 00= (4/Mw) > n(n +4)en, (A9) 


and the off-diagonal term B due to the Pauli principle 
correlations between protons is given by 


= —Dedir(zn)”. (A10) 


In these equations is the quantum number for motion 
in the z direction; ¢c, is the number of protons that have 
quantum number 7; and 2,; is the dipole matrix element 
between occupied states & and /. Using the value (zi)? 
= (4/2Mw) (the larger quantum number) where m,=, 
+1, we find that for all but the highest occupied level 
the contribution to B exactly cancels the contribution 
to D. For this highest level we have 


D+ B= (n+1)h/2Mw per nucleon. (A11) 


We must multiply this result by the number of nu- 
cleons in the highest level with a given value of m, and 
sum. (For simplicity we have taken the case where the 
highest occupied level is completely full.) 


(A8) 


D+B= (2h/ Ma) (n-4+1)(W—n-+1) 


(A12) 
= (h/3Mw) (N*+-6N?+11N+6). 


Here JN is the total quantum number for the highest 
occupied level. 

We wish to compare this summation with the mass 
number A in the numerator of Eq. (A8), expressed as 


A=2) a(n+1)(n+2) 
=3(N?4+6N?411N+6). 


We find from Eqs. (A8), (A12), and (A13) that the 
harmonic mean energy is indeed fw, as we knew it must 
be for a simple oscillator. 

A completely analogous calculation has shown that 
the mean energy W also equals hw. 
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Angular Distribution of Protons from the Reaction Ti**(d,p)Ti**t 
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The angular distribution has been measured for transitions to excited states in Ti“ at 1.40 and 1.74 Mev. 
The deuteron energy was 2.6 Mev. The angular distributions are characterized by a peak at about 75° 
angle of proton emergence with respect to the deuteron beam direction. These results are suggestive of a 
stripping reaction with significant Coulomb effects. A rough determination of absolute cross section 
values gives 0.05 mb, 0.57 mb, 0.35 mb, and 0.2 mb, respectively, for transitions to the ground state and 
excited states at 1.40 Mev, 1.74 Mev, and 2.45 Mev in Ti®. 





EASUREMENTS of the angular distribution 
of protons resulting from 3-Mev deuteron bom- 
bardment of nickel! have indicated that, for this 
bombarding energy, the angular distribution of the 
protons is in agreement with the predictions of com- 
pound nucleus theory.? It was suggested! that the 
apparent absence of the stripping process in this case 
may be connected with a dependence of the ratio, 
o(stripping)/o(compound nucleus formation), on the 
relative values of the deuteron energy and the 
Coulomb barrier of the target nucleus. In an attempt 
to find other cases in which compound nucleus formation 
is predominant, measurements have been made using 
natural titanium as the target and a deuteron energy 
sufficiently low that the deuteron penetrability is of the 
same order of magnitude (a few percent for /=0 
deuterons) as in the previous measurements with nickel. 
Titanium was chosen as the target for this experiment 
since it has one predominat isotope (73.4 percent Ti*®) 
of known spin 0+ (even-even isotope) leading to an 
isotope (Ti) with fairly well-spaced energy levels* 
and for which the ground state spin is known‘ to be 
7/2-. The statistical theory of compound nucleus for- 
mation? predicts a rather distinctive angular distribu- 
tion, symmetrical about 90°, for the case of a 0*—>7/2- 
transition. 

A 0.5-mg/cm? target of TiO: was prepared on a silver 
backing from a suspension of TiO, in ethyl alcohol. 
The target was bombarded with deuterons of energy 
2.6 Mev in the laboratory coordinate system. The 
emerging protons, after passing through absorbers of Ag 
and Al, were detected in Eastman NTA emulsions. 
The absorbers were employed to prevent any deuterons 
from reaching the emulsion and to reduce the proton 
range in the emulsion to a convenient length for range 
measurements with a calibrated microscope eyepiece 
scale. After corrections for proton energy loss in the 


t This work was supported in part by the U. S. Atomic Energy 

ommission. 

*Now at the Pennsylvania State University, State College, 
Pennsylvania. 
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2 L. Wolfenstein, Phys. Rev. 82, 690 (1951). 
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absorbers were made,® the range-energy relation of 
Richards et al.6 was used to deduce the proton energy. 
By applying this procedure to various regions of the 
emulsions, it was thus possible to obtain proton energy 
spectra corresponding to various angles of proton 
emergence, and to obtain the angular distributions of 
proton groups which are resolved from their neighbors. 

Preliminary measurements indicated the ground 
state group of Ti® to be of relatively weak intensity 
and to be appreciably overlapped by neighboring 
groups presumably due to the other isotopes. Conse- 
quently it was found to be impossible to obtain reliable 
angular distribution measurements for this group. The 
two excited states at 1.40 Mev and 1.74-Mev excitation® 
were, however, reasonably well resolved at all angles. 
The spectrum at 45° angle of proton emergence is shown 
in Fig. 1 for the energy region in the vicinity of the 
proton groups corresponding to these states. Groups 1 
and 2 respectively correspond to the excited states in 
Ti® at 1.40 and 1.74 Mev. Group 3, which is not well 
resolved from its neighbors at all angles, corresponds to 
the excited state in Ti® at 2.45 Mev.® 
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Fic. 1. Proton spectrum in the energy region corresponding 


to transitions to states in Ti at (1) 1.40 Mev, (2) 1.74 Mev, 
and (3) 2.45 Mev. 
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Fic. 2. Angular distribution of protons from the (d,p) reaction 
leading to excited states in Ti® at 1.40 Mev and 1.74 Mev. The 
errors indicated are statistical standard deviations. 


The angular distributions of Groups 1 and 2 are 
shown in Fig. 2. The statistical standard deviation in 
cross section values is of the order of 10 percent; and 
the angular resolution is of the order of 3°. Center-of- 
mass corrections are small compared with these values 
and have been neglected. It is apparent that the 
statistical theory of compound nucleus formation,’ 
which is characterized by a symmetry of the angular 
distribution about 90°, is not applicable to these reac- 
tions. The stripping process, however, is known’:* to 


7S. T. Butler, Proc. Soc. (London) A208, 559 (1951). 


8 W. Tobocman and M. H. Kalos, following paper, Phys. Rev. 
97, 132 (1955). 


PHYSICAL REVIEW 


VOLUME 97, 


give rise to an angular distribution which is of the 
same general character as the data in Fig. 2. Although 
it is not possible to fit the data with the Butler theory,’ 
the fact that the deuteron energy in this experiment is 
well below the Coulomb barrier of the target implies 
that Coulomb effects not accounted for in the Butler 
theory may be particularly important in this case. 
Computations have recently been carried out by Toboc- 
man and Kalos,® which take into account Coulomb 
effects as well as proton absorption. These computa- 
tions, for a particular choice of the proton scattering 
amplitudes 6), result in an angular distribution which 
does indeed reproduce the general behavior of the 
experimental points. 

From the known values of source thickness, inte- 
grated beam current, and solid angle observed, it is 
possible to determine the absolute values of the reaction 
cross sections. The total cross sections are found to be 
5.7X10-*8 cm? for the transition to the 1.40-Mev state 
of Ti*® and 3.5X 10-*8 cm? for the transition to the 1.74- 
Mev state. These values are believed to be accurate to 
within a factor of 2. The cross sections for the transi- 
tions to the ground state and to the 2.45-Mev state 
of Ti*® are estimated to be of the order of 0.5 10-°8 cm’ 
and 2X 10-*8 cm?, respectively. 

We are indebted to Dr. W. Tobocman and Dr. M. H. 
Kalos for making their calculations available to us 
prior to publication. 
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The (d,p) cross section has been calculated by taking into account the Coulomb interaction, the inter- 
action of the liberated protons with the residual nucleus, and the scattering of the incident deuteron beam. 
These effects were found to be important in all the cases considered. 


I. INTRODUCTION 


HEN a thin film of matter is bombarded with a 
monoenergetic beam of deutefons, one observes 
among the reaction products energy groups of protons. 
Each energy group can be identified with a level of the 
residual nucleus. By measuring the Q of such a reaction 
one can determine the energies of the associated levels 
of the residual nucleus. It has been shown in recent 
years that the shapes of the angular distributions of the 
proton groups can be used to fix the parities and learn 
something about the spins of the levels of the residual 


* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at the Princeton Institute for Advanced Study, Prince- 
ton, New Jersey. 


nucleus.! The intensities of the proton groups have 
been shown to be proportional to the reduced widths of 
these levels.? Thus the (d,p) reaction is a powerful tool 
for nuclear spectroscopy. 

Previous theoretical treatments of the (d,p) reaction 
have been based on rather sweeping approximations. 
Nevertheless, these theories, in particular that due to 
S. T. Butler, have been able to describe the main aspects 


1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
A. B. Bhatia et al., Phil. Mag. 43, 485 (1952); R. Huby, Nature 
166, 552 (1950). 

2R. Huby, Proc. Roy. Soc. (London) A215, 385 (1952); 
S. Yoshida, Progr. Theoret. Phys. Japan 10, 1, 370 (1953); F. 
L. Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953); 
Fujimato, Kikuchi, and Yoshida, Progr. Theoret. Phys. Japan 11, 
3, 264 (1954). 





(d,p) ANGULAR DISTRIBUTIONS 


of the (d,p) angular distributions, and the spins and 
parities determined in this way have agreed for the 
most part with the results of other methods. But the 
Butler theory has not been uniformly successful in 
matching angular distributions, and the reduced widths 
measured by means of the Butler theory have differed 
from those determined by other methods by large 
factors. 

In an article by one of the authors* an approximate 
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expression for the (d,p) cross section was derived which 
was suitable for numerical evaluation and which in- 
cluded effects neglected in previous treatments. The 
effects referred to are those caused by the Coulomb 
interaction, the specifically nuclear interaction between 
the liberated proton and the residual nucleus, and the 
scattering of the incident deuteron beam. 

This expression for the (d,p) cross section has the 
following form :4 


(27-+1) he (1+-My/M1)(1+-Mp/M1)"\(1+Mp/Mr) 





o1(Op)=Y4 


(27+1)R| En| EptEp'M nM p* 


2d Bim’, (1) 


m= 


Bima Pim (cos@r)2_ fu'T n™ exp{ilor(ne) +o, (nv) + (4/2) (A—1) J}, 


ans (24-+1) (27+ Dy (l—|m|)! 

(+1) LG |m|)! 
|Ky| " 

hy (i|Ky|R) 





where 6p=angle of the liberated proton with respect 

to the incident deuteron, 
Ep=energy of the incident deuteron (center- 
of-mass), 
Ep=energy of the liberated proton (center- 
of-mass), 
e= binding energy of the deuteron, 
En=Ep— Ep—¢=—Q—e, 
R=radius of the target nucleus, 
yi=reduced level width of the residual 
nucleus, 
J=spin of the residual nucleus, 
I=spin of the target nucleus, 

Mp=proton mass, 

Myn=neutron mass, 

Mp=mass of the deuteron, 

M,z=mass of the target nucleus, 

Mry=mass of the residual nucleus, 

L=orbital angular momentum of the cap- 
tured neutron, 

(1Am0|/\Lm) =the Clebsch-Gordan coefficient, 
F;(y,p)=regular radial Coulomb wave function, 
Gi(n,p) = irregular radial Coulomb wave function, 

H = F =. 1G, 
o1(n) =argl (1+/+in), 
Z=atomic number of target nucleus, 


Z Myc? Mp —144 
D> (1+ ’ 
137.04L 2Ep My, 


3 W. Tobocman, Phys. Rev. 94, 1655 (1954). 


4 
(1X00 | 2X0) (Am0|2ALm), 


f drhy® (i| Ky | R)LFx(np,K pt) —en Fa (nv, Kor) 
R(i+My/M1) 


Kpr 


Kpr 
Hole nan 2M 
1+My/M, 1+My/Mr 





Mp —14) 
a] 
Mr 


z Mpc? 
le ( 
137.04L 2Ep 


K,*= 2Eph?M p(1+Mp/M71)", 
K p*=2EphM p(1+Mp/M F)—, 
|Ky|?=2|Ey| Myh?(1+My/M7)". 


The a, and 6; appearing in the expression for fn” 
are the partial wave scattering amplitudes appropriate 





Fic. 1. The Coulomb effect on the (d,p) reaction. The angular 
distribution of protons from the F"°(d,p)F™ reaction is calculated 
from the Butler theory (dashed lines) and from the Butler theory 
+Coulomb interaction (solid lines). Ep>=3.6 Mev (lab), Q=4.37 
Mev, R=5.05X 1078 cm. 


4In reference 3 the oz and oy appear in Eqs. (26), (30), and 
(31) with the wrong sign. 
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Fic. 2. The Coulomb and nuclear effects on the (d,p) reaction, for L=0, 1, 2. The angular distribution of protons from the F®(d,p)F® 
reaction calculated from (a) Butler theory, (6) Butler+-Coulomb, (c) Butler+Coulomb+absorption of protons with /<2, (d) Butler 
+Coulomb+hard sphere scattering of protons. Ep=3.6 Mev (lab), Q=4.37 Mev, R=5.05X 10—" cm. Experimental points shown are 
due to Bromley et al. (see reference 5). The Q values corresponding to these points are L=2, triangles, Q=4.37 Mev; L=2, circles, 
Q=3.72 Mev; L=0, Q=0.88 Mev. 


to the interaction of deuterons with the target nucleus 
and the interaction of protons with the residual nucleus 
respectively. 

If one assumes that 0=Z=a,=£,, then Eq. (2) 
becomes 


—6 noi" R°?K pK p(1+Mwy/Mz) rd 


— —Jjr(k 
|Kw| (i +] Ky|-*k*) a (xr) 








d - 
— jr(«r)— Inhy™ (i| Ky|r) » (6S) 
dr Jr =R(1+Mwn/M1) 


where x= Kp— (1+My/M1)Kop, jx(p)=the spherical 
Bessel function, and h,“)(p)=the spherical Hankel 
function of the first kind. This expression, introduced 
into Eq. (1), gives the Butler (d,p) cross section. 
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Fic. 3. The Coulomb effect on the (d,p) reaction. The angular 
distribution of protons from the F"(d,p)F” reaction is calculated 
from the Butler theory (dashed lines) and from the Butler theory 
+Coulomb interaction (solid lines). Ep= 14.3 Mev (lab), Q=4.37 
Mev, R=5.05X10-" cm. The experimental points are due to 
Black. (See reference 6.) 


II. CALCULATION 


We have used an I.B.M. card-programmed computer 
to evaluate the quantity >°,,|B4™|? appearing in Eq. 
(1). This quantity is dimensionless and contains the 
angular dependence of the (d,p) cross section o1(@p). 
The computation was a direct numerical evaluation and 
involved no approximations. The results of our com- 
putations are displayed in Figs. 1-7 together with some 
experimental points. , 

A factor N is introduced to provide convenient nor- 
malization. The experimental points appearing on Fig. 2 
were taken from the work of Bromley et al.’ The Q-value 
4.373 Mev is appropriate only to the points represented 
by the triangles which correspond to stripping due to 
the ground state of F®. The two angular distributions 
represented by circles are due to two excited states of 
F*, Since our expression for the (d,p) cross section is 
not very sensitive to variations in the value of Q, we 
thought it would be of interest to display the latter 
points. The points shown on Figs. 3 and 4 are due to 
Black,® and the points displayed on Fig. 5 are the 
results of work by Pratt.’ 

The computations involved various choices for the 
parameters Z, ay, and @;. In the accompanying figures 
we identify the choice in the following manner. 


(1) Z=0, a,=0, 6,:=0: “Butler theory.” 

(2) Z=Z of target nucleus, a=0, 6:=0: “Butler 
+Coulomb.” 

(3) Z=Z of target nucleus, a=0, B:=} for 1<¢h, 
and 6;=0 for />1,: ‘““Butler+Coulomb+-absorption of 
protons with /<1,.” 

(4) Z=Z of target nucleus, a=0, 6:=Fi(np,KpR)/ 


5 Bromley, Bruner, and Fulbright, Phys. Rev. 89, 396 (1952). 

°C. F. Black, Ph.D. thesis, Massachusetts Institute of Tech- 
nology 1953 (unpublished). 

7W. W. Pratt, preceding paper [Phys. Rev. 97, 131 (1954) ]. 
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Fic. 4. The Coulomb and nuclear effects on the (¢,p) reaction, for L=0, 1, 2. The angular distribution of protons from the 
F%(d,p)F™ reaction is calculated from (a) Butler theory, (6) Butler+-Coulomb, (c) Butler+Coulomb+absorption of protons 
with 1<¢4, (d) Butler+Coulomb-+-hard sphere scattering of protons. Ep>=14.3 Mev (lab), Q=4.37 Mev, R=5.05X 1078 cm. 


The experimental points are due to Black. (See reference 6.) 


Hi(np,KpR): “Butler+Coulomb+hard sphere scat- 
tering for protons.” 

(5) Z=Z of target nucleus, a,=} for \ <A1 and a,=0 
for A>Ai, Bi=(F i’ (ne, KpR)+iKRFi(np,KpR) |/ 
[Hi (np,KpR)+tKRHi(np,KpR)], K=(Kr’+1X10-* 
cm~)#: ‘“Butler+Coulomb+continuum theory for 
protons+-absorption of deuterons with \ <A1,” etc. 


In Figs. 6 and 7 we have examples of how strongly 
the (d,p) cross section can be influenced by the nuclear 
effects represented by the scattering amplitudes a 
and 6;. In Fig. 6, various combinations of models were 
employed as a basis for the choice of the scattering 
amplitudes. In Fig. 7 we investigate the effect of a 
resonance in one of the proton scattering amplitudes. 
To be specific, we assume no deuteron scattering and 
absorption of protons with / smaller than 3 except for 


a _ ab (N#0.0117) 
< 


sac 
~T.a-¢ (N=0,00753) 
Ly > 


o (N*6,38) 





ie. 
"adie a 
> 1 
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Fic. 5. The Coulomb and nuclear effects on the (d,p) reaction. 
The angular distribution of protons from the Ti**(d,p)Ti® reaction 
is calculated from (a) Butler theory, (6) Butler+Coulomb, 
(c) Butler+-Coulomb+-absorption of protons with /<1. Ep=2.60 
Mev (lab), Q=4.46 Mev, R=6.49X 10-8 cm. The experimental 
points are due to Pratt. (See reference 7.) The triangles represent 
the reaction with Q=4.46 Mev and the circles represent the 
reaction with Q=4.11 Mev. 


one proton scattering amplitude which is given the 
resonance value 


i= 240K pRHi(np,K pR)?= ia 10H, (np,K pR)~, 


I’ being the reaction width and 7 being the reduced 
width of the proton resonance. The value 27I-'KpR 
= 10 is chosen arbitrarily. 


III. DISCUSSION 


Inspection of the calculated angular distribution 
discloses that the effect of introducing the Coulomb 
interaction into the theory is to displace the angular 
distribution toward larger angles and to broaden the 
peaks and fill in the valleys. The value of the total 
cross section is reduced. In extreme cases, such as the 
one shown in Fig. 5, these Coulomb effects can be so 








Fic. 6. The Coulomb effect, nuclear effect, and the effect due 
to the scattering of the incident deuteron beam on the (d,p) 
reaction. The angular distribution of protons from the F¥(d,p)F® 
reaction is calculated from Butler+Coulomb+ (a) absorption of 
deuterons with \<2, (6) continuum theory for protons, (c) ab- 
sorption of deuterons with \<1-+-absorption of protons with /<2, 
(d) absorption of deuterons with \<1+hard sphere scattering for 
protons, (e) absorption of deuterons with A<1+continuum 
theory for protons, (f) absorption of protons with /<2, (g) hard 
sphere scattering for protons, (#) nothing. Ep>=3.6 Mev (lab), 
Q=4.37 Mev, R=5.05X 10— cm. 
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Fic. 7. The effects of resonances in the nuclear interaction on 
the (d,p) cross section. The angular distribution of protons from 
the F°(d,p)F™ reaction is calculated from Butler-+Coulomb+ab- 
sorption of protons with 1<2+(a) no resonance, (b) resonance 
on the protons with /=0, (c) resonance on the protons with /=1, 
(d) resonance on the protons with /=2, (e) resonance on the 
protons with J=3. Ep=3.6 Mev (lab), Q=4.37 Mev, R=5.05 
X 10-8 cm. 


great as to distort completely the angular distribution. 
Even in a most favorable case where 14.3-Mev deu- 
terons are incident on F™ (Fig. 3), we find that the 
Coulomb effects are not negligible although they are 
not great enough to make the choice of L uncertain. 

One observes that the effect of introducing the nuclear 
interactions by giving a and ; nonzero values is in 
general opposite to the Coulomb effect—peaks are dis- 
placed toward smaller angles and become less broad. 
The nuclear effect on the total cross section, however, 
is in the same direction as the Coulomb effect, i.e., the 
total cross section is further reduced. 

The nuclear effect on the (d,p) cross section is en- 
hanced as the Coulomb effect becomes more important. 
This behavior can be explained as follows. When a 
neutron is captured with angular momentum Lh from 
a deuteron of angular momentum XA, then the liberated 
proton has an angular momentum between (A+L)h and 


|A—L|h. Since we are dealing with small values of L, 
we can say that the proton emerges with an angular 
momentum approximately equal to that of the incident 
deuteron. But most of the deuterons which interact 
with the target nucleus have angular momenta of about 
R(2M p(Ep—Ze*/R) |!=Xoh or less. Thus most of the 
protons emerge with angular momenta about equal to or 
less than Aoh. Now the proton partial waves with angular 
momenta below R[2Mp(Ep+Q—Ze?/R) }t=hh are 
distorted by the nuclear effect. We see that Ao decreases 
more rapidly with Z than /p. This difference in behavior 
becomes less important as Ep becomes much larger than 
Q. Thus increasing Z increases the proportion of proton 
partial waves distorted by the nuclear effect. 

We conclude that in order to determine the angular 
momentum of the captured particle from the deuteron- 
stripping angular distribution without making hypoth- 
eses about the scattering amplitudes for the incident 
deuterons and the emitted protons, the experiment must 
be performed with deuterons having energies well above 
the Coulomb barrier. However, even at such elevated 
energies the normalization of the cross section is still 
sufficiently sensitive to the Coulomb and _ nuclear 
effects to permit nothing better than a gross order of 
magnitude estimate of the reduced width when these 
effects are neglected. 

Thus the presence of Coulomb and nuclear effects 
render the use of deuteron stripping to gain information 
about the spins, parities, and reduced widths of nuclear 
levels more cumbersome. On the other hand, deuteron 
stripping presents us with a new tool for the study of 
proton and neutron interactions with nuclei. For in- 
stance, it would be very interesting to study proton 
elastic scattering and the corresponding (d,p) reaction 
side by side, trying to fit the angular distributions from 
both experiments with the same set of scattering 
amplitudes. 
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Neutrinos from the Sun 
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Physics Department, University of Cape Town, Rondebosch, Cape, South Africa 
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The carbon cycle in the sun causes a large flux of neutrinos at the earth. The heat generated by these in 
the earth is calculated as a function of the neutrino magnetic moment. It is shown that this heat production 
is small compared to that resulting from the natural radioactivity of the core, that practically all of the 
carbon cycle energy liberated in the form of neutrinos in the sun is lost by the sun, and that the energy 
distribution of the neutrinos reaching the earth is practically the same as their energy distribution on 


creation in the sun. 





1. INTRODUCTION 


HE production of energy in the sun by means of 
the carbon cycle is the source of an enormous 
number of neutrinos, most of which escape from the sun 
producing a flux of between 10" and 10" neutrinos/cm? 
sec at the earth. In their passage through the earth, 
these might lose some of their energy by means of 
inelastic collisions with electrons and thus provide a 
source of heat over and above that provided by the 
natural radioactivity of the constituents of the earth 
and its possible contraction. It has been pointed out,! 
that heat generation in the earth by this means may be 
very small for two alternative reasons: (1) because both 
sun and earth are very transparent to neutrinos, or (2) 
because the sun is so opaque that most of the neutrino 
energy is dissipated in the sun, leaving little for the 
earth. The difference in the heat generated in the sun 
under these two conditions amounts to about 7 percent, 
an amount significant for astrophysics. The flux and 
energy distribution of the neutrinos reaching the earth 
is of interest for terrestrial experiments to detect the 
free neutrino, for example by inverse beta decay.” 


2. INTERACTION OF NEUTRINOS WITH MATTER 


The only ways by which neutrinos may lose energy 
to matter are by inverse beta decay and inelastic col- 
lisions. The cross section for inverse beta decay is 
known from detailed balancing arguments to be about 
10“ cm? and this is so small that the process may be 
ignored as far as neutrino absorption and heat genera- 
tion in the sun and earth are concerned. 

Inelastic collisions in which the neutrino could lose 
an appreciable amount of energy can only take place 
by means of the interaction of the magnetic moments of 
the neutrinos and electrons. If the former have zero 
rest-mass, the energy and angle relations between inci- 
dent and scattered neutrinos and recoil electrons are 
the same as in the Compton effect and the cross section 
per unit solid angle per unit energy interval of the recoil 


1A. M. Cormack, Phys. Rev. 95, 580 (1954). 
2 F. Reines and C. L. Cowan, Phys. Rev. 92, 830 (1953). 


electron has been found by Bethe’ to be 


(E-W) 
ow) (=) EW(1+W) a 


where W and E are the energies of recoil electron and 
incident neutrino in units of mc? and m is the magnetic 
moment of the neutrino in Bohr magnetons. Nahmias,‘ 
interpreted his experimental results on the counting rates 
of well-shielded counters near a strong radium source 
on the basis of the above expression and was able to 
establish an upper limit for 7 of 1.8X10-*. Since then, 
this limit has been progressively reduced and the latest 
result,® is 7<10-7. 

If W is the mean energy loss of the neutrinos in a 
collision, the product oW is readily found to be 


W=n(—)[(14+- -) log(1-+175) (= —)| 


=r'(— ) f(E), (2) 


where W,,= E/(1+1/2£) is the maximum energy of the 
recoil electrons. 


3. SOLAR NEUTRINOS AND THEIR INTERACTION 
WITH THE EARTH 


If one assumes that the carbon cycle is the source of 
the sun’s energy and adopts a figure of 3.7810® 
ergs/sec for its energy output, the number of neutrinos 
produced in the sun is found to be 2.08 10** per sec 
with an average energy of 0.93 Mev, if the data of 
Gamow and Critchfield® for the carbon cycle are used. 
Since there is no mechanism for the capture of neutrinos 
by the sun, all of them must leave the sun producing a 
flux of 7.410" neutrinos/cm? sec at the earth. 


3H. A. Bethe, Proc. Cambridge Phil. Soc. 31, 108 (1935). 

4M. E. Nahmias, Proc. Cambridge Phil. Soc. 31, 90 (1935). 

5 C. L. Cowan and F. Reines (private communication). I should 
like to thank Drs. Cowan and Reines for making their results 
available to me before publication. 

6G. Gamow and C. L. Critchfield, Theory of Atomic Nucleus 
and — Energy Sources (Oxford University Press, London, 
1949). 
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Fic. 1. The relation between E,, the mean energy of neutrinos 
escaping from the sun, and the neutrino magnetic moment, Bohr 
magnetons. 


On their way out of the sun, they will lose energy by 
inelastic collisions and the mean energy of those arriving 
at the earth will be less than 0.93 Mev and may be 
estimated as follows. Suppose that all of the neutrinos 
are produced in the center of the sun with a mean 
energy Ey and that £, p(r), N, are respectively the 
mean energy and density at a distance r from the 
center of the sun, and the number of electrons per 
gram of solar material. Then the mean energy loss of a 
neutrino transversing a thickness dr is 


No (E)W (E)p(r)dr, (3) 


and hence the mean energy, Em, at the sun’s radius, R, 
is the solution of 


fern (S) J a a 


The value of Z,, found from (4) will be correct only if 
the neutrino experiences a small number of collisions 
on its way out of the sun, but it will be at least of the 
right order of magnitude for a larger number of col- 
lisions since the crudeness of the treatment of the 
transfer problem will be somewhat offset by the 
assumption of a point source, rather than an extended 
source of energy production. Houtermans and Thirring’ 
have treated the same problem somewhat differently. 
The advantage of the present treatment over theirs is 
this. They use ¢ itself, which is logarithmically divergent 
for the many free electrons in the sun, whereas oW is 
finite for free electrons and is almost independent of the 
binding energy of the electron. It will be seen that, in 
view of the smallness of ” established by Cowan and 
Reines, this advantage is one of principle only. If the 
neutrino flux at the earth is F and the number of elec- 
trons per gram of the earth is V,, then the energy pro- 
duction in the earth will be 


H=rnN F (=) f(Em) ergs/g sec. (5) 


( 7F. G. Houtermans and W. Thirring, Helv. Phys. Acta 27, 81 
1954). 


The integral on the right-hand side of (4) has been 
evaluated on the assumption that the sun is a polytropic 
gas sphere of polytropic index 3, using the figures given 
for such a model by Eddington,® and the value found 
is 1.06X 10". V, and NV, have been taken as 4.06X 10” 
and 2.80X 10" on the assumption that the sun consists 
of 35 percent of hydrogen and 65 percent of heavier 
elements with a ratio of atomic number to mass number 
of 2, and that the earth is made of iron. Houtermans and 
Thirring,’ have used more recent estimates of the 
density and chemical constitution of the sun, but the 
results do not depend critically on these. Equation (4) 
was solved for ” as a function of £,,, numerical methods 
being used for Z,,>0.1, and these results being com- 
bined with an analytical expression found by using the 
approximation {(Z)=W =~», which is valid for E,<0.1. 
The results are shown in Fig. 1 for Ey>=2 mc? which is 
approximately the mean energy of the neutrinos at the 
center of the sun. This relation between £,, and m was 
used to calculate H from (5), and H is shown as a func- 
tion of m in Fig. 2. The shape of the curve in Fig. 2 is 
due to the fact that energy production in the earth may 
be small or zero either because both the sun and the 
earth are so transparent to neutrinos that there is no 
appreciable interaction with either, or because 7 is so 
large that the neutrinos lose most of their energy in 
the sun and are consequently unable to lose much more 
in the earth. 

It is obvious from Fig. 1 that if 2<10~’, nearly all 
of the neutrino energy liberated in the sun (7 percent 
of the total) will escape, and also that the energy dis- 
tribution of the neutrinos reaching the earth will be 
almost exactly the same as their energy distribution on 
creation in the sun. 


4. HEAT PRODUCTION IN THE EARTH 


It was hoped! that geophysical arguments could be 
used to place a limit on the heat generation in the earth 
by neutrinos and hence that limits could be placed on 
n by the use of the results shown in Fig. 2. Work on 








nx1o® 


Fic. 2. The heat generation, H ergs/g/sec in the earth as a 
function of the neutrino magnetic moment, Bohr magnetons. 


8 A. S. Eddington, Internal Constitution of the Stars (Cambridge 
University Press, London, 1930). 





NEUTRINOS FROM THE SUN 


the heat balance of the earth’s core, such as that of 
Bullard,*- in connection with his theory of the earth’s 
magnetism, indicate that geophysically significant 
rates of heat generation are about 1 to 3X10-° erg/g 
sec, comparable to the heat generated by natural radio- 
activity in iron meteorites. Figure 2 shows that if 
n<10-’, H is less than about 10-” erg/g sec, and thus 
neutrino produced heat may be neglected in geophysical 
9E. C. Bullard, Proc. Roy. Soc. (London) A197, 433 (1949). 


0 E. C. Bullard, Monthly Notices Roy. Astron. "Soc. Geophys. 
Supp. 6, 36 (1950). 
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calculations. Also, no limits on the neutrino magnetic 
moment may be obtained on geophysical grounds. 


5. CONCLUSIONS 


The neutrinos produced in the sun undergo practically 
no inelastic collisions in either the sun or the earth, and 
reach to earth with almost the same energy that they 
had on creation in the sun. 

I should like to thank Professor A. L. Hales for dis- 
cussions on the heat balance of the earth’s core. 
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Summing Studies of the Gamma Rays Following the Decays of Ba’, Se”, and Ru'*™ 


D. C. Lu, W. H. Ketty, anp M. L. WiEDENBECK 
Randall Laboratory of Physis, Univerity of Michigan, Ann Arbor, Michigan 
(Received August 9, 1954) 


Coincidences between the gamma rays following the decays in Ba’*!, Se75, and Ru have been examined 
with the summing technique. The experimental evidences lead to a new decay scheme for Ba!*!, Some dis- 
crepancies with previous investigations are found in Se’5, which leads to a revision of the decay scheme. 


I, Ba'# 


HE y rays emitted by Cs!*! following K capture 
from Ba’*! have been studied by several previous 
investigators.‘* Kurbatov ef al.,’ in the latest study, 
reported their energies to be 122, 214, 244, 370, and 
496 kev. In the present investigation, the coincidences 
between these y rays are studied, using the summing 
technique described previously.‘ It is found that the 122- 
and 496-kev y rays are in cascade, whereas neither 
the 214-kev nor the 372-kev transition is in coincidence 
with any other y rays except the K-capture x-rays. 
This is contrary to the findings of Kondaiah' and the 
previous belief that the 496-kev transition is the 
“cross-over” in parallel with the cascade comprising 
the 372- and 122-kev transitions. 

The experimental result of the present study is 
presented in Fig. 1. The top curve represents the 
normal + ray spectrum taken with the sample about 3 
inches away from the NaI(TI) crystal. It exhibits the 
existence of y rays at 618, 496, 372, 214, and 122 kev. 
and a very strong peak at 30 kev due to Cs and Xe 
K x-rays. No positive sign of the 244-kev vy ray is 
noticed, though the 214-kev peak does appear to be 
somewhat broadened. Neither are there any positive 
indications of the weak y rays at 108, 65, and 48 kev as 
previously reported.* The weak y ray at 618 kev appears 


* This study was supported vd the Michigan Memorial Phoenix 
Project, University of Michiga 

1. Kondaiah, Arkiv. Fysik 2, 295 (1950). 

?R. Canada and A. C. G. Mitchell, Phys. Rev. 83, 76 (1951). 
wosz Elliott, Cheng, Haskins, and Kurbatov, Phys. Rev. 88, 263 

‘ D. C. Lu and M. L. Wiedenbeck, Phys. Rev. 94, 501 (1954). 


to be real, since its relative intensity changed very 
little when the sample is moved from 2 to 4 inches 
away from the phosphor. The peak at 85 kev is probably 
due to Ba'*™ contamination. A weak peak at about 
1.09 Mev is also noticed, (not shown) but no attempt 
was made to trace its half-life to see if it belongs 
to Ba", 

When the sample was enclosed in a thin Lucite rodand 
introduced at the center of the phosphor, the summing 
spectrum, represented by the bottom curve, was ob- 
tained. Because of the sample thickness and the Auger 
effect, the K-capture x-rays are subjected to sub- 
stantial absorption before they enter the phosphor. 
As a result, only part of the y quanta entering the 
phosphor sum with a K-capture x-ray quantum. Indica- 
tions of such summing are noticed at 122+30 kev, 
214+-30 kev, and 372+-30 kev. The 496-kev transition 
sums with the 122-kev transition to form a strong sum 
peak at an energy somewhat higher than 618 kev 
because of further partial summing with K x-rays. 
Since the 122-kev transition is highly converted, some 
of the 496-kev quanta each sum with two K x-ray 
quanta. This leads to the odd shaped peak at 510 kev. 
A sum peak corresponding to the sum of two x-rays 
also appears at about 60 kev. No other sum peaks are 
noticed. 

When the sample was contained in a thin copper 
capsule of 0.6-mm wall thickness to cut off the x-rays, 
and placed at the center of the phosphor, the summing 
spectrum represented by the middle curve was observed. 
It clearly indicates that neither the 372-kev nor the 214- 
kev y ray is in coincidence with the 122-kev y ray. If 
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Fic. 1. y-ray spectra of Cs'*! following K capture 
in Ba!*!, Energies in kev. 


the 214- and 122-kev y rays were in coincidence, a strong 
sum peak should appear at 336 kev. If the 372-kev 
ray were in coincidence with the 122-kev ray in the 
same manner as the 496-kev y ray is, the summing 
effect would (a) reduce the intensity of the 496-kev 


peak by a factor a to form the sum peak at 618 kev, 
(b) reduce the intensity of the 372-kev peak, by the 
same factor a, to reinforce the peak at 496 kev. This 
would have resulted in a much higher peak at 496 than 
at 372 kev on the summing spectra. Similarly, using a 
thin gold capsule to cut off the 122-kev y ray, one sees 
that the 372- and 214-kev y rays do not sum with each 
other. The fact that both are in coincidence with 
K-capture x-rays (see Fig. 1, bottom curve) rules out 
the possibility that they may be in cascade through a 
meta-stable state. It is reasonable, therefore, to as- 
sume that they both go the the ground state, and are 
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Fic. 2. Excited energy levels of Cs'*!. Energies in kev. 
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Fic. 3. y-ray spectra of As’® following K capture in Se”. 
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fed by separate electron capture processes. This leads 
to the decay scheme shown in Fig. 2. 

The sum spectrum represented by the bottom curve 
in Fig. 1 also allows a rough estimate of the internal 
conversion coefficient e/y of the 122-kev transition if 
one considers the following facts. The area under the 
sum peak at approximately 630 kev is proportional to 
the number of events of the type in which the detection 
of a 496-kev quantum is accompanied by the detection 
of a 122-kev quantum (with or without the accompany- 
ing detection of the K-capture x-ray quantum). The 
area under the sum peak at approximately 510 kev 
is proportional to the total of two types of events: 
(a) events in which the detection of a 496-kev quantum 
is accompanied by a 122-kev quantum which escaped 
detection ; (b) events in which the detection of a 496-kev 
quantum is accompanied by an internal conversion 
with the K x-ray either being detected or not. If the 
efficiency of the phosphor for the detection of the 122- 
kev y ray is ¢, the relative numbers of the three types 
of events are evidently e:1—¢€:e/y. The ratio of the 
area under the 510-kev sum peak to the area under the 
630-kev sum peak is therefore proportional to (i—e« 
+e/y)/e. This must be multiplied by the numerical 
factor (630/510)! as a first order correction for the 
effect of the constant window width of the differential 
pulse amplitude analyzer. Thus 


Area(510) _ S 41 —e+(e/y) 
Area (630) = 


While the exact value of ¢« is not known, it can be 
safely estimated to be 0.85-+0.08 from previous experi- 
mental evidence. The calculated value for e/y is of the 
order of 0.6. Although this is a rather rough measure- 
ment, it is presented here since no other more accurate 
measurements have been reported. 


II. Ses 


By using the summing technique, the y rays of As’® 
following electron capture from Se’> have also been 


€ 
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studied. The result is presented in Fig. 3. The normal 
spectrum shows peaks at 405, 269, and 138 kev, with 
indications of peaks at 124, 98, 77, and possibly 203 
kev. Within experimental accuracy, these energy 
values are consistent with previous measurements by 
Ter-Pogossian ef al,5 Cork et al.,6 and Jensen et al.’ 
However, the intensities of the y rays appear to be 
different from those measured by Jensen ef al.,7 who 
reported the relative intensities (in parenthesis) of the 
stronger y rays as follows: 77 kev (14), 98 kev (6.5), 
138 kev (24), 268 kev (71), and 405 kev (14). If one 
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Fic. 5. y-ray spectra of Pd!* following 8 decays 
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oe Robinson, and Cook, Phys. Rev. 75, 995 
1949). 

6 Cork, Rutledge, Branyan, Stoddard, and LeBlanc, Phys. Rev. 
79, 889 (1950). 

7 Jensen, Laslett, Martin, Hughes, and Pratt, Phys. Rev. 90, 
557, (1953). 
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takes into consideration the energy dependent effect 
of the detection efficiency and the effect of the constant 
“window width” of the scintillation spectrometer, the 
present data indicates that the 138-kev y ray is con- 
siderably stronger, and the 77-kev x-ray much weaker 
than measured by Jensen ef al.’ This is consistent with 
the recent work by Schardt et al.® 

The dotted curve in Fig. 3 represents the summing 
spectrum obtained with the sample in the phosphor. 
The As K x-rays arising from K capture were cut off 
by the use of a thin Al absorber. Peaks are noticed at 
405, 281, 138, and 98 kev. This infers the following: 
(1) The highest excited energy level involved is at 
405 kev since no sum peak appears above this energy. 
(It is assumed here that no meta-stable states are 
present. DeBenedetti and McGowan’ found no delayed 
coincidences in the 10-*- to 10-*-sec range.) Thus, any 
two 7 rays whose energies add up to more than 405 kev 
cannot be in cascade. (2) The strong sum peak at 405 
kev shows that the 138- and the 269-kev transitions are 
in cascade. (3) Since no indication of summing is noticed 
at 346 kev, the 77-kev 7 ray appears not to be in cascade 
with the 269-kev y ray as suggested by Jensen e7 al.,’ 
whereas on the basis of the present investigation, there 

8 A. W. Schardt and J. P. Welker, Phys. Rev. 93, 916 (1954). 


®S. DeBenedetti and F. K. McGowan, Phys. Rev. 74, 728 
(1948). 
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is no real objection from the standpoint of intensities 
in placing the 77-kev transition between excited levels 
at 203 and 281 kev as suggested by Cork e¢ al.* (4) The 
98-kev ray does not appear to sum with any y ray of 
appreciable intensity. Therefore, it probably goes 
directly to the ground state and is fed by electron 
capture as proposed by Jensen ef al.” (5) The 124-kev 
ray appears to sum with at least another y ray. 
Among the observed sum peak energies, only 405 kev 
can be decomposed into combinations of observed y ray 
energies involving 124 kev. It is therefore reasonable to 
assume that the 124-kev transition is from the 405 to 
the 281 excited level. The intensity of the 281 sum peak 
indicates that the 281-kev level is probably also fed by 
electron capture. These informations lead to the decay 
scheme shown in Fig. 4. It is a compromise between the 
decay schemes proposed by Jensen e/ al. and Cork et al. 


Ill. Ru! 


The y rays of Pd'6, following the successive 6 decays 
from Ru" to Rh to Pd!6, have also been studied with 
the summing technique. The experimental result, repre- 
sented by Fig. 5, is consistent with previous studies 
by D. E. Alburger,’ and Klema and McGowan." 


10D—. E. Alburger, Phys. Rev. 88, 339 (1952): 
11 FE. D. Klema and F. K. McGowan, Phys. Rev. 92, 1469 (1953). 
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Gamma and X-Radiation in the Decay of Am”“"{ 
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The decay scheme of Am*! is discussed in terms of new information on the conversion electrons, gamma 
rays, and L series x-rays accompanying its alpha decay. The photons were measured with a scintillation 
spectrometer and a bent crystal spectrometer and the conversion electron spectrum was determined with a 


double focusing beta-ray spectrometer. 


I. INTRODUCTION 


HE decay properties of Am™! have received 

considerable attention because this isotope was 
one of the first transuranium alpha emitters which 
could be produced isotopically pure in amounts suitable 
for nuclear spectroscopic studies and the prominent 
gamma radiation clearly indicated a complex spectrum. 
Also, the specific activity was sufficiently high to 
permit examination of soft radiation and rare radiation. 
The close examination of the alpha spectrum has 
yielded five alpha groups which define uniquely four 
excited states of Np*’. It is of interest to coordinate 
these states with the electrons and electromagnetic 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 


radiation which result from their de-excitation, and 
from the properties to deduce something concerning 
the nuclear spectroscopic states of Np’. 

The isotope Am", first identified by Seaborg, James, 
and Morgan,! can be obtained in isotopically pure form 
from a mixture of plutonium isotopes which contains 
Pu™! as the only 6 emitter.2 The alpha spectrum 
determined in this laboratory* and later modified‘ 
defines a series of energy levels which can form the 

1Seaborg, James, and Morgan, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1949), National Nuclear Energy Series, Plutonium Project 
Record, Vol. 14B, Div. IV, Paper No. 22.1, p. 1525. 

( — James, Morgan, and Seaborg, Phys. Rev. 78, 472 
1950). 
3 Asaro, Reynolds, and Perlman, Phys. Rev. 87, 277 (1952). 
4F. Asaro and I. Perlman, Phys. Rev. 93, 1423 (1954). 
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basis for fitting the gamma-ray transitions (see Fig. 1). 
For the present, the gamma rays or conversion electrons 
observed by various authors will just be mentioned. 

The early studies showed a prominent gamma ray 
of 62-kev and ~20-kev photons presumed to be L 
x-rays.! Several authors*’ observed conversion elec- 
tron lines of a gamma ray of about this energy (reference 
5, 59.4 kev; reference 6, 59.6 kev; reference 7, 59.0 kev), 
and the gamma ray itself has been measured with 
a scintillation spectrometer,’ with proportional 
counters’ and with a bent-crystal spectrometer” 
which lends itself to more precise measurement (refer- 
ence 10, 59.78 kev; this paper, 59.62+-0.06 kev). This 
gamma ray leads from the heavily populated state at 
59.6 kev to the ground state. 

A part of the early interpretation of the decay data 
was confused by the appearance of an alpha group 
in low intensity of 11 kev higher energy than that now 
thought to be the ground state transition and therefore 
all energy levels were considered to be 11 kev higher 
than the present interpretation. Wolfson*® searched 
for M conversion lines of an 11-kev gamma ray without 
success and it was later shown‘ that the high-energy 
alpha group does not exist but was due to the principal 
alpha group, part of which bypassed one of the baffles 
in the spectrograph to a region of low magnetic field 
and registered as a high energy peak. 

The 59.6-kev state (through which virtually all 
transitions pass) is de-excited to an appreciable extent 
by dropping through the 33.2 kev level (see Fig. 1). 
The first studies with the bent-crystal spectrometer’? 
showed photons of 26.43 kev and 33.36 kev which 
conform with the alpha groups and add precisely to 
the energy of the crossover transition. Using a propor- 
tional counter, Beling, Newton, and Rose*® observed 
the 26.4-kev photon but not that at 33.4 kev, and 
Newton and Rose" suggested that this photon, as 
well as a weak one at 38.0 kev, were K, and Kg x-rays of 
lanthanum from fluorescence excitation by the 59.6-kev 
gamma ray. Lanthanum is an expected impurity in 
americium by virtue of its introduction as a carrier 
in the most usual procedure for isolating americium. 
This was indeed shown to be the case when these lines 
diminished upon further purification of the samples 
used in this laboratory. It is now known that the 33.2- 
kev transition is highly converted and the gamma ray 
is consequently not observed. 

The next state above the 59.6-kev state lies at 103 


_'G. D. O’Kelley, Ph.D. thesis, University of California Radia- 

tion Laboratory Unclassified Document UCRL-1243, 1951 
(unpublished). 

6 J. F. Wolfson (private communication). 
ass Wagner, and Engelkemeir, Phys. Rev. 88, 1155 

8 Beling, Newton, and Rose, Phys. Rev. 86, 797 (1952). 

® West, Dawson, and Mandelberg, Phil. Mag. 43, 875 (1952). 

1 C. I, Browne, Ph.D. thesis, University of California Radiation 
Laboratory Unclassified Document UCRL-1764, 1952 (un- 
published). 

1 J. O. Newton and B. Rose, Phys. Rev. 89, 1157 (1953). 
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. 1. Decay scheme of Am™!, 


kev and is fairly heavily populated. Of the several 
paths through which this state could de-excite only 
the transition to the 59.6-kev state has been observed 
and this through the conversion electron spectrum.® 
The 43.3-kev gamma transition has been observed 
through the conversion electron spectrum in the 
present work and also in that of Wolfson.* Conversion 
lines of a 99-kev photon have also been reported.®” 
The reasons why this photon is assigned as shown in 
Fig. 1 and not to either a K x-ray or a gamma ray from 
the 103-kev state will appear in the later discussion. 
Other components of the decay scheme will also be 
discussed. 


Il, EXPERIMENTAL 


The Am™! used in this investigation was obtained 
from plutonium that had undergone intense neutron 
irradiation and was separated by ion exchange tech- 
niques. Spectroscopic analysis indicated that the sample 
contained 0.5 percent lanthanum and negligible 
amounts of other impurities. Conversion electron and 
gamma-ray spectra were observed by using a double- 
focusing magnetic beta spectrometer, a bent-crystal 
photon spectrometer, and a scintillation spectrometer. 


Beta-Ray Spectrometer 


The general features of the double-focusing beta- 
ray spectrometer have been described by O’Kelly.5 
The detector used was a side window Geiger-Miiller 


2. Church, Argonne National Laboratory Unclassified 
Report ANL-5141, November, 1953 (unpublished). 
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counter equipped with a very thin window which 
consisted of three vinyl copolymer plastic films sup- 
ported on a grid of 0.001-in. tungsten wires spaced at 
0.008-in. intervals on the end of a short copper cylinder. 
The energy cutoff of the window was determined in 
separate experiments and was found to be about 4.5 
kev. The energy calibration of the spectrometer was 
based on the positions of the 59.6-kev Ly line of 
Am”! (using the energy value reported below) and 
the 661-kev K line of Cs"*”. The spectra reported in the 
present work were obtained by using a combination 
of a motor driven current-sweeping arrangement and 
a differential traffic counter set to stamp at frequent 
intervals. The transmission and resolution of the 
spectrometer at the time of this experiment were 0.3 
percent and 1 percent, respectively.” 

Two beta spectrometer samples were prepared by 
evaporation of the activity from a drop of distilled 
water on an aluminum leaf backing (177 micrograms 
per square centimeter in thickness). The activity 
covered an area about ;%; in. in diameter in each case. 
Thirty micrograms of Am*! were used in the sample 
from which the electron line data were obtained. The 
total conversion coefficient of the 59.6-kev gamma ray 
was obtained by using a smaller sample which con- 
tained only 1.3 micrograms to minimize coincidence 
corrections of the counting rates. 


Bent-Crystal Spectrometer 


The bent-crystal spectrometer has been previously 
described by Barton, Robinson, and Perlman™ and 
somewhat modified by Browne.” The experimental 
approach was essentially the same used by the previous 
workers. Approximately 3 mg of americium was 
precipitated as the fluoride, dried, powdered, and 
mounted in a thin Pyrex capillary. The diameter of 
the capillary was about 0.012 in. and its width un- 
doubtedly represented the limiting factor in the 
obtainable resolution. The sample was secured to a 
Lucite holder and this was mounted and aligned in the 
sample carriage. 

An 0.008-in. thick topaz crystal elastically bent to a 
10-in. radius was used to diffract the incident electro- 
magnetic radiation. The 303 planes, whose spacing 
was determined as 1.356A in the unbent crystal," 
were employed and the energies in kev were calculated 
using a conversion factor based upon the most recent 
values of the physical constants." 

The detector, mounted behind a collimator, consisted 
of a Nal (TI activated) scintillation crystal with an 
RCA-5819 photomultiplier tube. A standard scaler and 
traffic counter were used to record the data. 

As previously described,“ measurements were made 

13 T, O. Passell, Ph.D. thesis, University of California Radiation 
Laboratory Unclassified Document UCRL-2528, 1954 (un- 
published). 

4 Barton, Robinson, and Perlman, Phys. Rev. 81, 208 (1951). 


15 J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 
25, 691 (1953). 
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with the bent crystal in a fixed position while the sample 
on a mechanically driven carriage was swept slowly 
along the ar¢ of the circle containing the bent crystal. 
The most commonly used rate of sweeping was 1/100° 
per minute with respect to the center of the focal circle. 
Photon lines were manifest by peaks in a plot of 
counting rate versus angular position which was read 
from a graduated scale mounted about the focal circle. 
The Bragg angle, and consequently the energy, was 
determined by observing the angular position of a 
photon line on both sides of the undiffracted beam or 
midpoint. The useful range of the bent-crystal spec- 
trometer was 10 to 110 kev. Limits of error were 
calculated taking into account only the angular un- 
certainties. An accuracy of 0.01° in the Bragg angle 
was considered the limit of the spectrometer. 

The observed line intensities were subject to correc- 
tion for absorption and for reflectivity of the crystal? 
Corrections for absorption in the media between 
sample and detector (glass, air, topaz, etc.) were 
readily made and were based on the data of S. J. M. 
Allen tabulated by Compton ‘and Allison.'* The self- 
absorption correction was the most uncertain since 
some of the neptunium L x-rays fall in the immediate 
proximity of and between the three L edges of 
americium. The sample was treated as a cylindrical 
source using the relation given by Dixon’ and the 
absorption coefficients were estimated in the following 
fashion. The coefficients above the L; edge of americium 
and below the Liz edge were obtained using the 
“universal absorption curve” of Jénsson'* and between 
the ZL; and Ly edge by extrapolating the “absorption 
jump” values as defined by Compton and Allison.” 
Values for the L edges of americium were obtained by 
a Moseley extrapolation. 

Lind, West, and DuMond” have found that the 
variation of reflectivity from a quartz crystal as a 
function of energy was inversely proportional to the 
square of the energy. Browne! observed that lines 
widely spaced in energy maintained the same intensity 
ratio when reflected from both quartz and topaz, 
indicating the same energy dependence for both 
crystals. This correction was made in calculating the 
relative intensities. 


Scintillation Spectrometer 


The scintillation spectrometer consisted of a NaI (Tl 
activated) crystal detector, 1.08 in. thick and 1.25 in. 
in diameter sealed to a Dumont 6292 photomultiplier 
tube. The output of this tube, after suitable amplifi- 
cation, was fed through a 50-channel pulse height 


16 Arthur H. Compton and Samuel K. Allison, X-rays in Theory 
and Experiment (D. Van Nostrand Company, Inc., New York, 
1935), p. 800. 

17 W. R. Dixon, Nucleonics 8, No. 4, 68 (1951). 

18 FE, Jénsson in Compton and Allison, see reference 16, p. 540. 

” —_ H. Compton and Samuel K. Allison, see reference 16, 
p. 529. 

%” Lind, West, and DuMond, Phys. Rev. 77, 475 (1950). 
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analyzer. The sample for this study consisted of 
approximately 2.5 ug of the purified Am™'. 


II. RESULTS 


It will perhaps be simpler to discuss the gamma-ray 
transitions individually by all the methods applied 
rather than to group all that has been learned from 
each type of measurement. Before taking up the several 
transitions separately, mention will be made of the 
bent-crystal spectrometer studies as they apply to the 
earlier studies with impure americium. 

Preliminary experiments with the bent-crystal spec- 
trometer employing the Am™! sample used by Browne, 
showed the presence of the same gamma rays found in 
the earlier work. However, subsequent chemical 
treatment of the sample caused the intensity of the 
33.4- and 38.0-kev gamma rays to decrease considerably 
relative to the 26.4- and 59.6-kev radiation, while the 
latter two lines maintained the same intensity ratio. 
As pointed out by Newton and Rose," the anomalous 
lines correspond closely in energy to the dominant K 
x-rays of lanthanum, the usual chemical carrier for 
americium. With this in mind, portions of the old 
sample were spectroscopically analyzed and a lanthanum 
impurity was found amounting to about 20 percent of 
the americium. Thus it is reasonable to ascribe at least 
the bulk of these two lines to fluorescence excitation in 
the impurity. Likewise, several lower energy lines pre- 
viously noted correspond closely to the extrapolated 
energies of the dominant americium L x-rays and are 
undoubtedly due to fluorescence excitation in the sample. 

With the more highly purified americium, the 
bent-crystal spectrometer showed only a gamma ray 
at 26.38 kev, the 59.6-kev gamma ray, and its second 


IN DECAY OF Am*4! 





ACTIVITY 
fi 


T 














° 





6.50 5.00 aso 


6.00 5.50 
SPECTROMETER SCALE 


Fic. 2. Spectrum of the 25-70 kev region in the decay of Am™!, 


order reflection at 29.81 kev, in addition to L x-rays. 
A careful search of the 30-50 kev region showed that 
any peaks present would have a maximum intensity of 
2 percent of the 59.6-kev peak which is consistent with 
the lower limit set by Newton and Rose." A portion 
of the spectrum observed with the bent-crystal spec- 
trometer is shown in Fig. 2 and the data are incor- 
porated in Table I. 


59.62 Kev Transition 


By far the most prominent gamma ray in Am*! 
decay is the one at 59.6 kev. Beling, Newton, and Rose® 
have shown that the intensity of this photon is 0.40 
+0.015 per alpha disintegration. The bent-crystal 
spectrometer gave its energy as 59.65+0.13 kev by 
first order reflection and 29.81+0.03 kev by second 
order. The value adopted is 59.62+0.06 kev from the 
second order reflection peak. 

Electrons arising from the 59.6-kev transitions are 


TABLE I. Conversion lines of Am™ decay. 








Conversion electrons 


Intensity 


(e~/a) 


Line No. 


Fig. 3(a) E.~ (kev) Shell 


Gamma rays 


I Best E 
y/a (kev) 


Total 
intensity 


Ey (kev) (e-+7)/a 





0.0068 
0.067 
0.018 
0.0012 
0.004 
0.017 
0.035 
0.039 


25.0 
10.6 
11.5 
27.3 
28.7 
oh 
20.8 
21.8 
25.8 


N 

Ly 
Lu 
My 
Min 
N 


Ly 
Li 
Ly 


0.0015 
0.236 
0.054 
0.064 
0.014 
0.00062 
0.00037 
0.00031 


38.8 
37.1 
42.0 
54.4 
59.2 
77.9 
81.5 
95 


Li 
LyLi 
Li 
M 


: SSSSSSSS 


N 
LyLi 
Lint 
M 


Fig. 3(b) 
Fig. 3(b) 
Fig. 3(b) 


—_ 
NF ANOAD 


26.38+0.04 0.04% 26.380.04 


0.22 
33.24+0.1 ~0.1 
43.4+0.2 


56+1 


59.62+0.06 


59,650.13 


vee tee 99.5+1.0 
101 0.00056 
0.000056 


128 128(?) 








® Based on the value (see reference 8) 0.4 per a for the absolute intensity of the 59.6-kev y. 
> Assuming that the ratio N conversion/total conversion is the same for the 26.4-kev as for the 59.6-kev y. 
° Assuming that the L/(M-+N) ratio is the same for the 43.4-kev y as for the 44.1-kev y in Cm? decay. 


4 See reference 8. 





JAFFE, PASSELL, BROWNE, AND PERLMAN 





' ' 























a ee i oe ee 
Uimba 














= em | 
-55 


ea! | 
-50 -60 


65- 
I 


(b) 


Fic. 3(a). Electron spectrum of Am™!, (b) 
Electron spectrum of Am™!, 


designated by the numbers 9(Z;+Zm), 11(Zm), 
12(M), and 13(N) in Fig. 3(a). All of these lines have 
been observed by Wolfson® and the agreement in 


relative intensities is fair. It is seen that the Z}+Ly 
line (9) exhibits a hip on the normally almost vertical 
forward edge. This may be taken to mean that the 
intensity of the Ly; line is perhaps somewhat less than 
that of the Z; line. The Zz line (11) was clearly 
resolved. Since the 43.4M and 43.4N lines coincide 
energy-wise with the 59.6Z;+Zy lines and 59.6Lin 
lines, respectively, the calculated intensities of the 
former had to be subtracted from the apparent in- 
tensities of the latter. The intensities of 43.4M and 
43.4N may be calculated by using the observed 
L/M(4.0) and L/N(22.8) ratios of 44.1 observed in 
Cm? decay, since these ratios do not vary appreciably 
among Fl, M1, and £2 radiations in this energy range. 
The chief difficulty in procuring reliable intensity 
measurements lies in the uncertainties involved with 
the extrapolation of the low energy tail of a given line. 
In the present work, the 59.6Zi11 line was used as a 
model for drawing in the tails of unresolved lines. 
The corrected (Zy7+L1)/Zin ratio for 79.6 is 4.4-+1. 
This value is in fair agreement with the value of 
6.4+1.3 obtained by Wolfson® which includes the 
contribution of the M lines of the 43.4-kev transition. 

From an experiment using Cm the transmission 
of the spectrometer was found to be 0.3 percent. Using 
this value of the transmission along with an alpha- 
particle rate measurement of the Am™! sample, and 
assuming that 0.40 59.6-kev photons are emitted per 
alpha disintegration,’ the total conversion coefficient 
of ys9.6 was found to be 0.92+0.10. A previously 
reported value for the total conversion coefficient of 
59.6 Was <1.5.7! O’Kelly® reports the total Z conversion 
coefficient to be about 0.7 which compares very favor- 
ably with our value of 0.72++0.07. The 59.6 kev gamma 
ray may be assigned £1 character on the basis of 
its total Z conversion coefficient. However, its 
(Li+Ly)/Lim ratio (4.4) is more than twice that 
expected for an E1 transition from the calculations of 
Gellman, Griffith, and Stanley” and of Rose, Goertzel 
and Swift.% We shall return to this point in the 
discussion. 


26.38-Kev Transition 


In the earlier measurement with the bent-crystal 
spectrometer” this gamma ray was reported as 26.43 
kev; from the present measurement, it is 26.38-+0.04 
kev. The proportional counter measurement® showed 
a gamma ray of 26.3 kev present to the extent of 0.028 
photon per alpha disintegration. Our corresponding 
abundance from the bent crystal spectrometer measure- 
ment is 0.04. Beling, Newton, and Rose” showed that 
this gamma ray is not in coincidence with that of 
59.6 kev and since there is no alpha group in sufficient 
intensity populating states lower than the 59.6-kev 


21 Beling, Newton, and Rose, Phys. Rev. 87, 670 (1952). 

2 Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 

* Extrapolations made from incomplete tables of conversion 
coefficients by Rose, Goertzel, and Swift (unpublished). 
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state and only one possible alpha group leading to a 
higher excited state,®* it is likely that the 26.38-kev 
gamma ray arises from parallel de-excitation of the 
59.6-kev state. The alpha spectrum*®* showed a weak 
alpha group of 26.4-+0.5 kev greater energy than that 
populating the 59.6-kev state and this agreement gives 
adequate confirmation for placing the 26.38-kev 
transition as indicated in Fig. 1. 

The L-shell conversion lines of this photon are 
largely obscured by Auger electrons and the M-shell 
lines by the L lines of the 43.4-kev photon. However, 
the NV line is seen (line 5, Fig. 3a). If we make the crude 
assumption that the ratio V conversion/total conversion 
is the same for this gamma ray as for the 59.6-kev 
gamma ray, the total intensity of the 26.38 becomes 
0.22 (Table I) and the total conversion coefficient is 
5.5. The conversion coefficient cannot be larger than 
this because the interisities of the 59.62-kev transition 
(0.77) and the 26.38-kev transition (0.22) add to ap- 
proximately 100 percent for the de-excitation of the 
59.6-kev state. From this upper limit for the conver- 
sion coefficient the 26.38-kev transition must be E1 since 
M1 and higher multipole transitions have much higher 
conversion coefficients for the Z shell alone. This assign- 
ment on the basis of similar reasoning has been made by 
Beling, Newton, and Rose.”! 


33.2-Kev Transition 


This transition (Fig. 1) is the member presumed to 
cascade with the 26.38-kev transition to make up 59.6 
kev. The gamma ray, as mentioned, has not been ob- 
served and Beling, Newton, and Rose® have set an upper 
limit of 0.05 percent of the alpha decay processes. If, 
according to the above reasoning, the population of 
the 33.2-kev transition is 22 percent (same as the 
26.38-kev transition), then the conversion coefficient 
is >400. Also, since the 59.6- and 26.38-kev transitions 
are E1 (parity change), the 33.2-kev transition must 
involve no parity change and is therefore E2, M1 or a 
mixture. 

Further information can be obtained from the 
conversion electron spectrum. From Table I and Fig. 3a 
it is noted that lines ascribable to Ly, Lu, M1, Min, 
and N conversion are found. The Z conversion lines fall 
in the region of Auger electrons so absolute intensities 
and ratios are difficult to arrive at. A summation of all 
of these conversion lines gives about 0.1 transition per 
alpha particle as compared with 0.2 which should be 
the abundance of this transition. The data of Wolfson® 
(again disregarding the contribution by Auger elec- 
trons) gives a total abundance of about 0.13. These 
differences are probably not serious in view of the 
difficulties in measuring absolute abundances of soft 
electrons. The criterion for distinguishing between 
M1 and E2 character in this energy region is the 
I;/Ly conversion ratio. Since neither peak is observed 
clearly, it is not possible to draw any accurate con- 
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clusion, but from Wolfson’s abundances it would 
appear that there is appreciable contribution from 
both types. . 


43.4-Kev Transition 


The next energy level above 59.6 kev is at 103.0 kev. 
This state is populated by the second most abundant 
alpha group (13.6-+1.4 percent) and is located at 104 
kev on the basis of differences in alpha energies.*4 
A more accurate energy can be obtained by adding to 
the 59.62-kev transition, the cascading transition of 
43.4+0.2 kev giving 103.0+0.2 kev. 

This state is de-excited almost entirely by the 43.4- 
kev transition as will appear in later discussion. The 
gamma ray has not been seen and an upper limit of 
about 1 percent per alpha particle can be set from the 
bent crystal spectrometer measurement which is about 
the same as the limit set with a proportional counter.”! 

The conversion electron spectrum showed clearly the 
Ly line while the Z;, Ly:, M, and WN lines fall at about 
the same positions as conversion lines of the 26.38 and 
59.62-kev transitions. It is clear from the abundance 
of the Ly line alone that the conversion coefficient 
is too great for an Ei transition. If we assume that the 
[; line has appreciable abundance, then the transition 
is an M1, £2 mixture; if most of this peak is due to 
other electrons, the transition takes on more £2 
character. Higher multipoles are ruled out by the 
finding” that all alpha particles are in prompt coin- 
cidence (<1 usec) with the 59.6-kev gamma ray. 

If we add the intensities of the Z electrons of this 
transition and correct this using the L/M ratio of the 
44.1-kev E2 transition of Cm™, the total abundance 
of the transition is about 12 percent as compared with 
15 percent which one would expect from the alpha 
spectrum. 


Transitions from the 159-Kev State 


The lowest-energy alpha group yet detected populates 
a state 159 kev above the ground state to the extent 
of 1.42 percent.’ There is some evidence for three 
competitive transitions from this level (Fig. 1) and 
of these the 99.5-kev transition is most definite. 

A photon of approximately this energy (actually 
measured as 101-3 kev) was found with the scintil- 
lation spectrometer using a 1.1 g/cm? silver absorber 
in front of the sample to decrease the relative intensity 
of the 59.6-kev gamma ray (see Fig. 4). Gamma- 
gamma coincidence studies by Frank Stephens™ 
showed this photon to be in coincidence with the 
59.6-kev radiation so that it cannot be the crossover 
transition from the 103-kev state. Another possibility 
to be considered is that the photon peak consists of K 
x-rays from the internal conversion of a higher-energy 
gamma ray. Higher-energy gamma rays in very low 
intensity have been observed (see below), but unless 


* Frank S. Stephens, Jr. (unpublished data, 1953). 
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Fic. 4. Scintillation counter spectrum of Am™". 


they are highly converted this process could not 
account for the 101-kev photons. In a further effort 
to determine whether the 101-kev line was a gamma ray 
or the K x-ray multiplet, the width of the peak was 
compared with the electron capture K x-ray peak of the 
long-lived Am*?.25 The width of the x-ray multiplet 
was more than 50 percent greater than that of the 
Am*! photon and thus it is reasonably certain that at 
least the bulk of the 101-kev radiation is of nuclear 
origin. 

Evidence for a gamma ray of about this energy is 
also found in the convefsion electron spectrum. As 
shown in Fig. 3b and Table I, lines were observed which 
can be assigned to the conversion electrons of a 
99.5+1.0-kev gamma ray in the Z;}+Zn, Ly, and 
M shells. Wolfson® also reported these three lines 
and in addition the NV conversion line, and gave 99.0 
kev as the energy. Similarly, Church” reported con- 
version lines of 98.9-+-0.3-kev gamma ray. 

Church gave the gamma ray an E2 assignment on the 
basis of its Zy;/Li1 ratio and this is also deduced by 
Wolfson and in the present work. The Ly:/Lir ratio 
of Wolfson is ~2, ours is ~1.7 and the theoretical 
ratio” lies right in this region. For M1 radiation the 
ratio would be about 10 and the JZ; line would pre- 
dominate over Ly; and Ly by another factor of 10 
contrary to observation. The conversion ratios for £1 
radiation are in the proper range but the absolute 
conversion coefficient which we observe is much 
closer to the theoretical value for E2 radiation than 
for E1. (Theoretical values* for E2 and El are ~5 
and ~0.1 respectively ; our measurement, ~2.) 

The principal evidence for a gamma ray of 56 kev is 
a line ascribed to Ly conversion (line 10, Fig. 3a). 
The reason for searching for such a transition is that 


25H. Jaffe, Ph.D. thesis, University of California Radiation 


Laboratory Unclassified Document UCRL-2537, 
published). 


1954 (un- 


from the other evidence there should be an £2 transition 
(or E2-M1 mixture) between the 159- and 103-kev 
states. The total intensity of the transition as shown 
in Table I is based on the premise that the transition 
is indeed E2. 

A very weak gamma ray of about 128 kev ould be 
resolved from the 101-kev peak found with the scintil- 
lation spectrometer (Fig. 4). This could be the transi- 
tion between the 159-kev and 33-kev states. Wolfson 
reported a very soft electron line which could be 
interpreted as the K line of a 127-kev gamma ray, but 
beyond this there is no further evidence for this 
transition. 


Higher Energy Levels 


There were indications of two very weak gamma rays 
at 168 and 207 kev (Fig. 4) and, if they are real, they 
must of course come from some higher state or states 
than those for which alpha groups have been detected. 
It is interesting to note that transitions of these energies 
are prominent in the 6 decay of U*’.26 These are 
entered in Fig. 1 according to part of the decay scheme 
deduced”* for U™". Using the conversion coefficient 
and K/L ratios of Wagner and co-workers”* for the 
207-kev transition, along with more recent theoretical 
data,” this transition appears to be M1 with some E2 
admixture. 


L X-Rays 


Fifteen neptunium L x-rays and two americium L 
x-rays were observed with the bent crystal spectrometer. 
Table II presents the energies and the corrected relative 
intensities of these lines. Also included are the x-ray 
energies obtained from a Moseley extrapolation based 
upon the L series lines of thorium and uranium as 
tabulated by Siegbahn.?” The agreement is good 


TABLE II. L x-rays observed in the decay of Am*!, 








Observed 
energy 
(kev) 


13.79+-0.04 
13.98-++0.04 
15.90=-0.06 
16.15+0.06 
16.89-0.02 
17.10+0.02 
17.58+0.06 
17.78+0.01 
18.02+0.02 
20.15+0.08 
20.82+0.02 
21.12+0.04 
21.31+0.04 
21.51+0.04 
22.19+0.04 
14.66+0.03 
18.76+0.04 


Siegbahn’s Corrected 
extrapolated relative 
energy (kev) intensity 


13.76 7 
13.94 
15.85 
16.11 
16.88 
17.06 
A751 
17.74 
17.98 
20.09 
20.77 
21.09 
21.34 
21.49 
22.19 
14.61 
18.80 


Transition 


I3-M, 
L;-M; 
Ie-M, 
D;-N; 
L;-N; 
Iy-M2 
L3-045 
L-M, 
L,-M3 
L-M; 
L:-N 4 
L,-N2 
L,-N3; 
L2-04 
I,-02, 3 
I;-M; 
L2-M, 











26 Wagner, Freedman, Engelkemeir, and Huizenga, Phys. Rev. 
89, 502 (1953). 

27M. Siegbahn, Spektroskopie der Rénigenstrahlen (Julius 
Springer, Berlin, 1931). 
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although the experimental results are in general slightly 
higher than extrapolated values. 

The americium x-rays (Am La; and Am Lf) are 
due to fluorescence excitation of the sample by the 
26.4 and 59.6 kev gamma rays. The Lf, and La, are the 
most prominent lines from the Zyz and Ly shells 
respectively. Radiation from the L; shell of americium 
is not observed, principally because of the low fluores- 
cence yield.”* 

One of the uses for which such x-ray data are po- 
tentially valuable is to determine the events which 
follow the actual internal conversion process. However, 
in this case, with four separate gamma transitions 
contributing appreciably to the subsequent x-ray 
spectrum, the situation is too complex for analysis 
with the data at hand. In a simpler situation, accurate 
data on conversion electrons from the three LZ subshells 
would define the initial Z vacancies and the x-rays 
observed could then be used to determine Auger 
coefficients (nonradiative filling) and Coster-Krénig 
coefficients (shift of an ZL; vacancy to an Ly vacancy 
with the ejection of an M or higher lying electron). 

We can, however, compare with other measurements 
relative intensities of the Z x-rays arising from a 
particular Z subshell because such ratios should be 
independent of the manner in which the vacancy was 
created. Such a comparison is shown in Table III for 
the present Am™! data, the data of Browne” for the 
Pa™* decay process, and those in Compton and Allison 
for the fluorescence excitation of uranium. Because of 
resolution difficulties in the Lgo-Lg, and Ly-Ly;-Ly¢ 
multiplets, the intensities of these lines are somewhat 
doubtful. 

On the basis of the corrected relative intensities of 
Table II, the relative quantum yields (photon in- 


TABLE III. Relative intensities of the LZ x-rays 
arising from a given LZ vacancy. 








Relative intensity of x- 
radiation from this shell 
vacancy 


Pas 


Percentage 
abundance 
Cand A_ in Am*! 
98 


100 
0 


Am*1 


123 
100 


Transition 


L,-M 2 
Li-M; 
Li-M, 
L,-M; 
L,-N2 
L,-N3 
L,-03 
Le-M, 
Io-M, 
L:-M, 
Lo-N4 
L204 
L;-M, 
L3-M, 
L;-Ms 
L;-M, 
L;-Ns 
LO 
Ls-045 
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tensities) of the three Z subshells may be calculated. 
This is done by summing the intensities of all observed 
lines that arise from a particular L level and assuming 
that the abundance of other lines from this level of 
insufficient inténsity to be detected can be ignored. 
The quantum yields of the three LZ subshells fall in the 
ratios: Ly: Ly: Ly=1/3.2/1.9. 

Kinsey’ has discussed the fluorescence yields of the 
three LZ shells using a combination of experimental 
data® and theoretical calculations, and arrived at 
values of 0.16, 0.59, and 0.41 for an Ly, Ly, and Ly 
vacancy, respectively, for uranium. Kinsey also 
estimates that 60 percent of the Z; vacancies would 
undergo a Coster-Krénig transition in which the Ly 
vacancy shift to the Ly level with the ejection of an 
M shell electron. Experimental studies at this laboratory 
have generally indicated a lower incidence for such a 
transition. If we employ Kinsey’s fluorescence yields, 
but for the moment ignore the Coster-Krénig effect, the 
L vacancy ratios calculated from the above quantum 
yields are Ly: Li: Ly1= 1.0/0.90/0.76. A crude estimate 
of Ly:LZy7 conversion ratio in Am”! based on the 
conversion electron data is 3. This would indicate a 
Coster-Krénig effect of about 40 percent. However, 
more precise electron data in the very low-energy 
region is needed in order to calculate a reliable value for 
the magnitude of this type of transition. 


IV. DISCUSSION 


This discussion will be concerned principally with a 
summary of the major radiations of Am* and of what 
can be said about the quantum state designations of 
the Np*’ energy levels. 

From the alpha spectrum and the analysis of the 
gamma-ray transitions, it appears that more than 99 
percent of the transitions go through the 59.6-kev 
state. This state is de-excited directly to the ground 
state to the extent of about 0.77 and through the 
26.4-kev and 33.2-kev cascade in 0.23 of the events. 

As already discussed, the 59.6-kev transition is 
almost surely E1. However, two separate investigations 
have shown the (Z;+Zy1)/Zi conversion ratio to be 
at least twice the theoretical value. It has also been 
pointed out that this transition is abnormal in its long 
lifetime (6X 10-® sec) which is ~4X 105 times the value 
calculated from the Weisskopf formula. Rasmussen® 
has discussed reasons for this peculiarity in terms of 
the unified (collective and individual-particle) model 
of the nucleus. He pointed out that the odd proton in 
two states (in this case the ground state and the 59.6- 
kev state) may have quite different wave functions 
even though the spins may be the same or similar. 
Thus, although the nuclear spin change in the El 
transition is 1 or 0, the change in / or j may be greater 
and introduces a large slowing down of the transition. 








* B. B. Kinsey, Can. J. Research A26, 404 (1948). 


2 See reference 16, pp. 640-644. 
% J..0. Rasmussen, Jr., Arkiv Fysik 7, 185 (1953). 
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Although normally an £1 transition might be 
expected to be pure, in this case the abnormal lifetime 
suggests that there could be M2 admixture. It is 
perhaps not worthwhile to speculate how reasonable 
it is to expect competition between these transitions 
in view of the large uncertainties and unknown factors 
which influence gamma-ray lifetimes. If there is M2 
admixture, this would be in the direction of bringing 
the conversion coefficients and conversion ratios into 
line. 

The ground-state spin of Np’ has been measured*! 
as 5/2, and according to the shell model the odd 
protons in this region should have odd parity. There is, 
however, no convincing experimental evidence that 
all ground states of the odd-proton nuclei in this region 
do have the same parity and there should be some 
reservation in accepting this premise. Rasmussen™ 
has considered the possibility that the 5/2 ground 
state of Am™! and the 5/2 59.6-kev state of Np*” (see 
mention below that this state has spin 5/2) have the 
same parity and consequently the ground state of 
Np’ would have opposite parity. He used this sup- 
position to arrive at a qualitative selection rule for the 
relative degree of population of the Np*’ states in the 
alpha decay of Am™! and cited some supporting 
evidence in harmony with the unified (collective and 
single-particle) model. 

Frazer and Milton® have found angular anisotropy 
between alpha particles and the 59.6-kev gamma ray 
which they have interpreted ag consistent only with 
the spin assignment of 5/2 or 7/2 for the intermediate 
state. If, as we assume, the spin of the 59.6-kev state 
is 5/2, there are two interpretations giving opposite 
results on the parity for this state. One explanation is 
that the 5/2 spin states of Am™! ground state and the 
59.6-kev state of Np’ have opposite parity and the 
alpha particle is emitted as a p-wave. Alternatively, 
Rasmussen has suggested that the parities are the 
same and that the anisotropy is explained by an 
$-wave and d-wave mixture. 


31 F, S. Tomkins, Phys. Rev. 73, 1214 (1948). 
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Since this matter is not resolved we can give only 
the alternate assignments as shown in Fig. 1. 

If the ground state of Np*’ is taken to have odd 
parity, then the 59.6-kev state must have even parity 
since the two states are connected by an £1 transition. 
Since the 26.4-kev transition is Z1 and the 33.2 transi- 
tion E2, the 33.2-kev state must have the same parity 
as the ground state. 7 

The 59.6-kev state has been interpreted® as the 
fundamental state (with spin 5/2) of a rotational band 
according to the Bohr-Mottelson®* model. Such members 
of a rotational band of an odd nucleon case have spins 
To, Io+1, Io+2 . . ., where Jo is the spin of the funda- 
mental state, and all have the same parity. The agree- 
ment of the measured energy level spacings of the next 
two highest states is in exact agreement with the 
theory for the spin sequence 5/2, 7/2, 9/2 and the alpha 
spectrum populating these states looks remarkably like 
the well characterized rotational spectra of even-even 
nuclei in this region (see, for example, Asaro and 
Perlman*), For this reason the 59.6, 103, and 159-kev 
states are assigned the sequence 5/2+, 7/2+, 9/2+. 
The character of the 43.4- and 99.5-kev transitions as 
partially identified above is also in agreement with 
these assignments. 

It is not possible to state whether the 128-kev 
transition is correctly placed and in agreement with 
the quantum states assigned, because almost nothing 
is known of its internal conversion characteristics. 
Similarly little can be said of the 207- and 168-kev 
transitions. If the supposition, previously mentioned, 
that the 207-kev transition is an M1-E2 mixture is 
true, then the 267-kev state has the same parity as 
the 59.6-kev state. 
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In order to investigate a possible difference in the mean free 
paths for shower production by protons and by mesons of very 
high energy, an experiment was carried out at Echo Lake, Colo- 
rado (altitude 3260 m) in which the rate of production of pene- 
trating showers by the atmospheric N component was studied as 
a function of the absorber thickness up to a total of 650-g/cm? 
Pb, or about four proton mean free paths. A difference in the cross 
sections would then result in the “filtering out” of the component 
with the shorter mean free path, and manifest itself in an attenua- 
tion curve which is the superposition of two exponentials rather 
than a single exponential curve. By splitting the top absorber into 
three sections and using three top trays instead of the usual one, 
with the rigid condition that only a single counter in each tray be 
discharged, losses due to the complete absorption of all secondaries 
of an interaction occurring in the top absorber were minimized 
and could be estimated from the results of the runs with smaller 
absorber thicknesses in which the lead absorber was distributed in 
various ways between and above the trays. Three further counter 
trays, placed in a lead pile, were used to select five types of showers 


of different multiplicity. The average energy of the primaries of 
these events were estimated to be about 5.3 Bev (“low-energy 
group”), 8.3 Bev (‘‘medium-energy group”), and 16-20 Bev 
(“high-energy group”’). Even after correcting for spurious events, 
the rates of the two latter groups—for which a substantial 7- 
meson component can be expected—do not fit a straight line on a 
semilogarithmic plot, thus indicating that the mean free paths of the 
two components are not identical. Under the assumption of equal 
detection probability for the interactions of both types of pri- 
maries, the mean free path for shower production by x mesons of 
both energy groups is found to exceed 320 g/cm?. It must be 
stressed that these results should not be interpreted as a proof for 
an interaction cross section smaller than the geometrical nuclear 
cross section, but rather as an indication that in collisions of very 
energetic + mesons, the number of 7-meson secondaries emitted 
differs from that resulting from proton collisions, perhaps because 
of a larger probability for the production of other secondary 
particles. 





I. INTRODUCTION 


LTHOUGH considerable effort has gone into the 
study of the interaction cross section of the ener- 

getic + mesons ejected in cosmic-ray nuclear inter- 
actions, no generally accepted picture has as yet 
evolved. It is probably generally conceded that, if the 
experimental techniques applied are very carefully 
designed so that collisions with small energy transfer 
(especially nuclear scattering) are not disregarded, the 
results of the measurements tend to approach the 
“geometrical’’ nuclear cross section. This is very clearly 
demonstrated in the summaries given, for instance, by 
Rochester and Rosser! and by Camerini ef al.? However, 
it is of interest to note for the following considerations 
that in most experiments in which only energetic inter- 
actions were recorded—that is, when meson reproduc- 
tion by mesons was demanded—a mean free path well 
in excess of the geometrical value was obtained. Thus, 
the cloud chamber investigations of Fretter®? and of 
Brown and McKay‘ yielded mean free paths in lead of 
750 g/cm? and 316 g/cm?, respectively, and Piccioni’s® 


*Supported by the Geophysics Research Division, Air Force 
Cambridge Research Center, Cambridge 39, Massachusetts. Part 
of this work is included in the Ph.D. thesis submitted by Fritz E. 
Froehlich at Syracuse University, Syracuse, New York. 

t Now at Bell Telephone Laboratories, Inc., Whippany, New 


Jersey. 

t At present at the Department of Physics, Israel Institute of 
Technology, Haifa, Israel. 

1G. D. Rochester and W. G. V. Rosser, Repts. Progr. Phys. 14, 
227 (1951). 

?Camerini, Lock, and Perkins in Progress in Cosmic-Ray 
Physics, edited by J. G. Wilson (North-Holland Publishing Com- 
pany, Amsterdam, 1952), Chap. 1. 

3W. B. Fretter, Phys. Rev. 76, 511 (1949). 

‘W. W. Brown and A. S. McKay, Phys. Rev. 77, 342 (1950). 
(19 50) Piccioni, Phys. Rev. 77, 1 (1950) and Phys. Rev. 77, 6 


earlier counter experiments gave for iron a value of 
1200 g/cm?. Perhaps the most noticeable exception is 
the recent cloud-chamber study of Duller and Walker® 
in which secondary mean free paths approaching the 
geometrical value with increasing particle energy were 
reported. 

It should, however, be noted that in most of these 
experiments the particles were identified only as 
“shower secondaries’—and therefore were probably 
for the most part, but not exclusively, * mesons,—and 
that the energy of the particles was usually known only 
very roughly, but in most cases did not exceed an 
average value around 1 Bev. For energies around and 
below a few Bev, however, measurements of the inter- 
action mean free path of nucleons have led to conflicting 
results, and the claim has frequently been made that in 
this energy region the cross section decreases sensitively 
with decreasing primary energy (e.g., Walker,’ Sitte,® 
Boehmer and Bridge’). Although this conclusion has 
more recently been disputed (Froehlich e¢ al.,! Sitte"), 
a geometrical interaction cross section can be considered 
as completely assured only for nucleons of several Bev 
energy. Thus it appeared of interest to study the cross 
section for collisions of + mesons of similarly high 
energies. This problem is also of importance for the 
propagation of the nucleonic cascade in the atmosphere: 
at energies around 10 Bev, decay and nuclear inter- 
actions become of comparable probability, in the lower 
parts of the atmosphere, if the mean free path has the 


6 N. M. Duller and W. D. Walker, Phys. Rev. 93, 215 (1954). 
7W. D. Walker, Phys. Rev. 77, 686 (1950). 

8K. Sitte, Phys. Rev. 78, 714 (1950). 

9H. W. Boehmer and H. S. Bridge, Phys. Rev. 85, 863 (1952). 
10 Froehlich, Harth, and Sitte, Phys. Rev. 87, 504 (1952). 

11K, Sitte, Acta Phys. Austriaca 6, 167 (1952). 
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geometrical value. These energetic * mesons may then 
play an important part in the development of the 
nuclear cascade. 

Since for protons of similarly high energies practically 
every interaction results in meson production, i.e., in 
the production of a penetrating shower, it appeared 
plausible to approach the problem of x-meson inter- 
actions in the same way, by studying showers produced 
by these particles. + mesons whose energies are around 
or above 10 Bev have even at mountain altitude a 
reasonable chance to escape decay until they collide 
with a nucleus. Thus, the beam of energetic NV particles 
incident from the air on a shower-detecting arrange- 
ment will contain a few percent of r mesons together 
with the more abundant nucleons, the exact ratio 
depending on energy and altitude and being determined 
by the ratio of the mean free paths for collision and for 
decay. It is then possible to demonstrate a difference 
between the properties of the two main components of 
the atmospheric N component, if such a difference 
exists, in the following way: Assume, for instance, that 
a mesons have an appreciably smaller cross section 
than nucleons. Then one can “filter out” these particles 
by observing shower production under a very thick 
absorber, since the attenuation of the two components 
will be greatly different. To quote an example: if, for 
instance, the incident beam is composed of 5 percent 
m mesons and 95 percent protons, and if the mean free 
path in lead of the former is 660 g/cm? or four times 
that of the protons, then the,beam of N-particles 
emerging from an absorber of 660 g/cm? thickness will 
consist of an about equal number of protons and of 
mesons, and a determination of the mean free path of 
this mixture will yield a value which is easily dis- 
tinguished from that found for the unfiltered atmos- 
pheric V component. A simple calculation shows that 
this method will produce statistically significant results 
in a reasonable length of time if the ratio of the mean 
free paths of the two types of NV particles is at least 1.5. 
The method is, therefore, adequate for at least a pre- 
liminary study of the shower production by 7 mesons 
of very high energies, for which no other source than 
the atmospheric V component is available. 


Fic. 1. Schematic di- 
agram of the experi- 
mental arrangement. 
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Il. THE EXPERIMENTAL METHOD 
1. Description of the Arrangement 


In a counter experiment designed to measure colli- 
sion mean free paths, the customary procedure is to 
place a set of trays arranged to detect penetrating 
showers (in the following referred to as the “P set”) 
under absorbers of various thicknesses, making sure 
that all events are rejected in which an interaction 
occurred already in the top absorber, regardless of 
possible subsequent collisions in the P set. Thus, for 
instance, if the interactions of charged N particles are 
being studied, the P set will be supplemented by a top 
tray which must be struck by exactly one particle, and 
all cases must be rejected in which more than one top 
counter is discharged. However, this method will obvi- 
ously fail if, as in the present experiment, very thick 
absorbers must be used. Even if the P set is arranged 
to select showers of high multiplicity and penetration, 
one cannot exclude the possibility that some interactions 
had taken place in the top absorber, but had failed to 
trigger more than one counter of the top tray, either 
due to the absorption of the shower particles or due to 
their spread and the geometrical inefficiency of the 
counter tray. 

This failure can be eliminated, or at least greatly 
diminished, by splitting the top absorber in three sec- 
tions and placing individual “top trays” under every 
one of the absorber layers, demanding that in each of 
these three trays one and only. one counter be dis- 
charged. In this way, none of the trays has to be 
covered by more than about 220 g/cm? although a total 
of three times that amount is used in this experiment, 
and absorbers of even more than 220 g/cm? have been 
considered safe in other experiments. 

The experimental arrangement is shown schematically 
in Fig. 1. Of the three top trays A, B, and C, tray A 
consisted of ten counters of sensitive area 2 in. X 24 in., 
tray B of fifteen counters 1 in. X20 in., and tray C of 
ten counters 1 in.X16 in. Below this “top telescope,” 
the P set begins with a production layer of 4-in. 
Pb+j-in. Fe, and contains three trays of counters: 
tray D with eight counters of 1 in. X16 in., trays E and 
F each with ten counters of 1 in. X20 in. The individual 
counters of these trays were separated by }-in. lead 
strips. The absorber between D and E was 4-in. 
Pb+4-in. Fe, and that between E and F 3-in. Pb+3-in. 
Fe. Heavy side shielding (8-in. Pb) protected the trays 
of the P set in all directions against soft particles 
traveling under a large angle. 

The counter pulses, equalized by diode clippers, were 
fed into conventional integrating circuits and cathode 
followers, all located in the trays. The output pulses 
then were fed into a set of discriminators, and their 
shaped outputs were mixed to define the various events 
chosen for the records. While the selection in all cases 
was based on the passage of a single, unaccompanied 
particle through the three top trays A, B, and C, five 
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different types of showers were continuously recorded. 
For the purpose of a simple description of the events, 
the following notation will be used throughout: A sub- 
script » to the letter marking the tray (A,) means that 
exactly n of its counters were struck; and a superscript 
m (B™) denotes events in which m or more B counters 
were discharged. Furthermore, wherever possible the 
abbreviations “7” and “‘P” will be used for the top 
telescope (consisting of the three trays A, B, and C) 
and for the P set (of trays D, E, and F), respectively. 
Thus, the five types of shower events recorded can be 
written as: 


TP"! = (A,B,\C,\D°EF'); T,P*’= (A,B,C \D°E*F’), 
T,P*1= (A 1B,C DEF") ; TP = (A B,C DEF’), 
T P= (A,B,C D®E*F*), 


The first group of events, consisting of a telescope 
particle, two or more particles at trays D and £, and 
at least one shower particle reaching tray F, comprises 
showers of comparatively low energy. The second and 
third, expected to be of about comparable frequency, 
form a medium-energy group, and the last two which 
require high multiplicities in several trays of the P set, 
will be mostly due to very energetic primaries. It is, 
therefore, mainly in the two latter groups that one may 
expect an effect if the m-meson component can be 


enriched by passing the WN radiation through a thick 
absorber. A rough estimate of the primary energies of 
the three groups will be given in the Appendix. 


2. Correction for Spurious Events 


Since the rates of the large showers under very thick 
absorbers become exceedingly small, not only constant 
and careful checks on the stability of the arrangement is 
required, but also careful evaluation of all spurious 
effects. These can be divided into two groups: spurious 
events which give rise to counts without being due to 
interactions of N particles and therefore increase the 
rate of “showers” registered, and losses due to ineffi- 
ciencies still remaining in spite of the precautions taken 
in the design of the arrangement. In this section, the 
effects of the first kind leading to spurious counts will 
be discussed. 

Three types of events are the main contributors: 
(a) counts due to double or triple knock-on showers;” 
(b) counts due to random coincidences of two or more 
incident penetrating particles, all but one missing the 
top trays; and (c) nuclear interactions initiated by u 
mesons. Their importance for the various groups of 
showers will be discussed separately. 

(a) Knock-on showers affect the recorded rates in 
two ways. On the one hand, knock-on showers occurring 

” Under this heading are comprised all events recorded in the 


apparatus described as nonpenetrating secondary events pro- 
duced by a single penetrating particle. 
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in the P set above the three trays may be mistaken for 
penetrating events, thus increasing the number of 
showers registered. On the other hand, knock-on elec- 
trons originated in one of the three lead absorbers by 
the NV particle traversing the top telescope and accom- 
panying it to the level of one of the top trays, may re- 
duce the apparent rate of traversals without interaction 
and hence the recorded shower rate. This effect is not 
negligible already for an arrangement using a single 
top tray (although it seems to have escaped the notice 
of most experimenters in this field), but it becomes par- 
ticularly important in an experiment such as the present 
one where the passage of an unaccompanied particle 
is demanded at three trays. 

To make the appropriate corrections, single and 
double knock-on rates for the individual trays (e.g., 
T,\D*E'F', T,D*E'F', and also A?B,C;P”' and so on) 
were continuously recorded and checked. From the re- 
sults the probabilities for knock-on accompaniment of 
a certain multiplicity were computed for all the trays. 
These figures, together with the “telescope rate” 7,P"™ 
which was likewise continuously recorded, were then 
used to obtain the spurious contributions. The correc- 
tions for knock-on events in the top absorbers were 
calculated in the same way. Since three top trays were 
used, it is essential to consider also the possibility of 
knock-on events occurring at more than one tray. 

It may be mentioned that spurious events in the P 
set have an appreciable effect only on the smallest 
showers (7 P”!) at all absorber thicknesses, and on the 
events T,P*! under the thickest absorber. In all other 
cases the corrections are quite negligible as a result of 
the experimental condition demanding multiplicity at 
three shielded trays. 

(b) The most important contribution in this group 
comes from coincidences of a “telescope” meson travers- 
ing all top trays, with another meson that misses them. 
All possible combinations have been carefully analyzed, 
in Fig. 2 these spurious events contributing most to 
the shower types 7,P™! and T,P™ are sketched. They 
include coincidences of the kind (7,P™)+(ToP™) for 
the second shower group. 

Most of the rates involved were likewise recorded 
during the experiment; others could be computed from 
the measured rates (like for instance the events T)P"! 
since only 7°P"™! was registered). The resolving times 
of the integrating circuits and of the coincidence system 
were measured both with a double-pulse generator and 
by observation of random coincidences at high counting 
rates. The rates of chance coincidences of the type 
shown in Fig. 2 could therefore be calculated. The 
contributions were small but not negligible for the 
shower groups 7,P*! and 7,P”", especially in the 
shielded runs. All the other shower groups were prac- 
tically unaffected since they all involve either knock-on 
events together with random coincidences, or triple 
coincidences. 
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Fic. 2. Chance coincidences contributing spurious counts to the 
shower groups 7,P*! and 7, P™. 


(c) Corrections for nuclear interactions initiated by 
ym mesons can be calculated if one assumes that struc- 
ture and composition of these showers, and hence the 
probability of their detection in the apparatus, do not 
differ significantly from those originated by N particles. 
Writing Jy and J, for the intensities of the N com- 
ponent and of the » mesons, p(Ay) and p(A,) for the 
probabilities that a shower is initiated in the production 
layer between trays C and D (Ay and X, are the inter- 
action mean free paths of the two components), and 
P(n) for the detection probability for a shower of n 
particles, one has for the numbers Vy, NV, of showers 
due to the two kinds of primaries: 


Ny=Inp(aw)P(n), 


(1) 
N.=1,p (A,)P(n) ; 
therefore, since p(Aw) = (1—e-*"¥), p(A,) = (1—e7 #4), 
with ¢= thickness of the production layer, 


(N./Nw)= (I,/In)(1—e*)/(1—e), (2) 


The cross section for nuclear interactions of 1 mesons 
has now been measured by various authors (e.g., 
George,* Amaldi e¢ a/.,* Barrett et a/.!®) and the values 
obtained agree reasonably well, considering the small- 
ness of the effect and the arbitrariness of the definition 


13 E. P. George, Progress in Cosmic Ray Physics, edited by J. G. 
wa (North-Holland Publishing Company, Amsterdam, 1952), 


p. 395. 
( ua er Castagnoli, Gigli, and Sciuti, Nuovo cimento 9, 453 
1952). 
16 Barrett, Bollinger, Cocconi, Eisenberg, and Greisen, Revs. 
Modern Phys. 24, 133 (1952). 


of a shower. For events of size and penetration com- 
parable to that of the present experiment, a cross sec- 
tion of 5-6X10-" cm? per nucleon, or about 1/10 000 
of that of a high-energy nucleon, is probably correct. 
The contributions of u-meson initiated showers have 
therefore been computed with this value, corresponding 
to Ay= 1.6 10° g/cm? in lead, and for (7,/Jy)=20 in 
the unshielded run. In evaluating the intensity ratio 
under the various absorber thicknesses used, the 
attenuation of the N component was taken from the 
observed shower frequencies, and that of the » mesons 
from their well-known range spectrum. The thickness 
£ of the producing layer was 4-in. Pb+3-in. Fe. 

The resulting contributions of u-meson-initiated 
showers are quite negligible for small absorber thick- 
nesses, but become increasingly important under thick 
absorbers. Under 650 g/cm? Pb, for instance, these 
spurious contributions amount to 4.4 percent of all 
recorded interactions in the low-energy group, and to 
5.6 percent of the recorded medium-energy showers and 
6.5 percent of the most energetic group. 

A summary of the fractional contributions of the 
various corrections is given in Table I. 


Ill. RESULTS 
1. Effect of Thick Absorbers 


Like the commonly neglected knock-on correction, a 
possible absorption of all the secondaries of an event 
occurring in the top lead absorber, and thus preceding 
the interaction in the producing layer, must be very 
carefully watched. As it has been said, the splitting of 
the 650-g/cm? absorber minimized this effect, but it 
should not be @ priori assumed that it eliminates it 
since nuclear interactions with small energy transfer 
preceding large showers are rare, but by no means 


Taste I. Fractional contributions (in percent) of the three 
main corrections to the observed shower rates: knock-on showers, 
chance coincidences, and w-meson-initiated nuclear interactions. 








Absorber 
thickness Type of 
(g/cm? Pb) correction 


Shower group 
T,P™ Tip TPs 
—3.4 
—0.1 





knock-on 
coincid. 
» Mesons 


—0.8 


+2.4 
—1.7 
—0.8 


—44 
—4.2 
—2.7 


knock-on 
coincid. 
» mesons 


+9.8 
—1.0 


+10.4 
— 11 


+10.4 
1 
+10.4 
— 40 
+10.4 
~ 64 


198* 


+10.4 
— 4.0 


knock-on 
coincid. 
» Mesons 


knock-on 
coincid. 
yw mesons 


+8.6 
-39 
+8.3 
-5.5 


440 


—9.2 
—6.5 
—4.3 


+10.4 


650* ae 
— 64 








® The values listed refer to the run with equal absorber distribution. 
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impossible (e.g., Froehlich ef a/.!). It was therefore 
decided to obtain quantitative evidence on the influence 
of the absorption effect by repeating the measurements 
at equal total absorber thickness in various distributions 
over the three shelves. 

Normally, the obvious absorber arrangement would 
be equal shielding of the three top trays A, B, and C, 
so that the maximum absorber thickness over any shelf 
would be about 220 g/cm*. To study the losses occurring 
in this thickness, the run with the smallest amount of 
absorber (198 g/cm?) was carried out in three arrange- 
ments: equal distribution (66 g/cm? on each shelf), 
2 on top and no absorber above C, and the entire 
amount above A with both B and C unshielded. Simi- 
larly, in order to continue the absorption curve beyond 
the 200-g/cm? region the maximum absorber was like- 
wise redistributed during part of the run, with 340- 
g/cm? shielding of A and approximately 90 g/cm? and 
220 g/cm? above trays B and C, respectively. 

If the absorption effect were negligible, the rates 
should remain unaffected by the redistribution. In fact, 
however, they changed quite noticeably. Thus, in the 
run with the 198-g/cm? absorber the shower rates, after 
correction for knock-ons, were the same as long as no 
shelf carried more than § of the total, but they increased 
by 10-15 percent when all the absorber was placed on 
top of tray A. Similarly, the redistribution of the 650- 
g/cm? absorber led to an increase of the shower rates 
of several percent. 

To evaluate the corrections for the shower rates, 
write f(x) for the fraction of interactions in an absorber 
of thickness x whose secondaries are entirely stopped 
in x before reaching the tray immediately beneath the 
absorber, or else are emitted under so large an angle 
that they miss it. Thus f(0)=0, and it can be assumed 
that also for sufficiently small values of « the value of 
f(x) remains negligible. The first control run with the 
redistributed 198-g/cm? absorber shows, for instance, 
that this is true at least up to x= 130 g/cm?. Generally, 
however, the number of nucleons emerging from the 
three layers 21, x2, x3 either without having interacted, 
or after an interaction with sufficiently small energy 
transfer, will be (writing for the total absorber thickness 


TABLE II. Shower rates in counts/hour, corrected for spurious 
events and for the effect of the thick absorbers, for the various 
groups of showers recorded. (The errors include the statistical 
standard uncertainties, and the effects of the uncertainties in the 
corrections.) 


Absorber 
thickness 
(g/cm? Pb) 
Events 0 198 440 650 


T\pm™ 8.4340.15 2.99 +0.07 0.768+0.026 0.301 +0.016 
Tp $.06+0.12 1.47 +0.048 0.391+0.019 0.160 +0.008 
Tip" 5.12+0.12 1.56 +0.048 0.385+0.011 0.142 +0.011 
Tips 2.42+0.08 0.624+0.029 0.151+0.011 0.063 +0.0047 
TPs 1.69+0.08 0.373+0.022 0.107+0.009 0.0408 +0.0037 
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g/cm? 
Fic. 3. Fractions f(x) of showers originating in the top ab- 


sorber, and not detected by the top trays, as a function of the 
absorber thickness x. [Crosses indicate the extrapolated values 


£(220).] 











H= Xp Ho+H3): 


N= No{e-7*+-f (x1) (1—e- 2) e— (eat eadln 
+f (x2) (1— e722!) g—(artza)/d 
+ f(x3) (1 = e~78)%)@—(artz2)/0} 


= Wee 14E flas)(e*—1)), (3) 


In particular, the observed increase of the 198-g/cm? 
run when the entire absorber was placed on top of the 
arrangement yields values of f(198) between 0.033 and 
0.066 for the various shower groups. Similarly, the 
values of f(x) corresponding to the thicknesses used in 
the 650-g/cm? run can then be obtained. Starting with 
an extrapolated value for the equal-absorber distribu- 
tion one can compute the value of f(x) for x= 340 g/cm’, 
and check the accuracy of the first choice of {(220) 
from the plot of f(x) made with this value. If necessary, 
an improved correction {(220) is determined, and the 
procedure is repeated until a satisfactory smooth curve 
f(x) is obtained. A mean free path A= 164 g/cm? was 
assumed throughout; in view of the evidence presented 
below favoring a long mean free path for the production 
of large showers this may seem incorrect, but since the 
criterion for the rejection by the top trays is very much 
less stringent than that for shower selection, it is likely 
that even the smallest, elastic interactions must be 
included so that the use of the geometrical cross section 
appears justified. 

The results of this calculation are summarized in 
Fig. 3 which shows the fractions f(x) of undetected 
showers as a function of the absorber thickness x. The 
corrections to be applied to the recorded rates are now 
easily computed with the help of Eq. (3). 
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2. Attenuating Curves 


A summary of the shower rates, corrected for spurious 
events and for the effect of the thick absorbers, is given 
in Table IT,'* and is shown in a semilogarithmic plot in 
Fig. 4. The curves demonstrate clearly that the rates 
are not attenuated according to a simple exponential 
law, and that on the whole the deviations from the 
expected straight lines become more striking with in- 
creasing shower energy. 

It should be noted that this nonlinearity may appear 
enhanced by the fact that the initial slope of the 
curves also increases with the average primary energy, 
and for the events 7,P**, for which an average initiating 
energy of about 20 Bev was estimated, corresponds to 
a mean free path of only (135=-12)-g/cm? Pb: signifi- 
cantly below the “geometrical” value of 164 g/cm?. This, 
at the first moment, dismaying result may, however, 
not be unreasonable. If, for example, the commonly 
neglected correction for the effect of thick absorbers is 
omitted, an initial slope consistent with the geometric 
mean free path of 164 g/cm? is found. However, since 
the above correction increases with increasing absorber 
thickness, by omitting the correction the deviation from 
linearity of the curves becomes larger yet. Furthermore, 
in reviewing the data obtained in earlier work (e.g., 
Walker,’ Boehmer and Bridge,’ and Gottlieb!) one finds 
with a high consistency mean free paths shorter than 
those corresponding to the geometrical nuclear cross 
section, although in many cases including that value 
within the limits of the experimental errors; but there 
seems to be no experiment in which a longer mean free 
path was observed. This accumulated evidence should 
perhaps not be considered as purely accidental, and it 
may well be that at very high primary energies the true 
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Fic. 4. Observed shower rates, corrected for spurious events 
and for the effect of the thick absorbers, as a function of the 
absorber thickness. 


16 The errors quoted include the statistical standard uncer- 
tainties, and the effects of the uncertainties in the corrections. 
17M. B. Gottlieb, Phys. Rev. 82, 349 (1951). 
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interaction cross section exceeds that usually desig- 
nated as “geometrical.” In any case, even if the curves 
were drawn with an initial slope of 164 g/cm?, they 
would still be far from linear; the over-all attenuations 
between 0 and 650 g/cm? for the five groups of showers 
corresponds to mean free paths still significantly in 
excess of that value. 

It must therefore be assumed that the attenuation 
curves are the result of the superposition of at least 
two curves. It is not possible to explain the observed 
curvatures in terms of a known background radiation 
superimposed on the N radiation. Mu mesons would 
be the only known particles capable of giving such a 
background. However, the effect of spurious contribu- 
tion of mu mesons has been carefully evaluated. In all 
cases of importance—with the exception of mu-meson- 
initiated nuclear events—their effect was shown to be 
largest for the lowest-multiplicity shower events. The 
magnitude of the correction for mu-meson-initiated 
nuclear showers is small, and even assuming a reason- 
able error in the estimate of its effect could in no way 
explain the magnitude of the observed curvature in the 
high-multiplicity events. Furthermore, the attenuation 
and the relative abundance of a background radiation 
capable of explaining the observed effect does not fit 
anything that can be expected from the mu meson 
component. 

It must, therefore, be concluded that the observed 
attenuation curves are the result of the superposition 
of curves belonging to different’ components of the V 
radiation, and that at least one of them has a mean 
free path for shower production which is considerably 
longer than that of the proton component. 


3. Barometer Effect 


Since the value of the mean free path affects the 
branching ratio between nuclear interaction and decay 
—a larger value obviously favoring the latter—a con- 
sequence of a longer mean free path of one of the con- 
stituents of the NV component that might be detectable, 
is a changed barometer effect of the “filtered” radiation 
emerging from a thick absorber. The NV component, 
thus enriched in the less interacting particles, should 
show a reduced barometer coefficient, and a simple 
calculation shows that the magnitude of the effect is 
just big enough to make its detection possible, under 
favorable circumstances, in an experiment of the kind 
reported here. It was, therefore, decided to analyze the 
data of the run with the heaviest lead shielding with 
respect to pressure variation, and to determine the 
barometer coefficient of the high-energy group. Pressure 
records were obtained with each rate reading,!* and the 
barometer coefficient was calculated according to 


18 We are indebted to Dr. H. S. Bridge and Mr. E. Todd for 
supplying us with copies of their continuous pressure records taken 
with a Bendix Aviation Corporation Micro-Barograph accurate 
to 0.01 inch of Hg. 
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standard procedure.” Unfortunately, earlier indications 
of a reduced barometer effect were not borne out by 
the final analysis which gave for the high-energy group 
a coefficient of —(10.8+3.0) percent, consistent both 
with the V component value of — 11.7 percent and with 
the expected smaller value for the “enriched” mixture 
(8-9 percent). 


IV. DISCUSSION AND CONCLUSIONS 


1, Mean Free Path for Shower Production 


For a quantitative analysis of the data presented 
above, the following basic assumptions will now be 
made: 

(1) After correction for spurious effects, all the 
recorded showers are due either to proton or to r 
meson primaries of high energy. Other possible com- 
ponents of the NV radiation can be neglected. 

(2) In the high-energy region concerned, showers 
produced by those two kinds of primaries do not differ 
appreciably in their structure and composition. The 
detection probability P for the two contributing types 
of showers is, therefore, the same. 

With these two assumptions, the rate R; of showers 
observed under an absorber / can be written as follows: 


Ri=NoP{ae(1—e-#/4) et 


+(1-a)-(1-e®™)-e}, (4) 


where No stands for the total number of NV particles 
incident from the air, a for the fraction of 7 mesons 
among them, & for the thickness of the production layer, 
A and A for the mean free path for shower production 
by mesons and by protons, respectively. Writing A, 
for the attenuation ratio A ,;=R,/Ro (Ro=rate at t=0), 
adhaas (1— e894 (1) (1— ee 
Sie ye sea) es a | 
A= . (5) 
a(1—e-#/4)+ (1—a) - (1—e-#/) 





A general method for evaluating such an equation 
for A and a test for consistency with the assumption 
that the attenuation of the observed rate with increasing 
absorber thickness consists of the superposition of the 
exponential attenuation of two components with dif- 
ferent mean free paths, is to subtract the contribution 
of one of the components and demand that a semi- 
logarithmic plot of the remainder vs the absorber thick- 
hess is a straight line. Letting 


a(1—e-t/4) 
~ a(1—e#4) + (1—a)(1—e-#") 
Av=Be"+ (1—p)e-"", (6) 





then 


where 8 represents the fraction of the rate Ro which is 
™ meson initiated. First from the fact that under the 


L. Janossy and G. D. Rochester, Proc. Roy. Soc- 
Lond) All, 186 (1944); L. Janossy, Cosmic Rays (Clarendon 
Press, Oxford, 1 1948). 
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smallest absorber thickness A;=198 g/cm? the N- 
component beam still consists predominantly of pro- 
tons, it is a good approximation to set Aj=A1 
=exp(—#,/A) or generally exp(—i/A) = (A1)"". Now if 
the experimental data are consistent with the super- 
position of two exponential functions, one should be 
able to adjust the parameter 6 so that, employing the 
experimental data for the A’s a plot of the function 
G(6,t)=In{A .— (1—8)(A1)"“} vs ¢ is a straight line. 
The negative reciprocal of the slope of this graph is, 
of course, A. 

In order to be able to put upper and lower limits on 
the value of A thus obtained, the following procedure 
was adopted: For each 8; chosen, two points of the 
function G(6;,/) were plotted at each absorber thickness 
employing the values A+ one standard statistical error, 
as given in Table II. Now, remembering that at the 
point =0 no statistical error appears in G(@,0), the 
above procedure then immediately indicates whether 
for a particular 8; chosen, the points G(@;,t) may be 
connected by a straight line, and the upper and lower 
limit of its slope should such a straight line exist. 
Regions of interest were investigated taking 6 in steps 
of 0.001. 

Combined averages of T7,P*”".and T,P*! were used 
to determine A for the medium-energy group and 
T,P® and 7:P** for the high-energy group. It was 
found that straight lines exist for the graph of G(@,/) 
versus ¢ only for values of 8 between 3 and 11 percent 
for the high-energy group. Similarily in the medium- 
energy case only values of 8 between 2 and 7 percent 
would lead to straight lines. In the latter case, where 
the contribution from + mesons is expected to be 
already small, the comparatively large experimental 
errors permitted the determination of only a lower limit 
for A; the upper limit yielding the trivial solutions 
A=. The solutions for A thus obtained are: 


High-energy group: 
Amin= 320 g/cm?, 
Aw=425 g/cm?, 
Amax= 900 g/cm’; 
Medium-energy group: 
Amin= 328 g/cm’, 
Aw=425 g/cm?. 


Aw was obtained using the mean value of the A’s for 
which a straight line could only be obtained for B=9 
percent and 5 percent for the high- and medium-energy 
groups respectively. The lower limit of A was found for 
B=11 percent and 7 percent respectively, while the 
upper value of A comes from 6=4 percent in the case 
of the high-energy group. 

For the low energy events 7, P™!, it is seen from the 
graphs of Fig. 4 that no appreciable + meson com- 
ponent appears to be present in the incident beam. 
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Accordingly, the data have not been analyzed for a 
meson mean free path. 


2. Summary 


The fact that even the minimum mean free paths 
compatible with the data obtained in this experiment 
are still considerably larger than those corresponding to 
a geometrical cross section, requires some attention. It 
is certainly in disagreement with the conclusions of 
Duller and Walker® who find mean free paths for 
secondary interactions ranging from (1700_s00+™) for 
1-Bev particles, to the near-geometrical value of 
(180_45+**) at 24-Bev initiating energy. If the present 
results are taken at their face value, it would thus 
appear that with further increasing energy, the cross 
section for shower production begins to decrease again. 

Before accepting such a conclusion, one must care- 
fully examine its basis. As it has been emphasized before, 
the experiment reported here is designed to study the 
production of showers of high multiplicity and high 
penetration, and hence from its results the cross section 
for this process is obtained, but not that for interaction 
with a nucleus nor even for “shower production.” The 
identification of the two cross sections: “interaction” 
and “production of large showers,” may appear plau- 
sible because of its validity for proton collisions, but 
it is certainly not necessarily correct. One can easily 
conceive of at least two ways in which the characteristic 
features of the collisions of the two kinds of particles 
may differ: first, although the maximum energy transfer 
in a collision between a + meson of about 10 Bev and a 
nucleon is practically the same as that in a collision 
between two particles of nucleonic mass, the average 
number of secondaries produced and the multiplicity 
distribution may differ, with a bias in favor of smaller 
showers for + meson primaries. Secondly, energetic 
m mesons may dissipate an appreciable fraction of their 

, energy—significantly more than protons—in the pro- 
duction of particles other than secondary + mesons. 
This second possibility has support in the results of 
Schein® who observed the production of hyperons of 
the V,;° type by x mesons of only 230 Mev. It may well 


TABLE III. Contributions (in counts/hour) of various primary 
energy intervals to the groups of showers recorded. 
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M. Schein, Proceedings of the Third Annual Rochester Con- 
ference on High Energy Physics (Interscience Publishing Com- 
pany, New York, 1953). 
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be that this process becomes quite frequent for 
mesons of 10 Bev and higher energies, and that, there- 
fore, in these collisions less dense showers are originated, 
In both cases, the second basic assumption for the 
evaluation as presented in IV.1—that of equal de- 
tection probability for proton showers and for -meson 
showers—would not hold, or better it would apply only 
to an arbitrary selection of the x-meson interactions. 

In conclusion, it can therefore be said that the results 
of this experiment should be interpreted as a proof for 
fundamental differences between the characteristics of 
the interactions of the various components of the 
N radiation at very high energies. As the mean 
free path for the production of large penetrating 
showers, which is geometrical for protons, is larger 
than 328 g/cm? and 320 g/cm’, respectively, for 7 
mesons of average energy around 8 Bev and 15-20 
Bev. But the present experiment does not yield evi- 
dence for the nature of these differences; a study 
especially designed for this purpose would have to 
supplement it. 


V. ACKNOWLEDGMENTS 


The experiment reported here was carried out at the 
facilities of the Inter-University High Altitude Labora- 
tories at Echo Lake, Colorado, and the authors wish 
to express their gratitude to Professors Byron E. Cohn 
and Mario Iona, Jr., of the University of Denver, for 
their continuous cooperation. Thanks are also due 
Professor P. G. Bergmann of Syracuse University for a 
number of discussions and to Mr. J. G. Askowith who 
kept the arrangement in operation for several weeks, 
and assisted in running it for a longer time. 


VI. APPENDIX: AVERAGE ENERGIES OF 
THE SHOWERS 

The two main obstacles in an attempt to estimate the 
average primary energy from the shower rate are un- 
certainties (a) in the flux of the V component, and (b) 
in the determination of the detection probability. 

As to the first, both theoretical arguments (e.g., 
Messel and Ritson,” Clemental and Ferrari”) and 
direct observation” have now established that at 
mountain altitude, the spectrum of the N component 
resembles, in the energy region of about 10 Bev, very 
closely that of the primary cosmic radiation, and its 
intensity can be obtained in a good approximation from 
the primary flux under the assumption of exponential 
attenuation with a mean free path of 117 g/cm?. Ac- 
cordingly, the calculations were based on the energy 
spectrum of Singer,” normalized to an integral direc- 
tional intensity of 0.85 10~ particles/cm? sec sterad. 

As to the second, the main difficulty lies in the fact 
that data on the characteristics of showers in lead, like 


21H. Messel and D. M. Ritson, Proc. Phys. Soc. (London) 
A63, 1359 (1950). 

#2 E. Clemental and F. Ferrari, Nuovo cimento 9, 572 (1952). 

%S. F. Singer, Phys. Rev. 80, "47 (1950). 
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multiplicity distribution, range of secondaries etc., are 
available only up to primary energies of 10 Bev,” 
so that extrapolations had to be used. The method of 
calculation was that previously applied:*° given the 
(differential) energy spectrum s(Z) and the multi- 
plicity distribution M(£), one computes first for each 
multiplicity the average numbers m, m’, m’’ of shower 
particles present at the levels of the trays D, E, and F, 
taking into account cascade multiplication as well as 
absorption and geometrical losses. From these figures, 
the probability P(n,n’,n’’) is then obtained that this 
shower will discharge ” or more, ’ or more, and ” or 
more counters of the three shower-detecting trays, and 
consequently the contribution of the energy interval 
(E,dE) to the events of the type 7;P"""’:””’ is 


dRp, n,n =S(E)M (E)P(n,n'n" dE. 
M 


Integration over E yields the ‘calculated rates” which 
may serve as a check on the reliability of the method, 
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and similarly, the average primary energies are now 
directly computed. Table III summarizes the con- 
tributions R..1 in counts/hour for the various shower 
groups. In the last row, the observes rates Rexp of the 
unshielded run are added for comparison, and it is 
seen that the agreement is surprisingly good: in no 
case are the deviations larger than 20 percent. 

The average energies computed from this distribu- 
tion are: 

Events 7;P*!:(E,)= 5.3 Bev, 


T\P™:(E,)= 7.9 Bev, 
T,P*!:(E,)= 8.7 Bev, 
TP: (Ey) = 16.4 Bev, 
T P*3: (E,)= 20.4 Bev. 
If the agreement between all the observed and calcu- 
lated rates is not to be considered as wholly fortuitous, 


these energy values should likewise be accurate within 
about 20 percent. 
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Penetrating Showers in Light and Heavy Elements* 


JosrEpH G. AskowITH AND Kort SITTEf 
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(Received June 7, 1954; revised manuscript received September 17, 1954) 


A large cloud chamber fitted with one thick “producer plate” 
of light materials and with eight }-in. lead plates was operated at 
Echo Lake, Colorado (altitude 3260 m) to record penetrating 
showers originating in three light elements (Li, C, Al) and in lead. 
The average primary energies, estimated with the ‘“F-plot” 
method of Duller and Walker, were between 20 and 25 Bev. From 
a comparison of the shower rates in the producer plates and in the 
top lead plate, upper and lower limits for the transparencies of the 
light elements are obtained, the latter if correction is made for the 
differences in the primary energies. More reliable values, however, 
are derived from a direct comparison of the rates in the three light 
elements. This yields a value of \= (2.55-+0.25) X 10~" cm for the 
mean free path in nuclear matter, and accordingly transparencies 
of (15+7) percent, (12+4) percent, and (6+3) percent, respec- 
tively for Li, C, and Al. It is shown that second-generation effects 
are not negligible even in light nuclei, and that they can account 


I. INTRODUCTION 


EASUREMENTS of the cross section for shower 
production as a function of the atomic weight of 
the target nucleus are of interest for a variety of 
reasons, but in particular because they provide the 
most direct means of studying the problem of the 
“mean free path of nucleons in nuclear matter,” and 
that of the significance of second-generation effects in 
collisions of a nucleon with a nucleus (the intranuclear 
*Supported by the Geophysics Research Division, Air Force 
ambridge Research Center, Cambridge 39, Massachusetts. 


t At present at the Department of Physics, Israel Institute of 
Technology, Haifa, Israel. 


for the observed differences in the average multiplicities of showers 
initiated in the four elements studied. At a primary energy of 25 
Bev, the average multiplicity of a nucleon-nucleon collision is 
about 3.4. The contribution of the + mesons to the intranuclear 
cascade is very small. This agrees well with the observed mean 
free path for shower production in the lead plates by secondary 
particles, which varies from (380-+35) g/cm? for secondaries from 
light elements to (475+-70) g/cm? for secondaries from lead. Since 
nuclear scattering in the lead plates was observed for secondaries 
from the light elements and from lead with mean free paths of 
(370+35) g/cm? and (300+36) g/cm? respectively, the total 
interaction mean free path in lead, comprising both scattering and 
secondary showers, is very nearly the same for secondaries emerg- 
ing from light and heavy elements—about (190-25) g/cm*—and 
is also close to the geometrical value. 


cascade). From the latter effect, evidence can also be 
derived on the interaction mean free path of + mesons 
in nuclear matter. 

Since Cocconi’s early paper on this subject,’ it has 
become customary in high-energy interactions to use 
the concept of nuclear transparency as a quantitative 
expression of the deviation of the collision cross section 
from the geometrical nuclear cross section. Of the 
numerous papers on this subject, the experiments of 
Rolloson? and Froman ef al. with water may be men- 

1G. Cocconi, Phys. Rev. 75, 1075 (1949). 


2G. W. Rolloson, Phys. Rev. 87, 71 (1952). 
3 Froman, Kenney, and Regener, Phys. Rev. 91, 707 (1953). 
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Fic. 1. Schematic diagram of the experimental arrangement. 


tioned, and the attempt of Froman‘ to systematize the 
earlier results. The most widely studied light element is 
carbon, and here the results of most authors like Walker 
et al.,5 Cool and Piccioni,® Boehmer and Bridge,’ and 
others generally agree on a mean free path of about 80 
g/cm?, or a transparency of about 20 percent, even at 
rather high primary energy. However, Brown,® re- 
cording only very energetic events, found a collision 
cross section equal to the geometrical value. 
Unfortunately, it appears that the experimental tech- 
niques applied in most of these studies are subject to 
serious criticism. Basically, two different methods are 
commonly used: in “counter-type” experiments the 
material under investigation is placed as an absorber 
on top of a set which records penetrating showers 
initiated by an unaccompanied primary, and the 
attenuation of the shower rate is measured as a func- 
tion of the absorber thickness. In “chamber-type” 
experiments the shower production rate in light ele- 
ments is directly compared with that in a heavy stand- 
ard element, usually lead. The reliability of the first 
method, therefore, depends on the accuracy of the 
assumption that for all thicknesses used, every inter- 
action that may have taken place in the top absorber is 
efficiently detected, and the corresponding event elimi- 
nated. This assumption is based on the premise that it 
is extremely unlikely for a nuclear interaction with 
high energy and large energy transfer to be preceded 
by one with a small transfer: an argument that has 
lost some strength in view of more recent results.° 
Indeed, it could be shown” that for instance the results 
of Boehmer and Bridge,’ which indicate a variation with 
the primary energy of the collision mean free path in 
lead between the “geometrical” value of about 160 
g/cm? and 300 g/cm*, are quite compatible with the 


4D. Froman, Phys. Rev. 88, 172(A) (1952). 

5 Walker, Walker, and Greisen, Phys. Rev. 80, 546 (1950). 

®R. L. Cool and O. Piccioni, Brookhaven National Laboratory 
Report No. 119, 1952 (unpublished) ; O. Piccioni and R. L. Cool, 
Phys. Rev. 87, 216(A) (1952). 

7H. W. Boehmer and H. S. Bridge, Phys. Rev. 85, 863 (1950). 

®R. R. Brown, Phys. Rev. 87, 999 (1952). 

® Froehlich, Harth, and Sitte, Phys. Rev. 81, 504 (1952). 

0K. Sitte, Acta Phys. Austriaca 6, 167 (1952). 


assumption of a geometrical cross section for all en. 
ergies if only correction is made for the effect of small, 
undetected interactions in the top absorber. A similar 
effect should exist, and be even more pronounced, for 
interactions in light elements where “glancing” colli- 
sions are comparatively more frequent than in heavy 
elements, and this effect would falsify the conclusions 
on nuclear transparency derived from this type of 
experiment. 

The cloud chamber method, on the other hand, 
suffers from the fact that the selection of triggering 
events is usually based on a certain multiplicity of 
shower secondaries striking the detection tray or trays. 
Since for a given primary energy the average multi- 
plicity of the showers produced in heavy elements is 
larger than that of light-element showers," this method 
is therefore biased in favor of detection of heavy-element 
showers for which it covers a larger part of the primary 
spectrum, and a direct comparison of the two shower 
rates again yields too high values for the transparency. 

It was therefore decided to re-investigate the trans- 
parency problem with methods designed to avoid these 
pitfalls. 


II. ARRANGEMENT AND PROCEDURE 


The experimental arrangement, shown schematically 
in Fig. 1, consisted of a large cloud chamber in which 
the showers were produced, and a counter control 
selecting high-energy events. The aluminum-walled 
cloud chamber, of dimensions 18 in.X18 in. in its 
central plane and 18 in. deep, was fitted with a light- 
material “producer plate” near the chamber top and 
with eight }-in. lead plates below it. Three elements 
were used as shower producers: lithium, carbon, and 
aluminum. The lithium plate was encased in a thin- 
walled steel box and had an average thickness of 
4.9 g/cm?, the carbon producer was a 10.3-g/cm? sheet 
of pure graphite, and the aluminum plate had a thick- 
ness of 10.5 g/cm®. The chamber expanded to both 
sides through expansion valves of a pneumatic-relay 
type like that used in an earlier chamber,’ and was 
usually filled with an argon-oxygen mixture containing 
about 80 percent of the inert gas, and with vapor of an 
isopropyl alcohol-water mixture. Rear illumination was 
used, and stereoscopic pictures were taken with a two- 
lens camera under angles of about 12° from the axis. 

The three counter trays A, B, and C shown in Fig. ! 
selected the triggering events. Showers were recorded 
when a single particle incident at A struck in coinci- 
dence with at least three particles at B and two or 
more at C. Tray C was separated from B by a layer of 
4-in. Pb. In this way, only high-energy local inter- 
actions (and the unavoidable background of aif 
showers) triggered the chamber. The experiment was 
carried out at Echo Lake, Colorado, altitude 3260 m. 

While thus the experimental arrangement was of the 


1 See, for — Lovati, Mura, Salvini, and Tagliafert, 
Nuovo cimento 7, (1950). 
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conventional type, the method of evaluation differed 
from that previously used. A comparison of the shower 
rates in the light elements with the rate of showers 
starting in the first lead plate—the only one for which 
the geometry is still sufficiently close to that of events 
from the light-element producers—served only to de- 
rive maximum and minimum values for the interaction 
mean free paths. A value that can be considered much 
more reliable was obtained from a comparison of the 
rates of events in the three light elements, using as 
standards in each case the total number of interactions 
initiated, during the respective operating times, in the 
eight lead plates. In this way, the error due to the energy 
bias mentioned above is minimized, and the statistical 
accuracy improved. Besides, the average primary en- 
ergies could be estimated, and thus the appropriate 
small corrections could be made. 

For essential parts of the discussion, the angular dis- 
tribution of the shower particles and the multiplicity 
distribution of the showers are likewise needed. Again 
it was assumed that showers initiated in the producer 
plates, and those starting from the first lead plate, are 
detected with equal probability, so that a comparison 
of these distributions can be made without further 
corrections. 


Ill. EXPERIMENTAL RESULTS 


1. Angular and Multiplicity Distribution. 
Average Primary Energies 


In the lithium run, a total of 97 showers originating 
in the producer plate were obtained, together with 428 
showers starting in the lead plates, 60 of which came 
from the first plate. The corresponding figures for the 
carbon run were 94, 227, and 34, and for the aluminum 
tun 86, 255, and 34. In this survey, events with less 
than three shower particles ejected in the primary 
collision were omitted even if, owing to secondary 
interactions in the material between producer plate 
and counters, they were able to trigger the arrangement. 

A qualitative argument may be introduced here in 
order to stress the importance of recording the dis- 
tributions in multiplicity and angular spread. In dis- 
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Fic. 3. Angular distributions AN /Aé of shower particles as a 
function of the laboratory zenith angle 6. 


cussing transparency of the nuclei and mean free path 
of the secondaries, it is essential to assess correctly the 
influence of second-generation effects. Now evidently 
both the multiplicity distribution and the angular 
distribution of the showers originating in different 
elements will remain identical as long as these effects 
are negligible, while both will be affected if the shower 
is the result of an intranuclear cascade rather than of a 
nucleon-nucleon collision. 

The multiplicity distributions and angular distribu- 
tions observed in this experiment are reproduced in 
Fig. 2 and Fig. 3. An inspection of these histograms 
shows significant differences between the _light- 
element showers and those originating in lead (the 
lead date are taken from all three runs). This is 
further borne out by the trend in the average particle 
numbers obtained from the multiplicity distributions 
of Fig. 2, which range from 5.35 for lithium to 6.65 
for lead. An even better proof for the reality of 
the difference can be given if the “F plots” of 
Duller and Walker” are constructed. These authors 
have shown that for a nucleon-nucleon collision, under 
the assumption of isotropic distribution of the second- 
aries in the center-of-mass system, the fraction F(6) 
of shower particles emitted, in the laboratory system, 
under an angle less than 6@ satisfies the relation, 


tan’9= (1/y2)[F(6)/1—F (6) ], (1) 


where 7, is the energy of the primary in the center-of- 
mass system, expressed in multiples of its rest mass. 
Plotting the observable quantity F/(1—F) against 
tan’@ one expects, therefore, to obtain a straight line, 
the slope of which defines the average primary energy. 
This was verified by Duller and Walker on their own 
data and on those taken from Bristol stars, and it was 
again found true with the data obtained in this experi- 
ment as shown in Fig. 4 where the quantities F(6)/ 
[1—F (6) ] corresponding to the distributions of Fig. 3 
are reproduced in a logarithmical plot. Straight lines 
that fit the experimental points can be found for all three 


12.N. M. Duller and W. D. Walker, Phys. Rev. 93, 215 (1954). 
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Fic. 4. “F plots”: log(F/1—F) vs log(tané), for all four elements. 


elements; however, the average primary energies de- 
rived from these graphs for the showers from the various 
elements differ noticeably. The average kinetic energies 
obtained from Eq. (1) are 25.3 Bev, 25.0 Bev, 23.6 
Bev, and 21.3 Bev, respectively for Li, C, Al, and Pb, 
with probable errors lying between 0.5 and 0.8 Bev. 
Thus, no significant difference appears to exist between 
the primary energies of showers originating in Li and 
C, while the Al showers and even more so the Pb 
showers, are on the average initiated by somewhat less 
energetic primaries. 

These kinetic energies will later on be used to make 
the appropriate corrections for the differences in the 
primary flux of the showers starting in the four elements. 


2. Secondary Interactions 


Nuclear interactions of the shower secondaries in the 
lower lead plates were divided into two groups: a 
process was defined as a “secondary shower’”’ if at least 
two relativistic particles emerged from the plate, or at 
least one additional meson—relativistic or not—was 
created in the interaction. A process was called ‘“‘nuclear 
scattering” if the incident shower particle, in traversing 
the plate, was deflected by 10°, or if one or more non- 
relativistic heavy “star particles” were ejected from the 
plate but no mesons were created. 

The survey of the lithium run showed 36 scatterings 
and 29 secondary showers in 1637 traversals. In the 
carbon run, 1649 observed traversals yielded 31 scatter- 
ings and 33 showers, while the corresponding figures for 
the aluminum run were 1609, 30, and 32. Since no 
significant difference is found between the data for the 


three light elements, they will be lumped together and 
compared, as the secondary interactions of shower par- 
ticles from light elements, with the total of the inter. 
actions found in all three runs for the secondaries of 
showers initiated in the first lead plate. For these 
events, 2398 traversals gave 58 scatterings and 37 
showers. In all cases, only events were included in the 
survey for which a charged relativistic secondary par- 
ticle could be definitely established as the interacting 
particle. 

If the average inclination of the tracks is taken into 
account, the 97 scattering events in 4895 traversals for 
the light-element showers correspond to a mean free 
path for nuclear scattering As.= (370235) g/cm?, and 
similarly, the 95 secondary showers give a mean free 
path Asn= (380+35) g/cm?. From the lead data, one 
computes Ase= (300436) g/cm’, and Asn= (475470) 
g/cm?. It is of interest to note that, although the dis- 
tribution between scattering and shower production in 
lead may differ for secondaries from light elements and 
those from lead, the total interaction mean free path 
comprising both kinds of events is the same, well within 
the experimental errors: the figures quoted above give 
Nint= (190+15) g/cm? for secondaries from light ele- 
ments, and Aint= (185-20) g/cm? for secondaries from 
lead, both close to the geometrical mean free path of 
164 g/cm’. 

During the same run, a total of 54 interactions 
definitely induced by neutral particles was observed 
for light-element showers (19+21+14), against 29 
interactions for lead-shower secondaries. Assuming that 
the interaction mean free path of neutrons is the same 
as that for charged particles, one computes with these 
figures a ratio of shower neutrons to charged secondaries 
of (0.28--0.05) for the light elements, and (0.31--0.07) 
for lead. If the number of protons emitted in a shower 
is equal to that of the neutrons, the light-element 
showers—taking an average multiplicity of 5.6—would 
thus consist on the average of 4 mesons and 1.6 protons, 
while for lead showers a meson multiplicity of about 4.5 
is obtained. However, the assumption of an equal mean 
free path may not be correct; if the interaction cross 
section of the neutrons were geometrical, the -meson 
multiplicities would be slightly higher. 

As far as a comparison can be made, these results 
are in satisfactory agreement with those of Duller and 
Walker” who report mean free paths for secondary 
shower production decreasing with increasing energy, 
and approaching the geometrical value for particle 
energies 24 Bev. In order to substantiate this point, 
showers produced by secondaries from all four elements 
were grouped according to the angle of emission of the 
shower-initiating particle. For angles below 10°, 91 
secondary showers were found in 4238 traversals. This 
corresponds to a mean free path of (340+36) g/cm’. 
The on-the-average less energetic secondaries ejected 
at angles of more than 10° gave 40 showers in 3055 
traversals, and hence a mean free path of (560+) 
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g/cm’. A more direct attempt to determine the de- 
pendence on the secondary energy of the mean free 
path was not deemed worth while with the material on 
hand. 

IV. DISCUSSION 


1. Primary Collision Mean Free Path 


Two ways are now open to determine the mean free 
path for shower production by the primaries. Although 
its results have only a limited value, it is instructive to 
apply first the usual method of comparing, for each 
run, the rates of showers produced in the light element 
and in the first lead plate. Writing 7.) and mp» for the 
numbers of events recorded, x; and xpp for the re- 
spective producer thicknesses, and dei, App for the mean 
free paths, one has obviously 


Ne /MPp=[1—exp(—Xer/Aci) ]/exp(—Xer/Aei) 
X[1—exp(—-*pp/Apv) ] 
=[exp(xe1/Aer)—1]/[1—exp(—xpr/Apv)], (2) 


if no correction is made for the difference in the average 
primary energy. This error may now be eliminated. 
Under the assumption of a power law for the energy 
spectrum, a more correct expression for the ratio 1/n pp 
is 


Net/Mpp= (Epp/Eer)*Lexp(%e1/Aei) — 1]/ 
[i—exp(—xpp/App)], (3) 


where E.1, Epp are the average kinetic energies of the 
showers. For the evaluation of (3), the spectrum of 
Barrett ef al.!* has been used which gives an exponent 
y=1.18 in the energy region concerned. Although it is 
derived for the primary cosmic radiation, there are 
good reasons to believe that practically the same spec- 
trum also applies to the proton component at mountain 
altitude.®-14 

The results of the calculations, with Ap, taken to be 
164 g/cm?, are summarized in Table I. In spite of the 
low accuracy resulting from the comparatively small 
number of lead showers, it is seen that the uncorrected 
mean free paths are in good agreement with most of 
the older data, while those computed according to (3) 
yield values of transparencies lower than those usually 
accepted. 

However, it should be borne in mind that, from the 
foregoing reasons, Eq. (2) is bound to lead to an over- 
estimate of the transparency, or in other words, to its 
possible maximum value which would be correct only 
if the primary energies for light-element showers and 
for lead showers were the same. On the other hand, 
Eq. (3) gives a minimum transparency valid only if 
lead showers can still be properly described as pure 
nucleon-nucleon collisions without the interference 


* Barrett, Bollinger, Cocconi, Eisenberg, and Greisen, Revs. 
Modern Phys. 24, 133 (1952). 
‘ Sitte, Froehlich, and Nadelhaft, Phys. Rev. 97, 166, (1955). 
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TABLE I. Mean free paths for shower production A¢) and 
transparencies f; obtained from comparison with lead. 








Corrected [Eq. (3)] 
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of second-generation effects. Otherwise, the estimates 
of the primary energy obtained from the F plots is too 
low, and the energy bias is overcompensated. Now it is 
already clearly demonstrated by the graphs of Figs. 2 
and 3, and will be further documented below, that 
particularly in lead showers, second-generation effects 
play a significant part, and consequently the results of 
Eq. (3) will underestimate the transparency. 

The second method, consisting of a comparison of 
the rates in the three light elements, is therefore more 
promising since in this case the energy estimates are 
more reliable, and any remaining slight error is of 
negligible effect on the corrections made. However, a 
direct comparison of shower rates obtained at different 
periods extending over many months would be a 
dubious procedure and could easily introduce sys- 
tematic errors. Hence it was decided to use, instead of 
the absolute rates, the ratios Rri, Rc, and Rai of the 
numbers of events starting in the light-element pro- 
ducer plates to the numbers of showers originating in 
all lead plates. By taking the lead showers as a standard 
of comparison only, no additional energy bias is intro- 
duced and the differences in the detection probabilities 
for showers starting in different plates likewise do not 
affect the validity of the procedure. 

Then, writing S(Z.:) for the respective primary in- 
tensities, one has evidently 


Rui: Ro: Rai =S(Exi)[exp(#1i/Axi) 1]: S(Ec) 
*Lexp(c/Ac)—1]:S(Zai)Lexp(*ai/Aar)—1]. (4) 


To evaluate (4), one may proceed directly to a deter- 
mination of the mean free path in nuclear matter X. 
With this parameter, the transparency ¢ of a nucleus of 
radius r,, has the well-known approximate form 


t(A/rn) = (A?/2r.2){1— (1—2rn/d) exp(—2rn/dr)}. (5) 


For light nuclei, the more accurate numerical computa- 
tions of R. W. Safford, reported by Rossi,!® should be 
used. 

Since by definition for any element, d-1=ei9(1—2) 
where ),-1° is the geometrical mean free path, it follows 
that, for instance, for the two elements Li and Al the 


16 B. Rossi, High-Energy Particles (Prentice-Hall Publications, 
Inc., New York, 1952), p. 360 ff, 
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relation holds: 


Rii/Rai=S(Exi){exp[4ri/Ario(1—tri) ]—1}/ 
S(Eai){exp[vai/Aar(1—tar) J—1}, (6) 


or again using a power law for the energy spectrum, 


(Rii/ Rai) (Exi/Eai)?= {exp 41i/Ario(1—t1i) J—1} 
Xexp[%a1/Aar?(1—tai) J— 1} =(d). (7) 


An analogous expression can be written down for 
(Rc/Rai)(Ec/Eai). Since the left-hand side of (7) is 
known from the experimental data, a graphical solution 
for the only unknown A can now be obtained. The solu- 
tions computed from the two relations overlap in the 
region 2.30 10-" cm <A <2.8010—" cm; hence the 
value of (2.55++0.25) X 10-" cm will be used below. The 
collision mean free paths and transparencies of the 
light elements calculated with this value are summarized 
in Table II. They are considerably lower than those 
previously reported: a discrepancy which was to be 
expected in view of the overestimates of the trans- 
parency inherent in the earlier experiments. 


2. Estimate of Second-Generation Effects 


The importance of second-generation effects of the 
primary can now be estimated by calculating, with the 
mean free path in nuclear matter given above, the 
probability that the incident particle undergoes more 
than one collision inside the target nucleus. In order to 
do this, consider the probability P; that the primary 
will collide just once while traversing the nucleus. With 
the same simple model that leads to Eq. (5) one has 
evidently, writing b for the impact parameter and r; 
for the interaction radius, 


rittn g2(ra 
rn P\= 2n/r f f 
0 0 


—[2(¢r°— 
which gives, for r:<r,, 

Py= (2/15?) [1— (1+2rn/A+2r,2/D?) 

Xexp(—2r,/r)]. (9) 


2_42)4 
exp(—x/d) 


Xexp{ b’)t§—x |/A}bdbdx, (8) 


For smaller nuclear radii r,, numerical integration has 
to be carried out. Similarly, the probability P>, that 


TaBLE II. Mean free path for shower production Ae, and 
transparency #,; obtained from comparison of the shower rates of 
the light elements. 








Element et (g/cm?) 


Li 62+5 
c 7243.5 
Al 8843.5 


tei (%) 


15+7 
12+4 
6+3 
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the primary interacts at least once, is for <r, 
P>,=1—(A2/2rn?){1—(1+2rn/d) exp(—2rn/A)} 


[corresponding to the transparency formula (5) ]. For 
the more general cases, the transparency data given by 
Rossi!® can be used to obtain P>1. 

The simplest criterion for the importance of the 
second-generation effects is, then, the value of the 
expression (P>i1—P1)/P>1 which measures the fraction 
of events among all interactions in which the primary 
collides more than once. Second-generation effects can 
be neglected if (P>1—P1)/P>11, which for n<r, 
means 


(P>1—P:)/P>1 
3? A 4? arn 
1—-— my ;) ex P(- ot 
rn 1, Be 
2rn arn 
2 - (of) 
Qrn2 


The quantity (P>1—P1)/P>, is plotted as a function 
of r,/d in Fig. 5, the approximate expressions (9) and 
(10) being used so that all elements can be represented 
on the same graph. Since only the ratio of the proba- 
bilities is needed, the results are not significantly modi- 
fied if the more correct values for the P’s are introduced. 
The relative probabilities for repeated interactions in 
the four nuclei Li, C, Al, and Pb are likewise indicated, 
based on the value for \= (2.55+0.25) X10-" cm as 
derived in sect. IV.1. It is seen that already for light ele- 
ments the probability for a second collision is by no 
means very small, while for elements as heavy as lead 
it approaches certainty. 

This result gains importance in connection with 
the increasing evidence from various recent experi- 
ments”-4.16 that even high-energy collisions are not 
completely inelastic, but that the primary retains a 
sizeable fraction—perhaps 20-25 percent of its initial 
energy. Its second interaction inside the target nucleus 
should, therefore, contribute a fair share to the total 
meson production. Assuming that the incident 25-Bev 
particle continues, after the collision, with a kinetic 
energy of 5 Bev, a check on the average multiplicities 
in the four nuclei Li, C, Al, and Pb has been made on 
the basis of the Fermi theory." In order to get numerical 
agreement, its results had to be renormalized so that 
the primary nucleon-nucleon collision produces about 
3.4 charged secondaries. The total meson production 
by a 25-Bev primary in these four elements is, then, 
about 3.9, 4.1, 4.5, and 4.8 charged shower particles 
respectively, and it is seen that, by taking into account 
also the increase in the number of shower protons, the 
as Klose, Ritson, and Walker, Phys. Rev. 91, 1537 


17E. Fermi, Progr. Theoret. Phys. 5, 570 (1950); Phys. Rev. 
81, 863 (1951). 


(10) 








LIGHT AND HEAVY ELEMENTS 


differences in the average numbers of shower particles 
observed in this experiment can well be explained by 
second-generation collisions of the primary only. 
Consider now the intranuclear interactions of the 
shower secondaries: the number of these collisions in- 
creases strongly between lithium (7,=2.65X10—" cm) 
and aluminum (r,=4.14X10-" cm), and since the 
average energy of the secondaries is of the order of 2 
Bev, their contribution to the production of shower 
particles should likewise be appreciable in the bigger 
nuclei, Al and Pb, if the mean free path for shower 
production in nuclear matter were the same for 7 
mesons as for protons. The fact that the observed dif- 
ferences can be accounted for on the basis of primary 
interactions only, must therefore be interpreted as 
demonstrating that intranuclear shower production by 
7 mesons of around 2 Bev can occur only with a mean 
free path considerably above that found for protons, 
2.55X10-* cm. This is in agreement with the data on 
\sh derived from the interactions in tke lead plates 
(Sec. ITI.2) : the value of \sn= 380 g/cm? corresponds to 
a mean free path in nuclear matter of about 18.5 10-" 
cm, and with this value even the heavier nuclei 
become highly transparent to the shower secondaries. 


3. Conclusions 


In summarizing the results, the following conclusions 
can be drawn: 

(1) The suspected systematic errors in previous ex- 
periments which led to an overestimate of the trans- 
parency, appear to be real and significant. By using a 
method less sensitive to these errors, transparencies 
somewhat lower than those generally quoted are found: 
(157) percent for Li, (124) percent for C, and 
(6+3) percent for Al. They correspond to a mean free 
path in nuclear matter of (2.55--0.25) X10-" cm. 

(2) Second-generation collisions of the primaries are 
of importance even for light nuclei, and contribute to 
the meson production in the intranuclear cascade. The 
average numbers of shower particles found in this ex- 
periment lead to a multiplicity of about 3.4 for a 
nucleon-nucleon collision at 25-Bev primary energy, and 
the differences between the various elements can be 
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Fic. 5. (P>1—P1)/P>1, the fraction of events in which the pri- 
mary undergoes more than one collision, as a function of rn/d. 


explained by the contributions from the subsequent 
interactions of the primary in the target nucleus. 

(3) It follows from the preceding that the contribu- 
tion of the shower secondaries to the intranuclear 
cascade in light or medium-heavy nuclei is insignificant. 
Consequently, their mean free path in nuclear matter 
must be longer than that of the primary. This is in 
agreement with the observations on secondary shower 
production in the lead plates below the producers. 
The mean free paths for shower production derived 
from them correspond to a mean free path in nuclear 
matter of about 7 times the value for the primaries. 

(4) Since in light elements the scattering mean free 
path of the secondaries is of the same order as that for 
shower production, these nuclei are also highly trans- 
parent with respect to scattering. It can therefore be 
expected that the “F-plot” method of energy deter- 
mination will yield reliable results at least for not too 
heavy nuclei. 


V. ACKNOWLEDGMENTS 


The experimental work was carried out at the fa- 
cilities of the Inter-University High Altitude Labora- 
tories at Echo Lake, Colorado, and the authors are 
obliged to Professors Byron E. Cohn and Mario Iona, Jr., 
of the University of Denver for their cooperation. 





PHYSICAL REVIEW VOLUME 97, NUMBER 1 JANUARY 1, 1955 


Electron Production in High-Energy Nuclear Interactions* 


Kurt Sitre,j Fritz E. Froenticu,f anp IrvinG NADELHAFT 
Department of Physics, Syracuse University, Syracuse, New York 


(Received June 7, 1954; revised manuscript received September 17, 1954) 


An experiment was carried out at Echo Lake (altitude 3260 m) and Mt. Evans (altitude 4300 m), Colorado, 
in order to measure the dependence on the primary energy of the fractional energy transfer to the electronic 
component, in nuclear interactions of about 10-100 Bev. Showers produced in a carbon block were grouped 
according to their multiplicity of penetrating particles as registered by a hodoscope, and the corresponding 
electron density was determined by a liquid scintillator placed under an appropriate lead shield. Since the 
shower multiplicity can be related to the primary energy, and the scintillator pulses can be calibrated by 
recording air showers, the number of electrons produced could thus be measured as a function of the primary 
energy. If, according to the Bristol data, in collisions around 50-Bev primary energy, the production of 
K particles consumes a fraction of the primary energy equal to that given to the x mesons, and if 7° decay 
is the only major contributor to the electronic cascade, one must expect a decrease of the fractional energy 
transfer to the electron component by about $ between a maximum at 20-30 Bev and a more constant 
lower level at 50-100 Bev. This is not borne out by the experimental results which demonstrate a constant, 
or slightly increasing, fractional transfer at energies above 20 Bev. The results lead, therefore, to the con- 
clusion that either, contrary to the Bristol observations, x-meson production predominates even at high 
energies, or else that a process or processes other than 7° decay must be responsible for a considerable part of 


the electron component produced in collisions with primary energies above a few 10" ev. 





I. INTRODUCTION 


VER since the absence of an appreciable electronic 
component in the primary cosmic radiation has 
been established, the explanation of the composition 
of the large mixed air showers has been a challenging 
problem. Qualitatively the picture was well understood 
as soon as the discovery of the neutral 7 meson provided 
a mechanism of efficient energy transfer from the nuclear 
cascade to the electron component. Quantitatively, 
however, the attempts to explain a composition of 
about 98 percent electrons against 1 percent nucleons 
and 1 percent » mesons at the customary observation 
levels was less successful. Calculations carried out by 
Amaldi and his collaborators,! for instance, on the 
basis of the Fermi theory of meson production,’ lead to 
results very similar to those of Moliére and Budini® 
who used the Heisenberg theory.‘ In both cases, as in 
similar attempts we have made with simplified models 
and various assumptions on meson production, it is 
just barely possible to adjust the available parameters to 
fit the experimental data either on the abundance of 
penetrating particles or on the ratio of » mesons to 
nucleons, but the agreement is not satisfactory for 
both abundance and abundance ratio. Moreover, in 
all these calculations two basic assumptions have been 
made and are essential for their at least partial success, 
the validity of which must now be seriously doubted: 


* Supported in part by the U. S. Atomic Energy Commission. 

+ At present at the Department of Physics, Israel Institute of 
Technology, Haifa, Irsael. 

t Now at Bell Telephone Laboratories, Inc., Whippany, New 


Jersey. 

1 Amaldi, Mezzetti, and Stoppini, Nuovo cimento 10, 803 (1953). 

2E. Fermi, Progr. Theoret. Phys. 5, 570 (1950); Phys. Rev. 
81, 683 (1951). 

3G. Moliére and Budini in Kosmische Strahlung edited by 
W. Heisenberg (Springer, Berlin, 1953). 

4W. Heisenberg, Z. Physik 126, 569 (1949). 


first, that the nuclear collisions at air shower energies 
are completely inelastic, and second, that in these 
collisions most of the primary energy is dissipated in 
the production of + mesons with no other seriously 
competing process. 

The first assumption seems to be refuted by the 
results by Kaplon et al.5 who recently found that the 
absorption mean free path, even at energies around 
10” ev, is still about the same as the well-known ~120 
g/cm? repeatedly established for energies of a few 
Bev.® This same conclusion was also reached from part 
of the data obtained in this experiment (see Sec. ITI). 
The second assumption is in flat contradiction to the 
recent observations on K particles. Here the original 
results of the Bristol group’ have now been confirmed 
by more recent work,*:* and demonstrate that already 
at energies of around 50 Bev about one-half of the 
energy transferred to the meson component goes to 
those of the heavier variety. 

Since no efficient mechanism of energy transfer 
from K mesons to electrons is known—the few recorded 
examples” make it appear a rather rare phenomenon— 
these new facts raise serious difficulties for the theory 
of mixed air showers. Unless other, hitherto unobserved 
mechanisms exist which divert an appreciable amount 
of energy to the electron component, their composition 
can hardly be understood. 


we Klose, Ritson, and Walker, Phys. Rev. 91, 1573 
(1953). 

8 E.g., J. Tinlot, Phys. Rev. 73, 1476 (1948); 74, 1197 (1948). 

7™C. F. Powell, International Conference on High-Energy 
Physics, Copenhagen, 1952 (unpublished). 

8 R. R. Daniels and D. H. Perkins, Report on the International 
Congress On Cosmic Radiation, Bagnéres de Bigorre, 1953 
(unpublished), p. 159. 

9 J. Mulvey, Report on the International Congress on Cosmic 
Radiation, Bagnéres de Bigorre, 1953 (unpublished), p. 198. 

Bridge, Courant, De Staebler, and Rossi, Phys. Rev. 91, 
1024 (1953). 


166 





HIGH-ENERGY NUCLEAR INTERACTIONS 


The direct evidence on electron production in high- 
energy showers, mostly expressed in terms of the ratio 
of 7° mesons to shower particles, is scanty and rather 
conflicting. Thus, for instance, the Rochester group" 
finds at energies around 10” ev a value of 0.5 for the 
ratio of neutral mesons to shower particles, while 
Peters et al.” at a still higher energy derive a ratio of 
(1.00.1) : both in disagreement with the Bristol data” 
of 0.25, quoted as consistent with the well-known value 
of about 0.5 for the ratio of neutral to charged a 
mesons at energies of a few Bev,'*® and with the 
reduction of number and energy of the 7-meson com- 
ponent at very high energies. A further investigation 
seemed, therefore, worth while. 

If x® mesons are the only particles responsible for 
the bulk of the electrons in mixed showers, then a 
conspicuous change in the fraction of the primary 
energy transferred to ‘the electron component should 
occur in the primary energy interval between about 10 
and 100 Bev. At the lower limit, practically no K 
particles are produced and one-third of the energy 
dissipated in the collision should appear in the elec- 
tronic cascade produced ; at the higher limit, 7° mesons 
can carry away only one-sixth of the transferred energy, 
and consequently the fraction of the primary energy 
found in the electron component should be only about 
one-half of what it is for a 10-Bev shower. An experi- 
ment was, therefore, designed in order to measure this 
fraction of the primary energy which is given to the 
electronic component, and to investigate its variation 
with the primary energy in the region of about 10 to 
100 Bev. It should be emphasized already at this point 
that for the purpose of this experiment, a very precise 
determination of the absolute values of this transfer, or 
of the primary energy, is not necessary: it will suffice 
to establish the existence of absence of a variation of the 
transfer ratio with energy, by a factor of the order one- 
half and in an interval covering approximately the 
limits mentioned above. 


II. EXPERIMENTAL ARRANGEMENT 


A technique must be applied which permits the 
determination of the energy carried by the electron 
component of a hard shower and an estimate of its 
primary energy. As to the first, three simple facts 
concerning electron cascades are of help: first, that the 
number of electrons at the cascade maximum is very 
nearly proportional to the energy of the initiating 
electron or photon; second, that the position of the 
cascade maximum varies only logarithmically with the 
primary energy; and finally, that the variation of the 


"M. F. Kaplon and D. M. Ritson, Phys. Rev. 90, 716 (1953). 
agen Pal, Peters, and Swami, Proc. Indian Acad. Sci. 36, 75 
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Fic. 1. Schematic view of the experimental arrangement. 


particle number in the neighborhood of the cascade 
maximum is very slow. If, therefore, an arrangement is 
chosen which registers the number of electrons at a 
position corresponding to, say, the cascade maximum 
of the electron shower originated by a 7° meson of the 
average secondary energy of a 30-Bev shower, this 
same arrangement can serve as an efficient recorder of 
the particle numbers, and hence of the energy, of the 
electron component for all primary energies between 
10 and 100 Bev. 

These considerations can also be used to establish 
the approximate number of soft particles expected at 
this absorber depth. It will be of the order of, though 
somewhat smaller than, the number of electrons at the 
maximum of a cascade originated by a single photon 
which carries the entire energy transferred to all the 
photons emitted, as the decay products of the 7° 
mesons, in the forward direction. At 10-Bev primary 
energy, the lowest energy of interest for this experiment, 
the total photon energy thus emitted is of the order of 
1.5 Bev, and the corresponding number of electrons 
at the cascade maximum is therefore about 12,!* so 
that a proper minimum setting of the electron-recording 
device will be to the equivalent of around 10 relativistic 
particles, including the hard shower secondaries. 

Accordingly, the arrangement shown schematically 
in Fig. 1 was chosen. It consists of three trays of Geiger 
counters A, B, and C, and a liquid scintillator S as 
electron detector. The top tray A of ten counters of 
1-in.X16-in. active area is set to detect single incident 
particles while the circuits of B and C are arranged so 
that in order to produce a signal, three and two counters 
respectively must be struck. Tray B contains sixteen 
counters of } in. 16-in. and the output of each counter 
is also fed into a hodoscope; tray C holds eight 1-in. 
X16-in. counters, separated from each other by 3-in. 
lead. 

16In these and all the following computations on electron 
showers, the tables of cascade functions by L. Janossy and H. 
Messel [ Proc. Roy. Irish Acad. A15, 217 (1951) ], have been used 
if the initiating energy was above 1 Bev, and the results of R. R. 


Wilson obtained with the Monte Carlo method [Phys. Rev. 84, 
100 (1951) ] for lower energies. 
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The arrangement thus registers showers produced in 
the top absorber layer 2, (42 g/cm? carbon) which 
arrive at B with at least three secondaries, penetrate 
the absorbers 22 (1-in. Pb+}-in. Fe) and 2; (6-in. Pb) 
and still contain at least two particles at C. Heavy side 
shielding by 8-in. Pb reduces to a minimum the spurious 
masterpulses arising from air showers. 

The electron detector S was a Lucite box of }-in. 
wall thickness and of inner dimensions 2 in.X8 in. 
X16 in. filled with a 3 percent terpheny! solution in 
phenylcyclohexane to which 40 mg of diphenylhexa- 
triene had been added. Thus, electrons emerging from 
2 with the critical energy in lead will just about 
penetrate the scintillator, but particles of much lower 
energy will not produce pulses of the same standard 
size. The scintillator box was enclosed in a larger 
reflecting case in which four 5819-photomultiplier 
tubes were mounted in pairs, facing the long sides of 
the box. Their signals were fed through preamplifiers 
into an addition circuit, the output of which was than 
considered a sufficiently accurate measure of the 
number of shower particles, independent of the exact 
location of the traversals. This pulse than passed 
through a linear amplifier and was displayed, with a 
suitable delay, on the screen of an oscilloscope the 
sweep of which was triggered by the counter master- 
pulse. The pulse height on the screen was set so that its 
variation by a factor well over ten could still be read 
easily without overloading the amplifier or the scope. 
An approximate setting was obtained by reducing to 
one-tenth of its former value ‘the amplification of the 
linear amplifier, after adjusting the pulse height 
setting on the scope so that the pulses of single » mesons 
traversing the scintillator vertically were just readable. 
The method used for the more accurate calibration will 
be described in the next section. The sixteen hodoscope 
bulbs recording the discharge in tray B were mounted, 
together with the usual mechanical register and a 
clock, around the screen, and were photographed 
together with the scintillator pulse. In this way, both 
the multiplicity of the nuclear interaction and the 
amount of energy given to the electron component were 
recorded for each individual event. 


III. ESTIMATES OF PRIMARY ENERGY AND 
ELECTRON DENSITY 


Two independent methods were used to determine, at 
least approximately, the energy of the shower primary. 
First, if one is willing to rely on the available data on 
the average multiplicities of a nuclear interaction 
in a light element as a function of the primary energy, 
one can classify the recorded events as to the number of 
B-counters struck, compute for each group the most 
probable number of particles striking the tray area,’ 
and thus after slight corrections for the average number 
of electrons emerging from the carbon absorber and for 


17See E. Schrédinger, Proc. Phys. Soc. (London) A64, 1040 
(1951). 
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the “grey” particles which may reach the counters, 
directly ascribe an average primary energy to each 
group. For the latter correction, the data of Camerini 
et al. were used. Although they refer to smaller 
primary energies, they show clearly that both the 
number of grey tracks and their angular distribution 
vary only slowly with the primary energy, and that 
their average energy is very nearly constant. The extra- 
polation of these data to the higher energies recorded 
in this experiment will, therefore, cause no appreciable 
error. For the estimate of the average multiplicities as 
a function of the primary energy, experimental data are 
lacking in the energy region of interest but the theoreti- 
cal results of Messel e¢ al."® can be used. Although they 
are based on the plural theory” of meson production, 
they fit the experimental data very well in the region 
where a comparison is possible, and it can be expected 
that they remain at least a good approximation over 
the entire interval under study. 

As an independent check, for each energy—and 
hence for each average multiplicity—the probability 
can be evaluated that exactly a given number of 
counters is struck. If, then, the energy spectrum of the 
incident shower primaries were known, the absolute 
frequencies of these events could be calculated. How- 
ever, while the nucleon spectrum at mountain altitude 
is sufficiently well known up to about 10 Bev,!>”!* 
nothing is known about its continuation to 100 Bev. 
But since in the neighborhood of 10 Bev, not only 
the absolute intensity of the. charged NV component 
agrees rather well with the value obtained from the 
primary flux at the top of the atmosphere (see Winckler 
et al., Singer“) under the assumption of exponential 
attenuation with a mean free path of 118 g/cm’, but 
also the shape of the spectrum is practically identical 
with that of the primary cosmic radiation,!5 one will 
suspect that the same might be true also for higher 
energies. This assumption also agrees with the theoreti- 
cal predictions (See Messel and Ritson,?® Clemental 
and Ferrari**), and it was furthermore subjected to an 
experimental check in the following way: Even if the 
absolute energies related to each discharge multiplicity 
at tray B or electron density in S are unknown, it can 
safely be assumed that on the average the more complex 
events belong to the higher energies. If, therefore, the 
attenuation with altitude of these multiplicity or 
pulse height groups is measured, the result will yield a 
clue to the energy spectrum. An equal attenuation for 

18Camerini, Davies, Fowler, Franzinetti, Lock, Muirhead, 
Perkins, and Yekutieli, Phil. Mag. 42, 1241 (1951). 

19 Messel, Potts, and McCusker, Phil. Mag. 43, 889 (1952). 

2” W. Heitler and L. Janossy, Proc. Phys. Soc. (London) Aé2, 
374 (1949). 

21 Glaser, Hamermesh, and Safonov, Phys. Rev. 80, 625 (1950). 

2W. L. Whittemore and R. P. Shutt, Phys. Rev. 86, 
Ce Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950). 

2S, F. Singer, Phys. Rev. 80, 47 (1950). 

25H. Messel and D. M. Ritson, Proc. Phys. Soc. (London) 
A63, 1359 (1950). 

26 E. Clemental and F. Ferrari, Nuovo cimento 9, 572 (1952). 
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all groups, corresponding to a mean free path of 117 
g/cm?, would indicate that the spectrum remains 
essentially unchanged over the entire energy interval 
studied, while a variation of the spectrum of the V 
component on its descent through the atmosphere 
would be demonstrated by different attenuation mean 
free paths for the various groups. 

Measurements were therefore carried out both at 
Echo Lake (altitude 3260 m) and at Mt. Evans (alti- 
tude 4300 m). The recorded events were divided into 
groups of given numbers of counters struck, and of equal 
pulse heights from the scintillator, and the rates of 
these individual groups of events were obtained. The 
results are summarized in Fig. 2 for the multiplicity 
group, and in Fig. 3 for the pulse height groups. The 
full lines correspond in each case to the attenuation 
expected for a mean free path of 117 g/cm’; it is seen 
that all the data can be well represented by this ab- 
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Fic. 2. Rates of showers grouped according to their multi- 
plicities at tray B, recorded at Echo Lake and at Mt. Evans. 


The solid line represents attenuation with a mean free path of 
117 g/cm?. 


sorption law, so that the use of the energy spectrum 
of the primary cosmic radiation for the charged NV 
component at mountain altitude and for the energy 
region studied is justified. At the same time, the results 
confirm and extend to energies below 100 Bev, the 
observations of the Rochester group! according to 
which at energies around 10” ev the absorption law 
of the V component is essentially the same as that for 
low-energy nucleonic events. It seems, therefore, that 
the degree of inelasticity of a nuclear interaction reaches 
its maximum value already at a few Bev primary 
energy, and remains more or less constant for all 
energies. 

With the energy spectrum of the incident particles 
known, the expected frequency distribution of the 
multiplicities recorded in tray B can now be calculated. 
The computation of the detection probabilities of the 
showers in the set is somewhat tedious, but it can be 
done with a reasonable accuracy as it has been shown, 
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Fic. 3. Rates of showers grouped according to the oscilloscope 
pulse height (measured in arbitrary units), recorded at Echo Lake 
and at Mt. Evans. The solid line represents attenuation with a 
mean free path of 117 g/cm?. 


for instance, by Gregory and Tinlot?’ and in some 
earlier papers of the Syracuse group.!5.?8 

The results on the estimate of the primary energies 
are summarized in Fig. 4 and Table I. The smooth 
curve in’Fig. 4 represents the calculated shower rate, 
the dashed step curve the calculated multiplicity 
distribution in tray B, and the full step curve the 
observed distribution. It should be noted that the 
smooth curve and the step curves have different 
abscissas and hence cannot be expected to coincide 
(unless the top scale showing multiplicities were 
drawn in nonlinear steps). The two step. curves agree 
as well as it can be expected; the apparent slight trend 
to overestimate the smaller and to underestimate the 
higher multiplicities may be a consequence of the 
assumption of a constant interaction mean free path 
in carbon (80 g/cm?) for all energies. It may well be 
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Fic. 4. Smooth curve: Shower rate calculated from theoretical { 
multiplicity data; full step curve: calculated multiplicity dis- 
tribution in tray B; dashed step curve: observed multiplicity 
distribution in tray B. 


27 B. Gregory and J. Tinlot, Phys. Rev. 75, 519 (1949). 
28K. Sitte, Acta Phys. Austriaca 6, 167 (1952). 
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TABLE I. Observed rates per hour of showers of various multi- 
plicities at tray B, average primary energies (Ep)w and (Ep)r 
computed from multiplicity and rate data, and adopted average 
primary energies (E>). 








Multiplicity 7 8-9 10-11 12 13 15 





Rate/hour 2 10 4 1.8 0.9 Be 0.4 
(E,p)u (Bev) 12 26 46 65 100 
(Ep) r(Bev) 16 30 50 70 120 
(Ey) (Bev) 56 3 70 120 








that with increasing primary energy the transparency 
of the carbon nucleus decreases, and a value closer to 
the geometrical cross section should have been used. 

Table I shows the observed rates of the various 
multiplicity groups at tray B, the corresponding 
average primary energies (E,)y estimated directly 
from the theoretical data,!® and the average energies 
(E,)r taken from the rate computations reproduced in 
Fig. 4. The agreement between the two energy estimates 
is satisfactory, and in view of this consistency, “true 
average energies” (E,) were assigned to each multi- 
plicity group. They are listed in the last row of Table I. 

The calibration of the number of particles traversing 
the scintillator was based on the fact that the density 
spectrum of air showers at Echo Lake is very well 
known, in particular through the thorough work of 
Cocconi and Tongiorgi.” By placing the unshielded 
scintillator in the center of a triangular arrangement 
of large Geiger counters and triggering the oscilloscope 
sweep by triple coincidences of these counters, the 
frequency distribution of pulses originated by air 
showers was obtained, and from the co-ordination of 
the pulse rates with the air shower density distribution 
an absolute calibration could be achieved. The side 
length of the triangle was about 2} m, and the counter 
size 2 in.X24 in., so that in the density interval 
concerned, the necessary corrections for a variation 
with density of the triggering probability was very 
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Fic. 5. Calibration curve: integral distribution of pulse 
height rates with air shower triggering. 


® G. Cocconi and V. C. Tongiorgi, Phys. Rev. 75, 1058 (1949). 


small. Besides, it may be noticed that the electron 
energy at which the scintillator begins to record 
efficiently, and that necessary to penetrate the usual 
counter walls are very nearly the same so that the data 
of Cocconi and Tongiorgi can be used without further 
adjustment. The results of the calibration run are 
reproduced in Fig. 5 which shows the observed rates 
per hour of pulses of various heights (in arbitrary 
units), and in the top scale the corresponding air 
shower densities in particles/m?. From it the number of 
particles traversing the scintillator is immediately 
obtained. Incidentally, the calibration run showed that 
the preliminary setting described above had _ been 
rather satisfactory: the assumed 10-particle pulses were 
found to correspond to that of 9.1 incident air-shower 
electrons. 


IV. RESULTS AND DISCUSSION 


A summary of the data obtained in the two runs at 
Echo Lake and Mt. Evans is given in Table II. Here 
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Fic. 6. Integral distribution of pulse height rate with hard-shower 
triggering; runs at Echo Lake and Mt. Evans. 


the numbers and the rates of events with a given pulse 
height on the oscilloscope screen, measured in the 
same arbitrary units as before, are listed. The pulse 
height distribution curves are also reproduced in 
Fig. 6. These are the uncorrected data; in order to 
reduce them to true electron densities, it is necessary 
for each single event to subtract from the particle 
number deduced according to the calibration curve of 
Fig. 5, the numbers of penetrating particles in the initial 
shower and in the secondary events that may have 
taken place in the lead absorber on top of the scintil- 
lator. To estimate the latter effect, a mean free path 
for secondary shower production of 260 g/cm? was 
assumed, and the multiplicity data obtained in an 
earlier experiment!® were used. Similarly, an average 
correction for secondary events produced by shower 
neutrons was applied. 

In this way, for each multiplicity of the initial 
shower—and thus, according to the arguments of Sec. 





Fic. 


HIGH-ENERGY NUCLEAR INTERACTIONS 


III and the data of Fig. 4, for known average primary 
energies—the distribution of electron densities could 
be obtained. The results are reproduced in Fig. 7. 
Pulse heights are again measured in the same arbi- 
trary units as above; height 12 in. represents in fact 
an integral value since it comprises all events where 
the trace of the pulse exceeded a certain height. 
In principle, it would be possible to try to fit these 
histograms with curves computed under the assumption 
that charge fluctuations of a unique secondary particle, 
the x meson, are responsible for the distribution; but 
in view of the crudeness of many of the estimates used, 
and in particular also of the lack of information on the 
total multiplicity distribution in a shower of given 
primary energy, any conclusions from the results of 
such a comparison cannot be considered as sufficiently 
reliable. 
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Fic. 7. Differential distributions of the numbers of electrons 
recorded in the hard showers of various primary energies. 


But in averaging over the distribution curves of 
Figs. 7, an average value for the number of electrons 
as a function of the primary energy can be computed 
which, though probably an underestimate of the true 
absolute numbers, nevertheless will exhibit correctly 
any trends of this function. The result is shown in 
Fig. 8 where the average numbers J, thus obtained, 
divided by the average shower energy (E,), are plotted 
against (E,). As it has been pointed out in Sec. I, this 
quantity N.i1/(E,) which also represents the fractional 
transfer of the primary energy to the electronic com- 
ponent, should decrease after passing through a 
maximum near 20-30 Bev if K particles are produced 
in as high an abundance as suggested by the Bristol 
data, and if no other process but 7° decay contributes 
significantly to the electron production. No such 
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TABLE II. Numbers and rates of the oscilloscope pulse heights 
(in arbitrary units) in the hard showers recorded at Echo Lake 
and at Mt. Evans. 
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decrease is found; in fact, the curve appears to level 
off at a value possibly somewhat higher than that 
observed at 20 Bev. However, in view of the experi- 
mental uncertainties this latter observation cannot 
be given much weight. 

However, the absence of the conspicuous maximum 
of the curve as demanded by the current ideas must 
be considered as firmly established, and as it has been 
stated above, it could not be masked by the possible 
inaccuracies of the various energy estimates. One is, 
therefore, forced to the conclusion that either the 
Bristol observations of a large energy transfer to the 
K component are incorrect, and that even at high 
energies m mesons carry away practically all of the 
energy dissipated in the collision; or alternatively that 
w® decay is not the only, or the only major, source of 
the electronic cascades found in high-energy collisions. 

At this stage, any suggestion concerning the nature of 
possible other contributing processes would be purely 
speculative and should therefore be omitted. The only 
safe conclusion is that this process, or these processes, 
must develop within a time of less than 10-° sec, 
and that it must reach a significant level at primary 
energies of about 50-100 Bev. It may also be said that 
this does not necessarily require new unstable particles; 
rather, the results here reported might give further 
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Fic. 8. Relative number of electrons N.i(E,) as a function of 
the primary energy (Z,) of the showers. 
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impetus to a more extensive study of the decay modes 
of the various heavy particles already known. 
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A Cloud-Chamber Study of Cosmic-Ray Air Showers at Sea Level* 
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A diffusion-type cloud chamber eight feet long, four feet wide, and five inches deep has been used to 
study the lateral structure of cosmic-ray air showers in a region near the core. Three showers were recorded 
in which the core lay within sixty to ninety centimeters from some point on the periphery of the chamber. 
The results show that the lateral distribution of the shower particles in all but one photograph follow 
exceedingly well the Moliére distribution. The deviations from the Moliére distribution are almost all 
within the expected Gaussian fluctuations. In those pictures exhibiting little or no gradient, the deviations 


from the average density were normal. 


I. INTRODUCTION 


ANY mechanisms have been considered as pos- 

sible explanations for the origin of the electron- 
photon component of air showers. Among these are 
(1) the impinging of high-energy primary electrons upon 
the air molecules of the upper atmosphere,’ (2) the 
deceleration of primary protons as they pass near an 
air nucleus and undergo a bremsstrahlung process 
analogous to that of electrons,? and (3) the emission 
of high-energy neutral mesons in a high-energy nuclear 
collision.** That air showers originate from high-energy 
nuclear collisions is the most reasonable hypothesis at 
the present time because such processes are known to 
occur® and because recent experiments on the composi- 
tion of air showers show that they contain not only 
electrons and photons but also penetrating particles and 
an N component.®’ This hypothesis also overcomes the 
difficulty of explaining how primary electrons can 
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acquire energies of the order of 10° to 10'® electrons 
volts in interstellar space.® 

Several attempts have been made to measure directly 
the lateral distribution of the particles in extensive air 
showers. Noteworthy among these are the experiments 
of Williams® analyzed by Blatt,!° Singer," the Cornell 
group” (Cocconi ef al.), Fretter and Ise," Barrett," El- 
Mofty,!® Hazen,!*!? Heineman,'* and Kasnitz." A study 
of these experiments would seem to indicate that 
multiple cores probably do exist, but that they are 
separated either by very large distances so that only 
one core is observed, or that they are separated by very 
small distances which makes their detection difficult. 

Theoretical predictions of the angular and lateral 
spread of the air-shower particles have been made by 
several workers.”*! The Moliére distribution function® 
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is, however, the only total (i.e., integrated over all 
energies) distribution function available to experi- 
menters for evaluating their results. 

Blatt has made as detailed a study of the Moliére 
function as the available literature permits. The obvious 
errors in the Moliére calculation center around a few 
well-defined points: (1) the computations neglect ion- 
ization loss, being based on Approximation A defined 
by Rossi and Greisen,* (2) the over-all structure func- 
tion is almost certainly wrong because of the use of 
Arley’s approximation to find the total number of low- 
energy electrons, and because of using Approximation A, 
which gives an incorrect partial structure function for 
low-energy electrons, (3) an incorrect partial structure 
function for electrons near the critical energy was used, 
since it was only an extrapolation of the high-energy 
partial structure function. The combined effect of 
using the incorrect partial structure function for low 
energies and of underestimating the number of low- 
energy electrons is to make the Moliére function less 
peaked than the true one. Blatt states tiiat the magni- 
tude of this effect is not known at this time. The form 
of the Moliére function currently in use is the one 
offered by Bethe.* It is 


0.454 
eLN (t) ni ad (4)(1+-4r’) exp[—4(r')#]. 


The terminology is as follows: p[ NV (¢),r’ ]=the particle 
density at a depth ¢ below the top of the atmosphere ; 
N(#)=the total number of electrons at depth /; r’=the 
distance from the shower axis measured in units of 
the characteristic scattering length, 7, defined by 
r= (Xo/e)E,= 74 meters at sea level, where Xo=a radi- 
ation length (330 meters at sea level), e=the critical 
energy for air (83 Mev), and E,=21 Mev. 

In this paper are presented the results of some work 
performed with a diffusion-type cloud chamber of un- 
usually large size, operated for 730 consecutive hours. 
The purpose in building the large chamber was to 
attempt to obtain photographs of the cores of air 
showers where the structure is not well known. A brief 
description of the arrangement of the apparatus is 
given and the experimental results are discussed. 


4S. Z. Belenky, J. . U.S.S.R. 8, 9 (1944). 
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(Dover Publications, New York, 1946), 26-40. 
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A complete description of the cloud chamber has been 
submitted to another publication. 


II. DESCRIPTION OF THE APPARATUS 


The cloud chamber selected for this experiment was a 
downward diffusion-type chamber using methy] alcohol 
as the condensant vapor and air as the noncondensable 
gas. A diffusion-type chamber was an obvious solution 
to the demand for a large area, since the mechanical 
difficulties involved in the design of an expansion cham- 
ber of similar size would be prohibitive. The actual area 
of the chamber was 32 square feet, of which 21 square 
feet were photographed (avoiding use of the region near 
the walls). The sensitive depth was about three inches 
out of a total chamber depth of five inches. Non- 
stereoscopic photographs were obtained through the 
chamber top with the aid of six mirrors. The clearing 
field was usually about 30 volts (the top being negative), 
though for occasional short intervals it was turned off or 
increased to about 100 volts. The chamber was operated 
out-of-doors with only a canvas tent over it. 

The Geiger tubes were 30 inches long with an outside 
diameter of 1} inches. Four such tubes were used in a 
fourfold-coincidence circuit with the tubes arranged in 
a manner similar to that used by Cocconi.” Three 
tubes parallel to each other and to the horizontal plane 
were placed at the vertices of an equilateral triangle 
eight inches on a side, and were enclosed in a lead 
housing with two-inch side walls and a one-inch roof. 
These three tubes were placed beneath the chamber 
with the geometric centers of the cloud chamber and 
of the lead house lying on a common vertical line. One 
additional counter tube was situated one meter from 
the lead house to prevent the recording of coincidences 
caused by showers produced in the lead shield sur- 
rounding the counter tubes. This arrangement of 
counters does not meet the requirement proposed by 
Cocconi** for recording extensive showers, but it was 
believed that the photographs themselves would pro- 
vide the distinction between narrow showers, other 
irrelevant events, and large air showers. The results 
confirmed this expectation. 

A sample cloud chamber picture is shown in Fig. 1. 


Ill. THE EXPERIMENTAL RESULTS 
1. Criteria for Shower-Track Identification 


The three criteria established for identifying the 
shower tracks were direction, length, and age, the age 
being estimated by the density and sharpness of the 
track. 

Most of the shower tracks in a photograph appeared 
to be nearly parallel. This is to be expected if a shower 
has a single core (or one dominant core) around which 
the shower particles are radially symmetric. 

The projected length of a track helped to decide 
whether or not it was to be attributed to a shower 


35 G. Cocconi, Revs. Modern Phys. 21, 26 (1949). 
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Fic. 1. Sample cloud-chamber picture. Total number of shower tracks, 2906; average number of tracks per 300-cm? sections, 46.3. 
(The standard deviation from 46.3 is 14.1.) 


particle. Most showers arrive at angles not greater than 
30° from the vertical.® The projected length of a track 
arriving at 30° from the vertical and viewed directly 
from above, computed on the basis of a sensitive 
chamber depth of three inches, was 1.75 inches. This 
meant that all shower tracks could be expected to be 
no longer than half the distance between the heating 


wires which, together with the alcohol trays, formed a 
natural grid structure in the photograph. 

The age of the track was suggested by its blackness 
and its sharpness. A track satisfying the criteria of 
direction and length was often eliminated because it was 
considered too faint or too dark or too diffuse. In the 
final analysis, the age of the track was usually the 
deciding factor. The direction and length of a track 
served as a rapid means of sorting out those tracks 
believed to be true shower tracks, while careful study 
of the age served as the final discriminating test. 

Each of these criteria had its limitations because of 
the influence of other phenomena. The directions of the 
individual tracks, for example, were influenced by 
scattering and by distortion from viewing the tracks as 
a point projection. Because of the very high energies of 
the electrons, the individual scattering of the particles 
was not large enough to alter appreciably the dominant 
direction of the tracks. The distortion introduced by 
viewing the tracks as a point projection was far more 
significant in altering the apparent direction of a track. 
Completely parallel vertical tracks appeared as dots 
directly under the lens and elsewhere as lines directed 
toward the point under the lens. Similar tracks parallel 
to a line from the lens to one corner of the chamber all 
appear to be directed toward that corner. The angle the 
shower axis made with the vertical could be determined 
by finding that point on the photograph (or off the 
edge of the photograph) where the extensions of the 


tracks intersected, and using that point and the 
geometry of the chamber and lens to calculate their 
direction. The direction of the tracks was useful in 
determining whether or not they belonged to the shower, 
because they followed this definite pattern if they were 
parallel to one another. 

The lengths of the tracks in any one photograph were 
not always the same, because the direction of arrival 
of the shower may have been along the line of sight of 
the lens. In this case some of the tracks were observed 
end-on and appeared as round dots or as very, very 
short tracks. The tracks were then not only of varying 
lengths but also of varying apparent age. The criterion 
of direction was useful for those cases in which the 
criteria of length and age were doubtful. The procedure 
in each picture was to ascertain the approximate 
azimuthal direction of arrival, and then to evaluate 
each track with the different effects constantly in mind. 
Each picture was counted at least twice with the aid 
of a viewer, and finally, in the making of the Ozalid 
tracings (see Sec. III.2), each track received a final dis- 
criminating evaluation before being traced as a true 
shower track. 

The effect of the normal random cosmic-ray back- 
ground was determined by making a series of random 
exposures and counting the straight background tracks. 
There was an average of three sharp straight tracks per 
section, but they were not usually parallel. These three 
sharp tracks could be mistaken for counter controlled 
shower tracks if they happened to be parallel to the 
shower tracks. It is safe to say, however, that on the 
average less than two background tracks were counted 
per section as belonging to a shower. Since the numbers 
per section ranged from 6 to 104, it can be seen that 
background introduced a negligible error. 








COSMIC-RAY AIR SHOWERS AT SEA LEVEL 


There was an average of seventeen tracks per section 
in a random photograph, but there was no difficulty in 
sorting out the straight tracks. The remainder were 
crooked, indicating that they were low energy electrons, 
or they were broad and slightly curved, indicating that 
they had been formed more than 0.4 second before the 
flashing of the lights. 

A last consideration was the probability of a random 
shower’s occurring between the time the desired shower 





(Time interval in which a shower must arrive to be photographed) 
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particles traversed the chamber and the time the photo- 
graph was taken. An estimate of this probability was 
made in the following manner. The delay-time was 
measured to be 0.4 second. The average counting rate 
was two counts per hour. Assuming that a random 
shower would have to arrive at least 0.1 second before 
the picture was taken, the following result for the 
probability that a random shower would arrive during 
the delay-time was formulated: 


0.4—0.1 1 





(Total time interval between counts) 


This probability was considered sufficiently small to be 
neglected. 

The criteria of direction, length, and age, therefore, 
were believed to be necessary and sufficient to judge 
whether or not a given track was produced by a shower 
particle, when the other relevant factors just discussed 
were considered. When there was a great uncertainty 
as to the number of shower tracks in a section, the 
range was recorded, i.e., the minimum and the maxi- 
mum counts. Uncertainties occurred when it became 
necessary to “read” a track through curtains** in the 
chamber, or when a track seemed to be on the borderline 
of belonging. After a few minutes of observation, eye 
fatigue set in and the ability to make fine discrimina- 
tions became lessened. Frequent rests were necessary. 
Each picture studied contained about 1000 shower 
tracks or more, and each track had to be individually 
evaluated. 


2. Method of Data Reduction 


The process of obtaining the final data from the 
original negatives involved three steps. The first step 
was to make enlarged positive transparencies 838} 
inches on Kodalith Film from the original 1}- X1}-inch 
negatives. Second, Ozalid tracings of the shower tracks 
in each picture were made by placing the transparency 
together with a sheet of Ozalid tracing paper over a 
specially-made light box and drawing in each individual 
track. During this procedure, the original film was at 
hand in a viewer so that each track could be studied 
before drawing it in as a true shower track. When the 
tracing had been completed, it was run through the 
Ozalid machine to produce a print. 

The third operation was the actual locating of the 
shower axis. When the gradient was steep and the track- 
count per section®’ was large (e.g., 25 or greater) over a 
sufficiently large area of the picture, the procedure was 
as follows: Two sections were selected whose counts 
could be called reasonably identical (perhaps 5 to 10 


** A curtain refers to an area of fog looking like a waterfall, 
which at times appeared in the chamber. 

% The sections referred to throughout the paper are the areas 
formed by the apparent intersections of the heating wires running 
lengthwise of the chamber and the alcohol trays running cross- 
wise. Each area is about 300 square centimeters. 


~ 30 minX60 sec 6000 





percent difference). The geometric center of each of 
these two sections was located. These two midpoints 
were connected, the joining line bisected, and a per- 
pendicular to it drawn in the direction of the shower 
axis. Visual inspection of the picture allowed one to 
select the quadrant in which the axis lay. Two other 
sections at the far end of the chamber were selected in 
which the track count was quite certain. (Most pictures 
had areas in which the contrast was very good, the back- 
ground low, and the shower tracks clearly visible.) The 
midpoints of these sections were located, the connecting 
line drawn, this line bisected, and the perpendicular 
drawn out to intersect the first perpendicular that was 
drawn. The intersection determined the position of the 
shower axis. The procedure is illustrated in Fig. 2. This 
was not always the final choice of the position, because 
the final choice had to be a point which satisfied best 
the over-all density distribution. Other combinations of 
two best sections were selected, and a number of per- 
pendiculars were drawn to see if there was an area in 
which most of them intersected. A suitable compromise 
point was then chosen. When the position of the shower 
axis had been tentatively selected, the accuracy of the 
choice was judged by drawing arcs of different radii 
with the tentative axis position as center through the 
chamber area and noting if these arcs passed through or 
near points of similar density. Large errors in the choice 
of position were readily detected. 

When the shower axis had been located in this 
manner, the distances of the geometric centers of each 
of the sections from the core position were measured 
and recorded. Convenient intervals of distance were 
assumed (e.g., 0.5-0.59 meter) and a chart prepared 
in which the number of tracks in a section was entered 
in the appropriate column designating the distance of 
the geometric center of this section from the axis 
position. Upon completion of the chart, the number of 
tracks in each distance interval was averaged and this 
value taken as the average number to be expected at a 
distance from the core corresponding to the midpoint of 
that interval. A graph was made with the number of 
tracks per section as the ordinate and the distance from 
the shower axis as the abscissa. A smooth curve was 
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Fic. 2. Illustration of the 








procedure for locating the 
shower axis when a gradient 
across the chamber could be 
determined. 








drawn through the points in such a way as to represent 
best the data. 

A second method of locating the shower axis involved 
the use of the Moliére distribution function as approxi- 
mated by Bethe. This method was used when the 
gradient was not considered sufficiently large to use the 
first method. An order-of-magnitude value for the 
gradient between 0.5 and 1.5 meters from the core for 
the three showers in which the core was located was 
fifteen tracks per half-meter. Sections of the picture 
were chosen in which the track counts were considered 
to be quite certain. (As mentioned earlier, almost every 
picture has a few of these sections in which the shower 
tracks were very well defined.) These sections were 
chosen from widely separated areas of the picture 
rather than from one local area. The values of these 
densities were used to enter a “Moliére chart,” pre- 
viously prepared, and from this chart distances were 
read off corresponding to the densities obtained from 
the photograph. For a given density, different distances 
were read off corresponding to varying values of NV 
(Sec. I) in the Moliére equation. A table was prepared 
in which the distances corresponding to the chosen 
densities were set forth for fixed values of NV. Circles 
were described about the center of the selected sections, 
their radii being the distances from the core read from 
the Moliére chart for the particular density assigned 
to the section. The intersections of the circles defined 
an area in which the axis of the shower must have hit. 
A choice could be made for a best fit. When the position 
had been determined, the data were plotted in the 
manner described in the preceding paragraph. 

The location of the shower axis was carried out in this 
case by fitting the Moliére function to the experi- 


mental data. Other experiments of this type had not 
yielded data of adequate detail to allow this to be done 
as accurately as has been done here. In the pictures to 
be discussed later, the shower axis was always between 
0.6 meter and 1 meter from some point on the periphery 
of the cloud chamber. This gave a very detailed picture 
of the shower structure up to 60 centimeters from the 
core. The methods of locating the shower axis may be 
summarized by stating that they depend only on the 
assumption that the electron-photon showers are radi- 
ally symmetric about their axes. 

The secondary purpose of the experiment was to 
study the statistical distribution of the electrons near 
the core. For these small distances no special analysis 
was made. The charts made earlier for purposes of 
locating the core showed that nearly all the section 
track counts for a given radius lay within the average 
number plus or minus the standard deviation, i.e., \/n. 
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Fic, 3. The density distribution for shower No. 1, Table I. 





COSMIC-RAY AIR SHOWERS AT SEA LEVEL 


TABLE I. Summary of numerical results obtained from the experiment.*® 








No. of 
shower 
tracks in 
chamber 
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particles 
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number 
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chamber 

center 
(meters) 
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origin 
(radiation 
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« The numbers in italics are order-of-magnitude estimates only. 


The exception to this deviation is discussed in connec- 
tion with the picture in which it is found. 

The data obtained in this experiment have been 
analyzed, then, in one of two ways. For those pictures 
exhibiting a definite gradient, the shower axis was 
located and the radial density distribution determined 
and plotted. For those pictures exhibiting a nearly flat 
distribution, the actual distribution was compared with 
the Poisson distribution. 


3. Discussion of the Photographs Obtained 


The numerical data obtained from the photographs 
are presented in Table I and the density distributions 
for the three showers exhibiting gradients are illustrated 
in Figs. 3, 4, and 5. Figure 6 is illustrative of the density 
distributions in the photographs which did not show a 
gradient. 

The density distribution shown in Fig. 3 departs 
from the Moliére distribution between 0.9 meter and 
1.3 meters from the core. This deviation from the 
Moliére distribution function may be explained in 
several ways, the most likely being: (1) the Moliére 
function itself may be in error,* (2) multiple cores may 
exist, or (3) the tracks observed may not be those of 
electrons but those of other particles associated with 
the shower. Each of these possibilities can be examined 
in detail as far as existing knowledge, both experi- 
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Fic. 4. The density distribution for shower No. 2, Table I. 


mental and theoretical, permits. Consider the Moliére 
function. The Moliére function, as pointed out in 
Sec. I, is known to be in error in the form of the struc- 
ture function itself, and in the estimation of low-energy 
electrons. Furthermore the Moliére function is calcu- 
lated only for the maximum of the shower. The 
combined effect of underestimating the number of low- 
energy electrons and using the incorrect partial struc- 
ture function for low energies tends to make the Moliére 
function less peaked than the true one. No estimate of 
the magnitude of this effect is available at the time of 
writing. The added possibility that the shower may not 
be fully developed (i.e., has not yet reached its maxi- 
mum) would seem to be sufficient explanation for the 
observed sudden increase of density at distances close 
to the core. 

The existence of multiple cores is a possibility, but 
the photograph does not suggest this. The chamber area 
enclosed by an arc of 1.3 meters radius measured from 
the shower axis is about 0.16 square meter. Careful 
scrutiny of this area on the photograph reveals no 
obvious clusters of tracks. 

It is possible that the sharp increase in density as one 
approaches the core is caused by the presence of tracks 
other than those of shower electrons. Experimental data 
on the composition of shower cores indicate that the 
ratio of penetrating particles to electrons is usually 
about two or three percent near the core, but this ratio 
is observed to be much greater in some instances.'?'*8.% 

The conclusion is that this shower is best described 
by attributing it to the development of a single core. 
The disagreement with the Moliére function near the 
core is explained by assuming that the shower has not 
yet reached its maximum and (or) that it is a shower 
in which the ratio of penetrating particles to electrons 
is larger than usual. 

For those pictures not exhibiting a gradient, the 


38C. B. A. McCusker and D. D. Millar, Proc. Phys. Soc. 
(London) A64, 915 (1951). 

% Watase, Oda, Higashi, and Kubozoe, J. Phys. Soc. Japan 6, 
403 (1951). 
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Fic. 5. The density distribution for shower No. 3, Table I. 


average densities and the standard deviations were com- 
puted and tabulated in Table I. In addition, the integral 
density distribution was plotted on probability paper. 
Those plots indicated that the distributions were prac- 
tically Poissonian. Figure 6 is an example of the density 
distribution as it appears when plotted on probability 
paper. 

For these showers, an estimate of the distances from 
the center of the chamber at which the shower axes 
struck was made in the following way. Figure 7 can be 
used as a specific example to illustrate the method. 
The average value of 28.8 tracks per section was used 
to enter the Moliére chart. The particular value of V 
selected was chosen by assuming the effective length of 
the chamber to be two meters. Sliding this length along 
the horizontal line corresponding to 28.8 tracks per 
section, one finds a Moliére curve that fits inside the 
limits of 28.8-+-10 (the standard deviation) over a length 
of two meters. The core was assumed to have struck 
at the midpoint of this interval, i.e., three meters away. 
The results obtained are listed in Table I. The estimated 
energies of the initiators that are listed were obtained 
from cascade shower theory on the basis of a single 
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core.“ The angles listed are the angles that the shower 
axes make with the vertical. These were estimated in 
the manner described in Sec. ITI.1. 


Iv. CONCLUSIONS 


That only three showers exhibited an appreciable 
gradient was an expected result. Singer," working at 
sea level, obtained the following differential number 
spectrum for air showers: 


S(N)dN=2.5X10tN-4dN hr min~. 


The total number of particles NV in the individual 
showers exhibiting a gradient varied from 1.0105 to 
1.9X 10°. The average distance of the shower axis from 
the center of the chamber was computed to be 1.7 
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Fic. 7. Illustration of the procedure for locating the shower axis 
when little or no gradient is present. 


meters. The number of showers whose size lay between 
1.0X10° and 1.9X105 particles and whose axis struck 
within a radius of 1.7 meters from the chamber center 
during a time interval of 540 hours was calculated to be 
approximately five. Agreement within a factor two was 
considered to be good in view of the approximations.?" 

That air showers might originate at these low alti- 
tudes was also not unreasonable in the light of the 
hypothesis advanced by Cocconi,’ viz., that an extensive 
air shower is not a special event, but rather a “unique 
process in which the cosmic radiation present in the 
lower atmosphere is created.” This hypothesis is sup- 
ported by several experimental observations: 

1. All the types of particles found in extensive air 
showers are also found in the cosmic radiation in the 
lower atmosphere. 

2. An extensive air shower is recorded every time 
three or more coherent penetrating particles coming 
from the air are recorded. 

3. The probability of recording an extensive air 


“ Bruno Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1952), first edition, 259. 
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shower accompanying the NV component increases with 
increasing energy of the NV component. 

Clay and his collaborators have also considered the 
question of whether or not the continuous cosmic 
radiation and the extensive air showers are produced 
by the same processes. They pointed out that if two 
conditions prevailed—namely, that (1) the primary 
proton producing the mesons had a high energy, and 
(2) the initial collision occurred in the lower atmosphere 
—then the mesons and their secondaries would be 
observed as a shower. Experimental evidence confirming 
the theory that the large air showers were produced at 
low levels was provided by experiments on the baro- 
metric coefficient.“ The variation of intensity of the 
soft and penetrating components with air pressure was 
found to be the same as the decrease in the number of 
protons in the atmosphere,“ being 14 percent and 15 
percent per centimeter’ Hg respectively. 

If the air showers are initiated by neutral mesons 
produced by the high-energy primaries, their height of 
origin depends on the cross sections for collisions be- 
tween the primaries and the air nuclei. According to 
Rossi,*® the best-established experimental result yield- 
ing this information is the curve giving the rate of 
occurrence of high-energy nuclear interactions as a 
function of depth in the atmosphere as obtained by 
Tinlot.** These nuclear interactions can be produced by 
protons, neutrons, and pi mesons, defined as the V 
component or “NW rays.” (The high-energy alpha 
particles and heavier nuclei in the upper atmosphere 
are not included in this terminology.) From the data 
obtained by Tinlot, the N rays are absorbed expo- 
nentially with a collision mean free path of about 120 
g/cm? in air.“ At an elevation of 3260 meters the 
intensity of the N-component capable of producing 
nuclear interactions is about one percent of the total 
number of ionizing particles in the shower.*’ At alti- 
tudes of 6000 meters and higher, therefore, there should 
be an abundance of high-energy particles capable of 
initiating electron-photon showers. 

Greisen pointed out that if a large fraction of the 
energy in a nuclear interaction is given to mesons, and 
the charged mesons interact further with air nuclei to 
produce more mesons while the neutral mesons decay 
into two photons to initiate air showers, a consistent 
picture can be formulated. The result of such a sequence 
is that most of the energy, after five to ten collision 
mean free paths, would be transferred to the electronic 
component leaving ten to twenty percent about equally 
divided between nucleons and mu mesons. Five mean 


‘' Greisen, Walker, and Walker, Phys. Rev. 80, 535 (1950). 

“J. Clay, Phys. Rev. 81, 645 (1951). 

- at Clay, Physica 16, 278 (1949). 

D,.J. X. Montgomery, Cosmic Ray Physics (Princeton Uni- 

an Press, Princeton, 1941), first edition, 324. 

6 Bruno Rossi, High- or Particles (Prentice- Hall; Inc., New 
York, 1952), first edition, 48 

oy? H. Tinlot, Phys. Rev. *3 1476 (1948); 74, 1197 —.. 
a9 O50). Cocconi and V. Cocconi Tongiorgi, Phys. Rev. 79, 7 
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free paths represent 600 g/cm? or 4500 meters, slightly 
lower than the computed height of the maximum for 
those showers observed in this experiment. Tinlot 
records ten high-energy nuclear events per hour at 
600 g/cm? and twenty high-energy events at 500 g/cm?. 
Further evidence of the occurrence of high-energy 
nuclear events at low altitudes is found in data from 
photographic emulsions. Gerosa and Setti** observed 
an emulsion star at 4550 meters with a singly charged 
primary and two well-defined forward cones of particles 
with angles 0.004 and 0.1 radian respectively. The 
energy of the event was estimated as 10" electron volts. 

A quantitative picture of the nature of the high- 
energy event causing the shower has been formulated 
by Hazen and his collaborators.” They have applied 
the Fermi theory of high-energy nucleon-nucleon colli- 
sions to the problem of determining the energy distri- 
bution, the energy dependence of the angular distribu- 
tion, and the number of emitted pi mesons as a function 
of primary energy and impact parameter. The total 
number of emitted neutral mesons for several values of 
primary nuclean energy and two values of impact 


TABLE II. A reproduction of part of Table I from the paper by 
Hazen, Heineman, and Lennox with the number of neutral mesons 
emitted for various primary energies and impact parameters. 








Impact parameter Impact parameter 


(nucleons and mesons) (mesons only) 
p =0.959 0.990 p =0.959 0.990 
Total number of neutral mesons emitted 


0.72 3.3 
1.4 6.5 
y. 10.3 
3. 14.6 
4. 21 
7 
4 


Primary nucleon 
energy W’ (ev) 


1.2102 1 
1.9X 10" 2 
1.2X 10" 4. 
4.7X 10" 5. 
1.9X 10% 8. 
1.2X 10" 13 
1.9 10" 26 14. 





33 
65 








parameter is presented in Table II. Two cases are 
considered ; one in which only pi mesons are produced 
and one in which nucleon-antinucleon pairs are pro- 
duced. The latter is considered important when W/M¢? 
is equal to or greater than 100, i.e., when the primary 
nucleon energy in the laboratory system exceeds 5 X 10" 
electron volts. Some calculations were made for this 
experiment utilizing the work of Hazen. The procedure 
was as follows: 

1. The energy of the initiating ray was estimated by 
calculating the total number of particles in the shower 
from the Moliére function, and using cascade shower 
theory” to compute the energy required to produce that 
number of particles at the maximum of the shower. 

2. The initiating ray was assumed to be a photon 
produced by the decay of a neutral meson. Most photons 
are emitted at a minimum angle defined by® 


sinOmin/2=Me2/U, 
48 A. Gerosa and R. L. Setti, Nuovo cimento 8, 601 (1951). 


4 Bruno Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1942), first edition, 199. 
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where }U= E,= Ez, the energies of the emitted photons; 
Omin=the minimum angle between the decay photons 
in the laboratory system, and Mc*=the rest energy of 
the neutral meson. The energy of the neutral meson is 
then taken to be twice the value of the photon energy 
computed in step one above. On this basis the estimated 
energies of the mesons in this experiment lie between 
2X10" and 2X10" electron volts. The primary nucleon 
energies to be associated with these neutral-meson 
energies are not uniquely determined, because the 
neutral mesons are emitted with a distribution of 
energies. Any reasonable primary energy yields a 
number of neutral mesons as shown in Table II, but 
the percentage of that number whose energy exceeds a 
given energy decreases with increasing meson energy. 
By requiring that at least two neutral mesons be pro- 
duced, one can compute a minimum energy for the 
primary nucleon. The reason for requiring at least two 
is that it is known from the angular distribution of the 
emitted mesons that one-half of them will be emitted 
in the backward direction and one-half in the forward 
direction.” The minimum value for W! is computed to 
be about 1.2X10'* ev. From Table II, it is seen that a 
total of 13 neutral mesons are emitted, and from the 
work of Hazen about 25 percent of these (or 3) have 
energies greater than 2X10" ev. Half of these are to 
be found in the forward cone and half in the backward 
cone. The angular width of these cones is about 14° in 
the center-of-mass system estimated from Table II of 
the Hazen paper. This corresponds to about 5X10-> 
radian in the laboratory system. If the two neutral 
mesons were emitted at the extreme angle of 5X10-° 
radian, the separation of the two main shower axes 
6 km below the point of origin would be about 30 cm. 
Each neutral meson, however, decays into two photons 
with individual energies of 10'* ev. The minimum angle 
between these photons is given by the equation above 
and is computed to be about 10-6 radian. The separation 
between cores due to the two photons of a single 
neutral meson produced at a height of about 6 km is 
then calculated to be 0.6 cm. The two cores produced 
either by the individual neutral mesons or by the decay 
photons would not have been observed in this experi- 
ment because of overlapping. 

The results of this experiment, then, may be sum- 
marized as follows: 


% Hazen, Heineman, and Lennox, Phys. Rev. 86, 198 (1952). 


KENNETH E. RELF 


1. Multiple cores were not observed. Each shower, 
within statistical errors, consists of a single core. This 
observation is not inconsistent with the Fermi theory 
of nucleon-nucleon collisions, which predicts multiple 
cores, because they would be so closely spaced as to be 
unresolved in this experiment. However, this does not 
imply that air showers are necessarily originated by the 
decay of neutral mesons. The data obtained from this 
experiment do not allow one to make any definite state- 
ments about the detailed mechanism of air-shower 
origin or to discriminate between different modes of 
origin. 

2. The Moliére distribution function describes the 
lateral structure of these showers up to distances of 
sixty centimeters from the shower axis within Gaussian 
fluctuations. 

3. The statistical distribution of the shower particles 
three to four meters from the shower axis is Poissonian. 

Our first result, the absence of multiple cores, is 
typical of the results of other workers who have sought 
to identify multiple cores on the basis of density obser- 
vations alone. Those who have reason to believe in the 
existence of multiple cores base their belief on data ob- 
tained from energy distributions®:'® with the exception 
of one.!* The second result can be considered to extend 
the results of Williams’ and of Cocconi, Tongiorgi, and 
Greisen” from two or three meters down to, distances of 
one meter and less. The third result is not a surprising 
one; it is to be expected as was pointed out by Blatt.” 
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Nuclear cross sections for A° production are interpreted in terms of production by pion-nucleon and 


nucleon-nucleon interactions. 





URRENT information concerning the A° particle! 

is drawn largely from studies of its production 
in the heavier nuclei. If the existing evidence for 
the similarity of the A°-NV and N-N interactions 
(V=nucleon) is accepted,? it becomes possible to 
deduce from the data on nuclear production some 
characteristics of A° production in elementary 1-N or 
N-N collisions. The present note reports on a calcu- 
lation designed for this purpose, in which the A°, 
produced at a point in the nuclear interior, and moving 
in the conventional nuclear potential well of some 25 
Mev, is followed by Monte Carlo methods through a 
succession of nucleon collisions until it emerges from 
the nucleus or its kinetic energy falls below 25 Mev; 
in the latter event it is regarded as captured. 

The results provide estimates of the fraction of A°’s 
captured in nuclei of various sizes (Fig. 1; Table I), 
the initial energy distribution of A° particles at produc- 
tion (Fig. 4), and the relation between nuclear cross 
sections for A° production and the cross sections for 
production in 2-N or N-N collisions (Tables I, II). 

The calculation refers specifically to A° production in 
the 1.5-Bev m~ beam available at the Brookhaven 
cosmotron. However, the nature of the primary 
particle enters principally in the value assumed for its 
total cross section in nuclear matter; in the Bev region 
this is roughly the same for pions and nucleons and 
insensitive to energy changes, hence the results should 
apply to nucleon primaries also, at energies of a few 
Bev.’ 

It is assumed that the nuclear interactions of the 
incident pion may be represented by the 2--f cross 
section. The magnitude of o(m~,p) at 1.5 Bev is 33 
mb,‘ composed of 70 percent inelastic and 30 percent 


*Research performed at Brookhaven National Laboratory, 
under the auspices of the U. S. Atomic Energy Commission. 

+ Permanent address: Nucleonics Division, Naval Research 
Laboratory, Washington, D. C. 

1 \°-45+-2-+37 Mev, with a lifetime of 3X 10-” second. 

* Light nuclear fragments emitted from cosmic-ray stars have 
been observed to disintegrate spontaneously under circumstances 
indicating the decay of a A° bound in the fragment, and in a few 
favorable cases it has been possible to deduce the binding of the 
A°, assuming the Q of its decay to be 37 Mev. [Ciok, Danysz, and 
Gierula, Nuovo cimento 11, 436 (1954); C. F. Powell, Nature 
173, 469 (1954).] The results are of the order of 0-5 Mev of 
binding, and suggest that the interaction of the A® with nuclear 
matter is comparable to, but somewhat weaker than, that of the 
nucleon. 

3 Primaries of greater energy can produce additional particles— 
pions and knock-on nucleons—having sufficient energy for A° 
production. 

4Cool, Madansky, and Piccioni, Phys. Rev. 93, 249 (1954). 


elastic scattering, the latter confined within 30° in the 
laboratory system.5:® 

The nucleus is described by the plane projection of a 
spherical distribution of nuclear matter. The circular 
area of the projection is divided into 35 zones in Pb 
and 20 zones in C, in each of which a fraction of the 
incident pion beam interacts, determined by the cross- 
sectional area of the zone and the attenuation of the 
beam in passing through the nuclear region above. 

The subsequent history of an interaction is followed 
by Monte Carlo techniques. The pion may scatter 
elastically or inelastically, with respective weights 0.3 
and 0.7, and elastically scattered pions are pursued 
until they suffer an inelastic scattering or leave the 
nucleus. The elastic angular distribution is represented 
by the assignment of weights 0.3, 0.4, and 0.3 to the 
angles —15°, 0°, and 15°, respectively. 

It is assumed that a A° of given initial kinetic energy 
is produced in each inelastic pion scattering. The pion 
is regarded as energetically incapable of A° production 
after an inelastic scattering and is not considered 
further. The newly created A° is followed through 
collisions with nucleons up to the point of escape or 
capture. A crude description of A°-N scattering was 
presumed adequate for the present purpose: the 
A° is assigned the measured n-p cross section, taken as 
isotropic, for its interaction; the internal motion 
of the nucleons is represented by a division of the 
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Fic. 1. Fraction of As captured in the nucleus, vs T, the 
initial kinetic energy of the A°. 


5 Crussard, Walker, and Koshiba, Phys. Rev. 94, 736 (1954); 
95, 852 (1954). 
®R. P. Shutt (private communication). (1.4 Bev.) 
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Fermi circle (a projection of the Fermi sphere) into 
5 zones; and the scattered A° is permitted to emerge in 
one of 4 states, corresponding to scattering angles 
of 0°, +90°, and 180° in the center-of-mass system of 
the A° and recoiling nucleon. Collisions which leave 
the nucleon within the Fermi circle are voided ; however, 
the exclusion principle is not applied to the A°. 

Initial kinetic energies of 100, 150, 200, 250, and 
300 Mev were assumed for production in Pb, and 100, 
150, and 200 Mev for C, the trend of the results indi- 
cating that nuclear capture and secondary inter- 
actions were unimportant above these energies. A 
total of 175 pion interactions were followed in C, and 
435 in Pb. 

The resulting yields of A”s must be multiplied by the 
probability, assumed <1, for A° production in a single 
x-N collision. 


FRACTION CAPTURED; ENERGY AND ANGLE 
DISTRIBUTIONS 


Figure 1 indicates the fraction of A°’s captured in 
C and Pb, as a function of 7, the initial kinetic energy 
of the A°. The variation with T is rapid, and some 
knowledge of the actual distribution of initial energies 
is needed for an estimate of the mean capture 
probability. 
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Fic. 2. Distribution of A° kinetic energies: (a), observations of 
the Princeton group (see reference 3); (b), compilation from 
several sources (see reference 3, 8-10). 
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Fic. 3. Comparison of observed and calculated A° spectra. 


(a) Observed spectrum, from Fig. 2(b). (b) Calculated spectrum 
of emerging A’’s, weighted over T' according to Fig. 4. 
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Information concerning the initial energy distribution 
may be obtained from a comparison of the observed 
spectrum with the calculated spectrum of A°’s emerging 
from Pb, which also depends strongly on 7. Although 
the spectra associated with individual values of T are 
far from the observed spectrum, a composite distribu- 
tion in fair agreement with experiment may be ob- 
tained by adding suitably weighted contributions from 
all values. The assignment of relative weights con- 
stitutes the desired T-distribution. 

The A° spectrum seen in cosmic ray events by the 
Princeton group’ is shown in Fig. 2(a), and a compila- 
tion of data from this and other sources in Fig. 2(b).5" 

Figure 3 presents the calculated composite distribu- 
tion of emerging A"’s, (3b), compared with observation, 
(3a); the spectrum of initial A° energies required to 
obtain (3b) is given by Fig. 4." Table I lists the fraction 
captured, averaged over the T distribution of Fig. 4. 

The distribution of angles between the line of flight 
of the A° and the direction of the primary is generally 
observed to be strongly forward. Figure 5(a), for 
example, gives the angular, distribution of 10 As 


TaBLE I. Cross sections for A® production by 
1.5-Bev x mesons (a=0.03). 








(a) Captured 


(c) Mean fraction 
(mb) 


captured® 


0.10 


(b) Emerging® 
(mb) 





‘ 0.6 
Cu 8.5 
Ag 15.7 
Pb 27.2 


5.8 
13.5 
17.3 
23.8 








® Averaged over initial A® energy according to Fig. 4. 


reported by Fretter ef al.,9 with a mean angle of 35°. 
In the Monte Carlo calculations, initial angles of +30° 
were assigned to the A° at production; the resultant 
angular distribution of emerging A’s, weighted over T 
according to Fig. 4, is shown in Fig. 5b. 


CROSS SECTIONS 


The nuclear cross sections for A° production are 
proportional to the probability, a, for A° production 
in a single interaction of the primary with a nucleon. 
They are given in Table I for a=0.03, referring to 
incident 1.5-Bev x~ mesons, for which cross sections are 
observed of approximately 1 mb for A° production” 
and 33 mb for total interaction.* The listed Ag and Cu 
cross sections were obtained by interpolation, assuming 
a power law for the variation with atomic number: 
o=kA™, with k and m derived from the values for Pb 

7 Ballam, Harris, Hodson, Rau, Reynolds, Treiman, and Vidale, 
Phys. Rev. 91, 1019 (1954). 

® Leighton, Wanlass, and Anderson, Phys. Rev. 89, 148 (1953). 

® Fretter, May, and Nakada, Phys. Rev. 89, 168 (1953). 
983)” Peyrou, Rossi, and Stafford, Phys. Rev. 91, 362 

"The range above 300 Mev is taken directly from Fig. 3a. 


2 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 93 
861 (1953). 





A* PRODUCTION 


and C. We find for total production [columns (a) plus 
(b) ], e=1.02A°-™, and for emerging As, = 1.68°-.18 

The corresponding interpretation of A° yields by 
nucleon primaries in terms of (direct) N-N production 
is complicated by the existence of an alternative 
(indirect) process, viz., creation of a fast pion by N-NV 
collision and subsequent A° production by a 2-N 
interaction in the same nucleus. The Z dependence of 
the yields may differentiate between these alternatives, 
as noted by Reynolds,“ because indirect production 
requires a greater thickness of nuclear matter than 
direct, and will contribute little in light nuclei. This 
expectation is verified by Table II, in which the cross 
sections for direct and indirect production are compared 
for several nuclei. These were obtained by assuming all 
particles to travel forward, reducing the computation 
to a succession of simple integrations. Nuclear A° 
capture was represented by a A° absorption or capture 
cross section of 20 mb,!® and the additional refinement 
of a nonuniform profile of nuclear density was intro- 


TABLE II. Production of A° particles by nucleons: (a) by direct 
N-N interaction; (b) by pion intermediaries. Listed are the ratios 
of nuclear cross sections for A° production to elementary cross 
sections for A® production by an N-N interaction [column (a) ], 
or a x-N interaction [column (b)]. 








Direct 
(a) 
5.6 0.12 

12.9 0.64 
27.0 1.34 


Indirect 
(b) 











duced,!® the direct/indirect ratio in carbon being 
appreciably affected by the increased transparency of 


8 The frequency of emission of an unstable nuclear fragment 
(one containing a A°) may be estimated from these cross sections 
and observations on disintegrations produced by 2 Bev protons: 
For the majority of unstable fragments observed, Z>3. We note 
across section of ~10 mb for production of Be’ by 2-Bev protons 
on Ag [Baker, Friedlander, and Hudis, Phys. Rev. 95, 612 (1954)], 
and estimate 50 mb for the production of all fragments with Z>3. 
The angular distribution of the Be’ nuclei is strongly forward, 
suggesting direct ejection as the production mechanism, rather 
than evaporation. If the fragments are directly ejected, As con- 
tained therein must have been created in the interaction causing 
the ejection. The probability (P) for unstable fragment emission 
is then the product of the chance for A® production among the 
neutrons of the fragment by the chance for its ejection from the 
nucleus. For Ag(¢geom= 1370 mb) we have (Table I), P=4X 
(15.7/1370) X (50/1370)=1:400. The observed frequencies of 
emission are lower: 1:1000 for cosmic-ray primaries and 1:1500 
for 3-Bev proton primaries (J. Fry, private communication). 

The cross section for tritium emission from Ag at 3 Bev is 
perhaps 200 mb [300 mb in Pb; W. F. Libby (private communi- 
cation) ], indicating a frequency of 1:70 for excited triton produc- 
tion by the previous arguments, whereas few excited tritons are 
actually seen. It is possible that the A°-N bond is too weak for 
formation and ejection of an unstable triton. 

4G. T. Reynolds, Proceedings of the Fourth Annual Rochester 
High-Energy Conference (University of Rochester Press, 
Rochester, 1954). 

46An absorption cross section of 20 mb represents the A° 
capture process to the extent of yielding a fraction absorbed 
(.e., captured) of ~0.5 in Pb, in agreement with the Monte 
Carlo result of Table I(c). 

16R. Jastrow and J. Roberts, Phys. Rev. 85, 757 (1952). 
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the diffuse boundary. The collision cross sections 
employed were appropriate to x-N and N-N events at 
Cosmotron energies. 

As in the Monte Carlo calculations, the nuclear 
yields are proportional to the cross section (oo) for A° 
production in an elementary 7-N or N-N interaction.” 
Table II gives the ratios of nuclear to elementary cross 
sections; these ratios represent the effective numbers of 
nucleons contributing to A° production. 

Power law approximations to Table II yield: o/ao 
=2.00Z°-7 (direct) ; ¢/oo=0.011Z°™ (indirect). 

A cross section of ~1 mb has been reported!® for 
the A° yield from Pb placed in the forward neutron 
beam of the cosmotron, of maximum energy 2.2 Bev. 
Table II(b) indicates that this value may be attributed 
entirely to indirect production if a cross section of 0.5 
Mb, consistent with observations of Fowler ef al.,!* is 
assumed for x-N production of A°’s. On the other hand, 
if Walker’s A°’s originated directly in N-N interaction, 
II(a) indicates a corresponding cross section of 0.02 mb 
for N-N A° production averaged over the 1-2 Bev 
region. 


17 The cross sections for indirect epee are also proportional 


to the probability for creation of a fast pion by N-N collision, 
which we estimate as 0.03 for pions of momentum greater than 
1.5 Bev/c, from the work of Fowler, Shutt, Thorndike, and 
Whittemore on n-p interactions at ~1.8 Bev [Phys. Rev. 95, 
1026 (1954)}. 

18R. W. Walker, dissertation, Yale University, 1954 (to be 
published). 
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Cross Sections for Producing High-Energy Neutrons from Carbon Targets 
Bombarded by Protons, Deuterons, and He? Particles 
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The differential cross sections, do/dQ, for producing neutrons with energy in excess of 20 Mev from carbon 
targets bombarded by 340-Mev protons, 190-Mev deuterons, and 490-Mev He! particles were measured. 
The absolute cross sections were determined by counting identical carbon targets and neutron detector 
foils in equivalent geometry and utilizing the known ratios of excitation functions for the neutron and 


bombarding particles. 





INTRODUCTION 


IGH-ENERGY neutron beams have been pro- 

duced at Berkeley in a variety of ways: 90-Mev 
neutrons result from stripping 190-Mev deuterons;!? 
270-Mev neutrons result from exchange collisions of 
340-Mev protons inside light nuclei;* 160-Mev neutrons 
result from stripping 490-Mev He’ ions.‘ This report 
concerns the measurement of the differential cross 
sections fot each of these processes. 


EXPERIMENTAL METHOD 
Angular Distribution 


Each of the ions mentioned above was accelerated to 
full energy in the 184-inch cyclotron (Fig. 1) and struck 
a laminated 3-inch carbon target of truncated wedge 
shape (Fig. 2) placed on a probe, producing high-energy 
neutrons over a range of angles. In order to measure the 
angular distribution of these neutrons, pure graphite 
detector foils, 134 inches in diameter and ¢ inch thick, 
were placed every few degrees around the cyclotron 
over a horizontal range of 25° and a vertical range of 
12°. No monitor was needed, as all detector foils re- 
ceived exactly the same exposure time, about one-half 
hour. The detector foils were placed directly on the tank 
wall, so that the effects of wall scattering were mini- 


VACUUM CHAMBER am. 





Fx. 1. Experimental 
arrangement. The car- 
bon detector foils were 
placed on the outer sur- 
face of the vacuum 
chamber wall. 
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NEUTRON BEAM ~ a 


1R. Serber, Phys. Rev. 72, 1008 (1947). 

2 Helmholz, McMillan, and Sewell, Phys. Rev. 72, ra (1947). 
3 Miller, Sewell, and Wright, Phys. Rev. 81, 374 (19 51). 

4 Tse, Pyle, Hicks, and Main, Rev. Sci. Instr. 25, 437 (1954). 











mized. As the neutron activation threshold in carbon 
is about 20 Mev,5 neutrons degraded below this energy 
by inelastic collisions with the dees, walls, and shielding 
are not detected. 

Following bombardment, the activity in each of the 
foils was measured under an end-window Geiger counter 
in a lead shield. After the usual corrections for counter 
dead time and background, each of the observed ac- 
tivities was corrected to a standard distance beneath 
the counter by means of an empirically determined 
factor. The only activity observed in the detector foils 
was the 20.5-minute C" formed by the (,2m) reaction 
ac? 

The number of countable events per unit time C; 
produced by the (m,2m) reaction in each foil at time ¢, 
after the beginning of a bombardment of duration , is 


i) 


Nm(E)o(E)n,enndE, (1) 


20 


e7 te (eo— 1) 


Cy(te) = 


where JV; is the number of carbon atoms per cm? in the 
foil, n(£) is the differential neutron spectrum incident 
on the foil per unit time, o(E) n, 2n is the (m,2m) excitation 
function in carbon, 7 is the over-call efficiency for 
counting a decaying C" atom in the standard geometry 
and A is the decay constant for the 20.5-minute C" 
activity. We can define an average (m,2m) cross section 
in carbon, 


n(E)on(E)dE=6n, nN n, (2) 


20 


where J, is the total number of neutrons incident on 
the foil per unit time. 
Then 
Cy (te) = Eee” — 1) Nyn&n, an n. (3) 


All counting rates can be corrected to some standard 
time to, 
Cy(to) =Cy (tele, (4) 
so that 
Cy (to) =e 0(e>— 1) Nine n, on n. (5) 


5 Brolley, Fowler, and Schlacks, Phys. Rev. 88, 618 (1952). 
6 Nuclear Data, National Bureau of Standards Circular No. 499 
(U.S. Government Printing Office, Washington, D. C., 1950). 
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CROSS SECTIONS FOR NEUTRONS FROM C TARGETS 


N, will be given by 
do 


where 1; is the number of carbon atoms per cm? in the 
target, Nag is the number of monoergic deuterons (or 
protons, or He’ ions) incident on the target per unit 
time, do/dQ(@) is the differential cross section in 
carbon for the production of neutrons by deuterons (or 
protons, or He’ ions), and AQ=A/r’ is the solid angle 
subtended by the detector foil. The differential cross 
section at the angle of the jth foil then becomes 
do 


, Cs(te) 
—(6;)= 
dQ Gn, onN NN mAQ je” (eo— 1) 





(7) 


and the ratio of cross sections for two foils is 


de de r7?C;(to) 
—(0;) / —(®) = , 8 
am = ) ri?C x (to) ( 


The angular distributions are then just the adjusted 
counting rates in each foil, compared to the rate in the 
foil at 0°, and weighted by the square of the distance 
between detector foil and target. The counting statistics 
obtained for each foil were of the order of 1 percent. 
The distances, of the order of 100 inches, were measured 
to less than $ percent. All counting rates were corrected 
for neutron attenuation in the cyclotron tank walls. 
Each distribution was determined several times with 
good reproducibility. 


Differential Cross Section 


The absolute differential cross section for the pro- 
duction of high-energy neutrons by the various ions 
was measured at 0° by exposing the target and a single 
detector foil in a short bombardment, of the order of 
20 seconds’ duration. After exposure, the detector foil 
was counted in exactly the same geometry as that used 
in the determination of the angular distribution. The 
target was separated, after exposure, into its com- 
ponents, three %-inch truncated wedge sections. Each 
segment was placed in a dummy graphite form cut from 
the same stock, so that the assembly had the same right 
circular cylindrical shape as the detector foil. This was 
done so that, to the Geiger counter, the target foil 
should appear equivalent to the detector foil with 
respect to back-scattering, absorption, and physical 
geometry. The target-segment counting rates with and 
without the dummy form differed only by a few percent. 

Although the detector foil was exposed uniformly over 
its volume, each target segment activity was confined 
to the }-inch inside edge of the wedge, owing to the 
manner of its exposure. It was necessary to determine 
the effect of this nonuniform activity distribution, so 
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Fic. 2. Details of the carbon target assembly. 


that the counting rate could be compared directly to 
that of the detector foil. For this purpose, a % inch 
diameter disk of § inch thick graphite was activated, 
and the C" activity was determined as a function of the 
radial displacement of the disk (approximating a point 
source) from a point below the center of the Geiger 
tube.’ 

At a sufficient distance below the Geiger tube there 
should be no change in the “effective” solid angle. At 
the standard distance, to which all counting rates were 
empirically corrected with an uncertainty of about 1 
percent, it was found that this solid angle changed only 
slowly out to about 3 inch, and was down by 15 percent 
when the lateral displacement of the point source was 
1 inch. Since the target activity was confined within a 
radius of } inch or so, the effective relative solid angle 
was unity. For the detector foil, the effective solid angle 
was determined by integrating the product of the radius 
and the solid angle for the point source over the radius. 
This integral was normalized to the foil area, and the 
effective relative solid angle turned out to be about 0.95. 

In the target foils, slight amounts of impurities 
caused decay activities longer than the desired 20.5- 
minute period. These longer activities amounted to 
only a few percent, when the bombardment was kept 
short, and were subtracted. The total activity in the 
target was taken to be the sum of the activities in the 
segments. 

The 20.5-minute counting rate C; produced by mono- 
ergic ions (say, deuterons) in the target and adjusted 
to some time fo is 


C1 (to) =e (e*— 1) NaN 0 (190) a, ann, (9) 


where o(190)q an is the cross section for the production 
of C" by deuterons of 190 Mev. [For the other ions, 
Eq. (9) would contain NV, and (340), pn or Vue? and 
7(490) ne! Hen. | Substituting for Va from Eq. (9) into 
Eq. (7), we have 


al 1 o(190)¢,anCo° (to) 
dQ N,Qy &(90) n, 2n Ci(to) 


7 Aamodt, Peterson, and Phillips, Phys. Rev. 88, 739 (1952). 


(10) 








SCHECTER, CRANDALL, MILLBURN, AND ISE 





RELATIVE NEUTRON INTENSITY 











* iz 1 6 
@ DEGREES 


Fic. 3. Angular distribution of neutrons from deuteron stripping 
in carbon. The triangles and circles represent vertical and hori- 
zontal distributions, respectively. 


RESULTS AND DISCUSSION 
Deuterons 


The angular distribution of neutrons from 190-Mev 
deuterons on carbon was determined first, in order to 
check the experimental method, since this distribution 
had previously been predicted! and verified.” The results 
are shown in Fig. 3. The points at 20° and 25° could 
not be corrected for attenuation of neutrons in the 
internal deflector system of the cyclotron, and are very 
probably too low. Foils placed at 90° in the target 
region showed less than 1 percent background activity. 
As the general agreement with the previous work was 
satisfactory, the absolute differential cross section at 0° 
was determined by the method described above. The 
ratio ¢(190)¢ an/&(90)n,2n (Table I) was determined by 
an auxiliary experiment to an accuracy of roughly 10 
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Fic. 4. Determination of the neutron-proton ratio at the 
detector foil position. Linear extrapolation of the neutron attenu- 
ation curve in Pb shows that the neutrons comprised 32 percent 
of the total activity observed. 


TABLE I. Ratios of cross sections for the production of C™ by 
various ions to cross sections for the production of C" by neutrons 
of the related energies. 











o(190)a, an/7(90)n, on* 2.72 
o(340)», pn/o(270)n, an? 1.95 
o (490) He He'n/o (160), 2n® 4.30 








® See reference 8. 
> See reference 7. 


percent,® using as a neutron detector a recoil proton 
scintillation counter telescope for just the neutron 
spectrum involved, and was found to be consistent with 
the results of McMillan and York.’ 

The target-foil counting rates were corrected for 
activity due to secondary reactions in the thick target, 
which amounted to about 2 percent. The final result, 
given in Table II, is substantially in agreement with 
earlier work of Knox." The total cross section for deu- 
teron stripping has been determined,” and is, of 
course, larger than that found by integrating the 
present distribution, which extends only to about 15°. 


Protons 


The angular distribution of neutrons from 340-Mev 
protons was checked and found to be in general agree- 
ment with the work of Miller, Sewell, and Wright.*® The 
determination of the absolute differential cross section 
at 0° was complicated by the presence of primary 
protons at the detector foil position. The proton-neutron 
ratio at this position was determined by plotting the 
logarithm of the counting rate as a function of thickness 
of lead, in several foils placed along the 0° line, as in 
Fig. 4. The counting rate from neutrons alone is then 
the intercept of the linearly extrapolated neutron 
attenuation curve. The ratio of cross sections for the 
production of C™ in the target and in the detector, 
7 (340) », pn/&(270) n,2n, is known to roughly 10 percent 
(Table I).”"3 The final result is given in Table II. 


He? Ions 


The angular distribution of neutrons from 490-Mev 
He? ions, determined by the method described above, 


TaBLE II. Differential cross sections at 0° for the production of 
high-energy neutrons by various ions. 








do 
—(0°) barns/steradian 
Ion dQ 


340-Mev proton 0.2 
190-Mev deuteron KT 4 
490-Mev He? ion 2.0 





2 5 


+0.0 
+0.5 
+0.4 








8 W. Birnbaum ef al., Phys. Rev. 95, 649 (1954). 
®E. M. McMillan and H. York, Phys. Rev. 73, 262 (1948). 
10 W. J. Knox (unpublished). 
1 L,. Schecter et al., Phys. Rev. 90, 633 (1953). 
2G. P. Millburn et al., Phys. Rev. 95, 1268 (1954). 
18 Warshaw, Swanson, and Rosenfeld, Phys. Rev. 95, 649 (1954). 
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CROSS SECTIONS FOR NEUTRONS FROM C TARGETS 


is shown in Fig. 5. The half width at half maximum is 
about 5.5°. This narrow beam suggests that the neutrons 
are produced primarily by stripping, since an estimate 
of the width to be expected from the ratio of binding 
energy to kinetic energy is 0~(¢/En.')'=7°. The 
angular distribution to be expected from theoretical 
considerations, using an approximate wave function 
for the He? nucleus, has been calculated by Heckrotte." 

The production of high-energy neutrons from the 
interaction of high-energy He* nuclei with heavier 
target nuclei results from the stripping off of one or 
both of the protons of He*. One would not, however, 
expect the two protons to be stripped off simultaneously, 
so that we need consider the effect of only one proton’s 
being stripped off. The cross section and the angular 
and energy distributions can be calculated in a manner 
similar to that for the production of neutrons or protons 
from the stripping of high-energy deuterons.! 

It must be recognized, though, that in calculating 
the angular and energy distributions it is necessary to 
take into account the interaction between the neutron 
and the remaining proton after the stripping event. The 
interaction can lead to the formation of a deuteron;*!5 
or if the neutron and proton remain unbound, the 
interaction can be expected to influence their subsequent 
motion. Because of the virtual level of low relative 
energy in the singlet p—~ state, the effect of interaction 
is to reduce substantially the half width of the mo- 
mentum distribution of the neutron (or proton) from 
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Fic. 5. Angular distribution of neutrons from He? stripping in 
carbon. The triangles and circles represent vertical and horizontal 
distributions, respectively. 


4 W. Heckrotte (private communication). 
%W. Heckrotte, thesis, University of California Radiation 
Laboratory Report UCRL-1868, April 14, 1952 (unpublished). 
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Fic. 6. Theoretical angular distribution of neutrons from He? 
stripping. 





what would be obtained with neglect of this interaction 
between the outgoing neutron and proton. The calcu- 
lated angular distribution of the neutrons, a simple 
Gaussian form being assumed for the He® wave function, 
is shown in Fig. 6. The angular distribution that results 
when the interaction between the outgoing neutron 
and proton is neglected is:also shown for the sake of 
comparison. 

The ratio of cross sections for the production of C™ 
in the target and the detector, 7 (490) He®, Hen/&(160) n, 2n, 
was measured with the telescope to about 10 percent 
(Table I).* The final result is given in Table II. 
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The yield of x® mesons from gamma rays on protons has been measured as a function of center-of-mass 
angle for gamma-ray energies from 170 Mev to 340 Mev. The results are shown to be consistent with a 
model of production predominantly through a J=3, isotopic spin, }, state, which is resonant at about 
300 Mev gamma-ray energy. There is evidence for S-state production and possibly electric quadrupole, 


P-wave production through the resonant state. 





I. INTRODUCTION 


HE production of neutral mesons by photons was 

first observed by Panofsky ef al.1 Later exper- 
ments were done by others?-> which showed that the 
excitation curve for gamma rays less than 300 Mev 
agreed with a cross section o~*, where p is the meson 
center-of-mass momentum, and that the angular dis- 
tribution in the center of mass behaved roughly as 
do/dQ~2+-3 sin’6. 

In addition, the California Institute of Technology 
group® found that the cross section went through a 
maximum at about 300 Mev and decreased markedly 
for greater energies in a manner reminiscent of resonant 
interactions. The purpose of this experiment was to 
measure this process in more detail. 

An explanation of the process was examined by a 
“strong coupling” theory based on a resonant state of 
the nucleon.’:* Theoretical descriptions of the process 
have been given in terms of partial waves through 
intermediate states.°!° Watson" and Aizu” have 
derived the formal relationship between the photo- 
production and scattering of mesons. Ross" has devel- 
oped a semiphenomenological description by calcula- 
ting the photoproduction of mesons in perturbation 
theory and adding the experimentally known scattering. 
Chew and Salzman" have calculated meson photo- 
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production directly using a cutoff theory which has 
given agreement with scattering experiments. 


II. EXPERIMENTAL PROCEDURE 


The experimental data was acquired in two runs. 
The gamma-ray beam from the Massachusetts Institute 
of Technology electron synchrotron was passed through 
a high-pressure hydrogen tank and emulsions were 
placed around the beam to pick up the recoil protons 
from the 2°-meson production process. The layout is 
shown in Fig. 1. The gamma-ray beam passed through 
a defining collimator and two protecting collimators 
into the tank through a }-in. aluminum window and 
out a 3-in. aluminum window. Two four-inch lead walls 
screened the emulsions from particles coming directly 
from the windows. The end plates of the tank could be 
removed to give access into the tank: there was an 
additional port with provision for electrical leads for 
thermocouples. A fiber board “dark room” was set up 
at one end of the tank for loading and unloading the 
emulsions. These were mounted on an aluminum circle 
which was slipped into place at the center of the tank. 
There was a thin wall integrating ionization chamber" 
upstream from the tank and a thick-walled chamber 
downstream, both for monitoring purposes. Around 
the outside of the tank was a container for a dry-ice 
and alcohol mixture. 

If nuclear emulsions are exposed for several minutes 
to hydrogen at room temperatures the hydrogen will 
reduce the AgBr such that the plate, when developed, 
will be impossibly blackened. The temperature coefti- 
cient of this reaction is such that, at a temperature of 
—60°C, a week’s exposure to hydrogen at 40 atmos- 
pheres gives no perceptible blackening. For this reason 
the gas tank was cooled by a mixture of dry ice and 
methyl alcohol. This treatment did not appear to 
diminish the sensitivity of the plates for our purposes. 

Figure 2 shows the angle in the laboratory system 
and range in nuclear emulsion for the x° recoil proton for 
various gamma-ray energies and meson center-of-mass 
angle, 6. It is evident that the proton angle and range is 
markedly asymmetric with respect to meson angle. A 
systematic error of 1° in proton angle would change 
the predicted gamma-ray energy by 10 Mev for cos- 


15 H. Ratz, thesis, Massachusetts Institute of Technology, 1951 
(unpublished). 
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Fic. 1. Schematic of the exposure arrangement, showing the passage of the gamma-ray 
beam through the hydrogen tank and the placement of the plates. 


6=0.7 and 2 Mev for cos#=—0.07. An errorjin proton 
energy of 10 percent would change the center-of-mass 
angle 3° for cos#= —0.7 and 1° for cos#=0.7. Since the 
excitation curve was expected to be varying rapidly 
with energy we wished to avoid errors that would 
distort the angular distribution or excitation curve. 
This was one reason that all proton energies were meas- 
ured by their range rather than by grain counting. In 
» order to stop the protons the detecting emulsion con- 
sisted of 6 pellicles (4 in the first run) stacked onto a 
glass backed emulsion. The protons were tracked 
through from pellicle to pellicle. The stack of emulsions 
were glued together with Krylon. The stack was 
mounted with clips onto a Bakelite support which was 
mounted in turn to the aluminum ring that fitted into 
the tank. When in place, the angle between the plane 
including the beam and the surface of the emulsion 
was 22°, The protons came into the stack at a relatively 
grazing angle which insured that over 90 percent of the 
protons would stop in the stack. 

The tank and collimators were aligned with respect 
to the beam. The plates were inserted into the tank and 
the tank evacuated. The tank was cooled by the dry 
ice and methyl alcohol mixture and then flushed with 
hydrogen several times. The hydrogen was passed over 
activated charcoal at liquid air temperatures for puri- 
fication in the second run. During the run the tempera- 
ture of the gas was measured at various points in the 
tank; the mean temperature was —65°. The synchro- 
tron was run at an electron energy of 320 Mev for run 
1 and 355 Mev for run 2 as calibrated by magnetic 
field measurements. This agreed within 5 Mev of the 
energy calculated by noting the cut-off in energy of the 
proton recoils from the 7° production. 

After the run the emulsion stacks were removed and 
a set of x-ray marks passed through them as reference 
points. The pellicles were separated by dipping the 
stack for a few minutes in acetone. The pellicles were 
developed by the hot-cold method with the hot bath 
(~20°C) at less than usual temperature to under- 


develop the emulsions so that they would effectively 
cut off tracks of particles with energy greater than 4 
rest mass energy. The pellicles were shrunk to original 
size after washing by addition of alcohol to a water 
bath and deposited on fixed 25 micron plates. 

The secondary beam monitors were calibrated by 
using a shower-integrating ionization chamber placed 
through a stack of lead.!5 This calibrating scheme has 
yielded cross sections which have been consistently 
higher by a factor of about 1.5 compared to other 
laboratories. By using a portable ion chamber, an inter- 
calibration was performed with the Cornell Synchrotron 
and the Illinois Betatron laboratories which indeed 
showed this same factor. In this paper we will quote 
cross sections based on the calibrations of these labora- 
tories since they find mutual agreement. This will have 





k Energy of photon in lab. 
R,@ Range and angle of proton in lab. 
@' Angle of meson in c.m. system 











Fic. 2. Plot of events for run No. 1. Each dot represents a recoil 
proton plotted with respect to its angle in the laboratory system 
and its range in nuclear emulsion. The superimposed lines give 
the energy of the photon responsible and the cosine of the meson 
center-of-mass angle. The line labelled G.C. gives the lower limit 
to observe recoils because of insufficient range in the gas to get 
to the plates. The points occurring outside of the 7° plot are 
mainly photoprotons from impurities in the gas. 
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Fic. 3. The total cross section for y+—>7°+ p. The other points 
refer to the work in references 2 and 6. 


the merit of allowing intercomparison with their cross 
sections. The discrepancy remains unexplained. 

The gas was spectroscopically analyzed for impuri- 
ties. For run 1 there were 0.5 percent and run 2, 0.3 
percent impurities by volume, mainly O2 and Ne. 


Ill. THE DATA 


The top pellicle of a stack was scanned for all proton 
tracks whose dip into the emulsion would correspond 
to a particle coming from the beam. The number of 
tracks not meeting this condition was about 10 percent 
of the total. Each track was traced through the stack to 
its ending. In some cases the track left the stack or 
suffered a nuclear collision; in such a case, grain count- 
ing gave its residual range. Each track was entered 
into a plot similar to Fig. 2, which shows the total 
results of the first run. 

The kinematics of the x° reaction demanded that all 
protons be emitted at angles less than 64°. The protons 
found at angles greater than this were attributed to 
lower energy interactions with the nuclei of the im- 
purities. The measurement of photoprotons from a 
300-Mev bremsstrahlung beam on compound nuclei 
has been measured by other experimenters.!*"* The 
number of protons we obtained agreed with the 
yields predicted from these results and the amount 
of impurities found in the hydrogen. From the meas- 
ured angular distributions, we could predict the back- 
ground protons found at angles less than 90° from 
those found at angles greater than 90°. It would be 
possible to get recoil protons from the-nuclear Compton 
effect or from u-p or p-p collisions from neutrons and 
protons in the beam produced by materials upstream 
or downstream. In the first case, if one supposed the 
reaction cross section to be equal to the nucleon 
Thompson cross section, which seems reasonable ex- 
perimentally,!** this would give a contribution of 1 per- 


16H, Levinthal and A. Silverman, Phys. Rev. 82, ag (1951). 

17 R, Littauer and J. Keck, Phys. Rev. 86, 105 (1952). 

18 B. T. Feld et al., Phys. Rev. 04, 1000 (1954). 

19 A. Silverman (private communication). The nuclear Comp- 
ton effect was measured to be less than 5 times Thompson 
cross section. 

*” Pugh, Frisch, and Gomez, Phys. Rev. 95, 590 (1954). 


cent to the protons observed. These protons would 
fall in the angular interval 0° to 90° and if this effect 
were present we would find a proton contribution, after 
background subtraction, in the 64° to 90° interval. For 
the latter effect, calculations from known cross sections 
indicate a contribution of 2 percent, and an angular 
distribution radically different from that found in the 
90° to 180° hemisphere. Following the subtraction due 
to impurities we obtain an effect from these sources 
equal to 33 percent of the proton contribution from 
the 7° reaction. 

We estimate that the angle measurement of each 
track deviated from true with a mean square spread of 
2.5°. This corresponds to an average energy resolution 
over all angles of about 10 Mev. The scanning involved 
less than 5 percent loss of tracks over-all. The possibility 
of missing the high-energy protons because of thin 
tracks was checked by scanning lower pellicles in the 
stack where the now lower-energy protons gave a clear 
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Fic. 4. Plot of o(total)/k’p*. k’ and p are the photon and meson 
momenta in the center-of-mass system in 7° rest mass units. This 
number would be a constant near threshold for P-wave meson 
emission. The curve shown is the S-wave cross section expected 
from an electric dipole interaction with the proton plus charge 
exchange production. 
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track in pellicles with less general background. This 
correction amounted to about 30 percent at the highest 
energy. The total number of tracks recorded was about 
1700. The reaction kinematics computed to get the 
diagram of Fig. 2 was done by assuming the mass of 
the r° meson to be 136 Mev. A more recent determina- 
tion of the a+, 7° mass difference by Chinowsky and 
Steinberger does not affect our results significantly. 
The line labeled G.C. in Fig. 2 shows the limitations in 
energy and angle of this detecting scheme. The line 
drawn across the bottom of the figure corresponds to 
the limit of protons energetic enough to traverse the 
gas to the emulsions. In addition, the lead protectors 
masked protons making an angle less than 8° with 
the beam. 


21 W. Chinowsky and J. Steinberger, Phys. Rev. 93, 586 (1954). 
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TABLE I. Summary of experimental data. 








Photon 


energy Ao A, A? 


Ao’+(5/3)A2 


Cal. Tech.* Cornell> 





6.7+0.5 
12.52:1.2 
13 +1.2 
18.31.3 
17.31.4 


—2.5+1.3 
—2.042.3 
—2.0+1.5 
— 1.51.5 
+0.922.0 


— $.93:2.2 
— 7.82443 
— 8 +3.5 
—17.4+3.1 
— 10.7+4.0 


— 2.9+3.6 
— 0.5+6.5 
— 1.945.5 
—11 +45 
— 0.86.8 


—5.1 
—7.5 
—8.4 
—8.4 
—6.5 


— 3.2420 
— 7541.8 
—11.4+2.0 








* See references 22 and 23. 
b See reference 24. 


IV. RESULTS 


The total number of tracks in each energy interval 
was counted and the total cross section computed. A 
correction has to be applied since the full angular range 
is not quite observed. This is done by extrapolating 
the measured angular distribution assuming no higher 
power of cos@ than cos*@. The lowest energy point (175 
Mev) is computed by using the extrapolated front to 
back ratio which we measure at higher energies. The 
results are plotted in Fig. 3 with the results of other 
experiments,” where their differential cross sections 
have been reduced to total cross sections, by using our 
measured angular distribution. The behavior of the 
curve with energy is shown in Fig. 4 by plotting o/k’p* 
against photon laboratory energy. p is the meson mo- 
mentum and ’ the photon energy in the center-of-mass 
system both being measured in 7°-meson mass units. 
One would expect a constant for this number near 
threshold ; however, our points are well above threshold. 

The tracks were divided into five energy intervals 
for an analysis of angular distribution. A least-squares 
fit to the formula 


do/dQ=A°+A;° cosé+ A? cos’é 


was made. The results are shown in Table I.”-* From 
these coefficients a front-to-back ratio was computed 
and is plotted in Fig. 5. 


V. DISCUSSION 


If we allow all possible electromagnetic interaction 
leading to emitted mesons in angular momentum states 
<1, the angular distribution, which gives three param- 
eters (Ao°A1°A2°), would not allow computation of the 
eight parameters (4 complex transition matrix elements) 
to describe the process. Watson’s formalism shows that 
the phase angle of these matrix elements is given by 
the scattering phase shift so, with these given, we have 
8 real numbers to be found which give the electro- 
magnetic transition element through either a $ or 4 
isotopic spin state. In addition we can relate the + to 
™ cross sections, giving then 6 numbers to calculate 8 
unknowns. This is possible with z+ and 7° mesons from 

"Walker, Teasdale, Peterson, Vette, and Oakley (private 
communication). 

* Tollestrup, Keck, and Worlock (private communication). 


a om Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 


protons since the so called “recoil’’ terms appear in the 
isotopic spin, 3, matrix with the same sign and relative 
magnitude. If we can use the threshold energy de- 
pendence to separate S and P states, we would have 8 
numbers. Our experimental errors forbid such a project 
and we will confine our arguments to an analysis which 
assumes the largest contribution to come from a 
P; state. 

On the above assumption, it is shown below that the 
total cross section is almost wholly a measure of the 
magnetic-dipole, J/=3 interaction. The behavior with 
energy is not in general disagreement with models 
assuming a resonant interaction in this state. On Fig. 4 
we have plotted a curve showing the contribution to 
the total cross section if we assumed an S-wave con- 
tribution through an electric dipole interaction with 
the proton plus charge exchange scattering of the rt 
meson in the S state; this contribution is below what 
we can observe. 

The front to back ratio being less than one is an 
indication of the admixture of a different parity state 














90 120 150 
MESON C. OF M. ANGLE 


Fic. 5. Angular distribution of x° mesons in the center-of-mass 
system for three different energy intervals. A typical error 
(standard deviation) is shown on one point of each curve. The 
solid lines are the best fit to the expansion da=Ao+Ai cos# 
+Ae2 cos’. 
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Fic. 6. Measured ratio of mesons produced in the forward 
hemisphere to back hemisphere in the center-of-mass system. 
The solid curves are taken from Watson’s paper. They give the 
front to back ratio assuming predominant production in the 
J=%, I= § state with S-wave production through an electric- 
dipole interaction with the proton and charge exchange produc- 
tion. The three curves are calculated then by assuming (A) Fermi- 
Metropolis (see. reference 25), (B) Glicksman (see reference 26), 
(C) Martin scattering phase shifts (see reference 27). 


and it seems logical to assume this an S state. Figure 6 
shows that this asymmetry is consistent with Watson’s 
formalism which explains the S state by the sum of 
charge exchange scattering and direct 7° S-wave pro- 
duction through the proton dipole moment. It can be 
seen that our experiment favors those scattering phase 
shifts**-*’ where a33 goes thorugh 90° and the other P 
phase shifts are small. We may estimate the amount of 
S state by using this formalism and assuming that the 
interference between S and P terms is dominated by 
the P; scattering phase shift, a33, (using Watson’s 
notation) : : 


do(interference)~2 Im(A*C) cos@ 
~2|A||C|cosas3 cos8, 


where |A| and |C| are proportional to the absolute 
values of the S and P matrix elements for electro- 
magnetic production. Using the a3; of reference 26, we 
obtain 


Stotai(S wave) = (4+3) XK 10-* cm? 


as an average between photon energies from 200 Mev 
to 300 Mev. This is about 3 percent of the total 7° cross 
section. It is about 4 percent of the total 7+ S-wave 
cross section. The latter is obtained by assuming the 
main 7° P-wave contribution to be through an isotopic 
spin 3 state and therefore 


o+(S wave)~ot—}o°, 


The amount of S-wave expected from an electric dipole 
interaction with the proton would be about (u/M)? 
times the r+ S wave, where » and M are the meson and 
nucleon mass respectively. This factor is 2 percent. In 
addition we expect charge exchange scattering pro- 
portional to |a:—a3|* which is of the same order of 

25 E. Fermi and N. Metropolis (unpublished). 

26 M. Glicksman, Proceedings of the Fourth Annual Rochester 
Conference on High Energy Nuclear Physics (University of 


Rochester, Rochester, 1954). 
27R. L. Martin, Phys. Rev. 94,765 (1954). 


magnitude. a; and a; are the S-wave scattering phase 
shifts for isotopic spins } and 3 respectively. 

Column 5 of Table I gives the number Ao+ (5/3); 
which would be 0 for the magnetic dipole, P;, term, 


do~5—3 cos’@=2+3 sin’6. 


It cannot be said that this experiment clearly proves a 
deviation from this behavior. However, there could be 
several explanations for departure from this angular 
distribution. We assume meson states of /<1 which is 
reasonable since the effect appears at low energies. One 
could have a magnetic dipole interaction leading to 
a P; state or an electric quardupole leading to a P; 
state. Experimentally these would be qualitatively dis- 
tinguished, in the first case, by a rapid change in angular 
distribution as the scattering phase shifts in the P, 
and P,; states changed with respect to one another 
and thereby changed the interference term. In the 
second case, if the interaction occurred through the 
main 3, 3 state the interference term would be inde- 
pendent of the phase shift, and the change in angular 
distribution would occur through the, presumably, 
slower changes in the electromagnetic transition 
elements. The slim evidence given here allows no choice 
between the two. It is of interest to calculate the con- 
tribution of electric quadrupole transitions to explain 
our results. Using Watson’s notation, 


do~}|C|?(5—3 cos)+4 Im(E*C) (3 cos’*#—1) 
+4|E|?(1+ cos’) 
=4/C|?(5—3 cos’#)+3|E| |C| (3 cos’e—1) 
+4|E|?(1+cos*), 


we obtain as an average from 200 to 340 Mev, 
| E|/|C| =0.25+0.18. 


The contribution to the total cross section from the 
quadrupole term is then 0.50.5 percent of the main 
term, or roughly (0.5+0.5)X10- cm’. Preliminary 
calculations by Chew and Salzman“ on 7° photo- 
production indicate, on theoretical grounds, an ex- 
pected quadrupole term of this order of magnitude 
and sign. 

The presence of an additional P-wave term is also 
expected from the angular distribution of ++ mesons 
as measured by the California Institute of Technology 
groups.” At high energies (400 Mev) they find that 
the coefficient of the cos’@ term, A2+, becomes positive 
which would be possible only with another radiative 
transition, P-wave term. Feld has shown that their 
results can be described by the addition of the electric 
quadrupole interaction. 

Since there is doubt about the detailed character of 
the P-wave angular distribution, we cannot analyze 
the z+ cross section into a P- and S-wave contribution 
uniquely. However, if all P-wave contributions were 
through an isotopic spin 3 state the ratio of the cos? 
term in r and z+ angular distributions would be 2 to!. 
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This coefficient, Az*, in the photoproduction of mt 
mesons, aS determined at Cornell™ and the California 
Institute of Technology,” is tabulated in Table I. 
At high energies the ratio of 2 to 1 appears correct. At 
lower energies the agreement is less satisfactory. 


VI. CONCLUSIONS 


The behavior of the 7° photoproduction cross section 
between gamma-ray energies of 170 Mev and 320 Mev 
is well fitted by a model with over 90 percent of the 
production going through a magnetic dipole J=3, iso- 
topic spin $, state resonant at about 300 Mev. There 
is a small amount (3 percent) of S-state production 
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consistent with direct production of m® mesons by 
interaction with the dipole moment of the proton and 
through charge exchange of charged mesons. The inter- 
ference of S and P waves is such as to favor the a3 
scattering phase shift going through 90°. There is a 
suggestion of another mode of P-wave production, 
perhaps by electric quadrupole radiation through a 
J = 3 state or magnetic dipole through a J=} state. 

The authors wish to thank particularly Mrs. T. 
Kallmes, Mrs. D. Calhoun, Mrs. K. Lurie, and Mr. J. 
Russell for their tireless and invaluable aid in the 
scanning and measuring they did on the nuclear 
emulsions. 


NUMBER 1 JANUARY 1, 1955 


Analysis of a High-Energy Cosmic-Ray Shower. I. Soft Component and Trident Process* 


M. KosutBa AND M. F. Kapion 
University of Rochester, Rochester, New York 


(Received August 5, 1954) 


An analysis is presented of the soft component arising from a high energy nuclear shower (~3X 10" ev) 
observed in stripped emulsion. The chief results obtained are: (1) The production ratio of neutral x mesons 
to charged shower particles is 0.50-+0.11; (2) the lifetime of the neutral x meson is found to be (1_o.5*?) 
X10 sec; (3) the mean free path for direct electron pair production by high-energy electrons is found to 
be 4.4 and 1.1 radiation units for electrons in the energy intervals 1 to 10 Bev and 10 to 100 Bev, respectively. 


INTRODUCTION 


HE event considered in this paper was found in a 
stack of twenty-four 4 in.X6 in.X400u G-5 
stripped emulsions, packed in direct contact with each 
other and flown for 8 hours at 102 000 ft at 55° geo- 
magnetic latitude. The emulsions were mounted on 
glass before development and processed by the usual 
temperature methods. After development each plate 
was cut into four 3 in.X2 in. sections for microscopic 
observation. The emulsion stack was then consecu- 
tively mounted and aligned on Lucite frames using 
heavy nuclei as markers.! 

The event is of the type 3+-36,,” and was so situated 
that the shower particles traversed 3.1 cm before 
leaving the outside edge of the stack; the average path 
length per emulsion was 2 mm. Of the 36 shower par- 
ticles emanating directly from the star, 25 formed a 
narrow cone of half opening angle=1.08X10-? radian. 
Due to the high degree of alignment attained, each 
individual track could be followed through successive 
emulsions without any ambiguity (target diagrams 


*This research was supported in part by the U. S. Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command. 

1J. Crussard e¢ al., Phys. Rev. 93, 253 (1954). 

* This is the notation introduced by the Bristol group; B+S, 
Means a star with B gray+black prongs (IJ/Jo>1.5) and S 
shower particles (I/Io<1.5) produced by a singly charged particle 
()). The subscript » denotes a neutral primary. 


were made in each emulsion). After traversing 3.97 mm 
one of the shower particles underwent a nuclear inter- 
action producing a 0+12, star (J;) in which two of the 
secondary particles were in the narrow cone of the 
original event; one of these was almost exactly in the 
direction of the particle producing the star J; and it 
made another nuclear interaction of the type 13+-16,(J2) 
after traversing an additional 24 mm. 

The angular distribution of the primary star is 
plotted in Fig. 1. On the assumption that the primary 
was a proton, the kinematical energy is found to be 
3.7X10‘Mc? using the median angle method* and 
(3.4_2.s+8-5)X104Mc? using the statistical method of 
Castagnoli et al.‘ 


ENERGY MEASUREMENTS OF VERY HIGH-ENERGY 
PARTICLES 


Due to the very high energy in the soft component 
produced in this event, the conventional method of 
measuring the multiple Coulomb scattering fails. 
However, the high degree of collimation makes possible 
the measurement of the relative scattering between 
particles.> In this method we measure the relative 
separation of two tracks and derive the mean second 
difference (D’,.1) for a fixed cell length ¢. In this type of 


~ 3M. F. Kaplon and D. M. Ritson, Phys. Rev. 88, 386 (1952). 
4C. Castagnoli e¢ al., Nuovo cimento 10, 1539 (1953). 
5 Lord, Fainberg, and Schein, Phys. Rev. 80, 970 (1950). 
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Fic. 1. Integral angular distributions of the charged particle. 
and electron pairs arising from the primary nuclear interactions 
The solid circles represent shower particles and the crosses repre- 
sent electron pairs Ey~ (3.4_2.5*3-5) XK 10°Mc?. 


measurement stage motion noise is entirely eliminated 
and the error introduced by distortion is also eliminated 
except for any local distortions in regions whose dimen- 
sions are of the order of the relative separation between 
the tracks being scattered; these local distortions are 
caused by small-size contaminants or crystallization 
and can usually be eliminated by inspection. The only 
sources of error left to contribute to the noise are those 
due to hair line setting and the random distribution of 
the grains along the tracks. Since we can reset the 
direction of the hair line in each measurement to coin- 
cide with the direction of the two tracks (which are 
almost parallel), this source can be reduced considerably 
and is evidently independent of cell size. The overall 
noise NW resulting from the above two sources was found 
to be 0.1 for the hair line setting on an individual 
minimum ionizing track ; thus the noise for the relative 
scattering measurement is V2 X0.1» and the true relative 
scattering is Dre: = (D’ rer?— 2N?)#. Dye: may also be ob- 
tained by use of the third differences or by noise elimi- 
nation between cell sizes of different length. The relative 
scattering in degrees/100u between the tracks 1 and 
2 is given if both particles have unit charge, by 


1, 2= 0.573Dy,, 2/ (¢/100)?= K[1/ (pBc) r+ 1/(pBc)2? }}, 
where ¢ is the cell length, K is a constant slightly de- 
pendent on /,® p is the momentum, and fc the velocity. 
The lower and higher momentum of the two particles 
satisfy 

(pBc):, 2 < (PBc) row < V2 (pBc)1, 2 € (PBC) nien, 
(PBC) tow + (PBC) nigh 2 2V2 (pBc);, 2, 


where we define (p8c)1 2=K/d:,2. If relative scattering 
measurements are done between tracks 1, 2 and 3, then 


D’;, ?=D?+D?+2N?; 
D2= (D';,?+D';,2—D';,2—2N*)/2, 
6 L. Voyvodic and E. Pickup, Phys. Rev. 85, 91 (1952). 


and the individual momenta 9; are in principle obtain- 
able (in practice, of course, sufficient statistics must be 
available to make the fluctuations smaller than the 
noise’). For the value of N=0.1u and 2000z cells one 
can measure values of pc up to ~40 Bev. (it is worth 
noting here that for this type of measurement successive 
cells need not be in the same emulsion). For the meas- 
urements done in this paper 500u cells were used over 
the central 1500u of the tracks in each emulsion in 
order to reduce to a minimum any extreme distortions 
at the air or glass surfaces of the emulsion. 


THE SOFT COMPONENT 


The detailed survey of the shower in each emulsion 
showed that in addition to the original 25 shower par- 
ticles in the narrow core, 29 electron pairs and 12 ap- 
parent tridents® were produced within 30.8 mm from 


Pair energy 
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Fic. 2. Genetic relation of the electron pairs observed in the 
forward cone of the primary nuclear interaction. 








7 The relative fractional error in this measurement will be 

8(D,) = (2/4q)*(Ass, PA ja, P+ An; P-+202)8, 
where g_is the_number of independent measurements, Aijj,i 
=D; ‘Di, ’i;=N/D,; and c~1. A further point to be noted here 
is that scattering measurements on electron tracks cannot extend 
over very long path lengths due to the high probability for 
bremsstrahlung. This approach is indeed better suited for measure- 
ments on the hard component. 

*In emulsion the term trident is qualitatively applied to an 
event in which an electron track at minimum ionization suddenly 
changes into a track at 3X minimum ionization, this track sub- 
sequently resolving itself into three minimum ionizing electron 
tracks. Events of this nature were first observed by C. F. Powell, 
Nuovo cimento Suppl. 6, 370 (1949) and Bradt, Kaplon, and 
Peters, Helv. Phys. Acta 23, 24 (1950). M. Block and D. T. King 
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the shower origin in the cone defined by the narrow 
core. The energies of these events and the distance of 
their origin from the original star are plotted on a semi- 
logarithmic scale in Fig. 2. Solid broad lines connecting 
two high-energy pairs indicate they are spatially corre- 
lated, being less than 10 apart in the plane normal to 
the shower axis. A dotted line connecting a high-energy 
pair with one of lower energy means that these are 
within 10 of each other in the plane normal to the 
shower axis and a dashed line connecting two pairs 
means that the origin of the created pair is spatially 
unresolvable (<0.2u) from the parent electron track; 
these are the apparent tridents. From this figure we 
can easily separate the high-energy electron pairs 
directly produced by the y rays from 7° decay from those 
of secondary origin. 


LIFETIME OF THE x° MESON 


In order to estimate the lifetime of the 7° meson we 
consider the distribution P(x) of converted electron 
pairs from. 2° decay for observations extended to an 
infinite length. This is given by® 


P(x)d%=[2/(Ae—Ar) JLexp(—«/d-) — exp(—x/Ar) ]dx, 


where P(x) is the average number of primary electron 
pairs arising from the 2y decay of a 7° meson of energy 
yuc, the y rays being converted in dx at a distance x 
from the shower origin; A, is the y ray conversion 
length= (97) (radiation length) and \,=~@cr, 7 being 
the proper lifetime of the 7° meson. The mean con- 
version distance and its rms deviation are given by 
(x)=\,.+A, and 


[{(a—(x))?) P= (AZ+AZ)HL AL; ADDAz. 


Since our observation length is ~A., A, is determined 
by the slope of the near edge of the pair distribution as 
shown schematically in Fig. 3. This method has the 
advantage of requiring neither a knowledge of the 
cascade development nor an accurate knowledge of A. 
(or its energy dependence, if such exists). It suffers, 
however, from poor statistics, a defect which can be 
remedied in time. Application of this method results in 
a value for r= (1_0,s+") X 10-™ sec. (The energy-distance 
relations for 7=0.5X 10-4, 10-14, and 2K 10-" sec are 
plotted in Fig. 2.) 


NEUTRAL TO CHARGE RATIO 


The neutral to charge ratio R is defined as R= V ,°/N,, 
where V,° is the number of 7° mesons produced in the 
shower and J, is the total number of charged shower 
particles (V,=N,’+N,+, where N,’ thus represents 


[Phys. Rev. 95, 171 (1954)] review the observations on tridents 
and make a quantitative estimate of the background of pseudo- 
tridents. These results from the conversion of the highly collimated 
bremsstrahlung accompanying fast electrons and are qualitatively 
indistinguishable from the true tridents which represent electron 
pair production by an electron. 

*This equation is obtained by differentiating Eq. (2A) of 
Appendix A. 
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Fic. 3. Schematic representation of method of determining 7° 
lifetime. (In this diagram an allowance has been made for a 
possible energy variation of the conversion length d., of y rays.) 


those charged shower particles which are not charged 
a mesons). JV, is a directly measurable number but V,° 
must be deduced from observations on the soft com- 
ponent in the shower, assumed to originate from the 
2y decay of m°® mesons. In this section we deduce the 
ratio R for this shower by two different methods (which 
however do not give statistically independent estimates). 

The two methods differ only in the way of estimating 
N,°, the original number of neutral + mesons. From 
Appendix A the average number of primary pairs within 
a distance X from the point of emission of a single 7° 
meson of energy E,°=-yuc? is given by 


P(ryy) = 2{1—[1/(1—A, (7) /Ae) 
X[Lexp(—X/h.)— (+(y)/Ae) exp(—X/A, (y)) }}. 


To deduce the number of initial 7° mesons from the 
above relation the number of primary pairs must be 
known. Inspection of Fig. 2 strongly suggests that those 
pairs of E>10 Bev are of a primary nature (arising 
directly from 7° decay y rays) while those with E<10 
Bev are chiefly secondary. To apply the above equation 
those pairs with E>10 Bev which are not classified as 
bremsstrahlung or trident pairs were grouped into two 
classes: (1) 10 < E < 100 Bev and (2) E>100 Bev. The 
first class has ten pairs with (Z)=42 Bev and the 
second three pairs with (Z)=320 Bev. Using the above 
equation for these two energy classes, the initial number 
of 7° mesons in the narrow cone containing 26 charged 
shower particles (one extra charged shower particle 
arises in this cone from the interaction J;) is deduced 
and we find R=0.53+0.17 for r= 10-" sec and R=0.48 
+0.16 for r=0.5X10-" sec. In this estimate no cor- 
rection has been made for bremsstrahlung accompany- 
ing meson production.” If it is assumed that the majority 
of charged shower particles are 7 mesons this correction 
is quite small and reduces the above values for R by 
approximately 0.02. 


0 L, Schiff, Phys. Rev. 76, 89 (1949). 
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An alternative way of estimating NV,° which is free 
of this possible ambiguity is to use those 5 groups of 
pairs in Fig. 2 (those connected by a solid line) which 
are strongly spatially correlated and for which each pair 
of the group can be considered as a directly converted 
pair from the same zw decay. For this estimation the 
resulting expression for P2 of Appendix A must be used. 
With (Z,*°)=150 Bev and \,=3.75 cm we find using P» 
that R=0.71+0.28 for r= 10-4 sec and R=0.66+0.26 
for r=0.5X10-" sec. The values of R obtained by the 
above two methods are rather sensitive to the value of 
\. (in both instances we use \,=3.75 cm in emulsion) ; 
if A, is reduced by a factor of two the values of R ob- 
tained are also reduced by approximately the same 
factor. 

A check on the determinations of R given above can 
be made by making use of only those observations within 
distances small compared to the conversion length." 
This method is essentially identical to the first except 
that it restricts itself to consideration only of those 
pairs lying within the first 13 mm; this restriction 
further precludes the possibility of including secondary 
yy ray pairs. We have applied this method for the 
distances 5, 7, 9, 11, and 13 mm from the shower origin 
with the inclusion of all y-ray pairs of E>1 Bev which 
do not appear to be of a secondary nature and obtain 
for the corresponding values of R: 0.48, 0.47, 0.46, 
0.46, and 0.53. In applying this method a correction 
has been made for bremsstrahlung accompanying meson 
production (assuming mainly ++ mesons) and a finite 
7 lifetime of 5X10-' sec has been taken into account 
by decreasing the available y ray path length assuming 
(E,°)~50 Bev. The average value of R determined this 
way is 0.48+0.20. 

From the above observations we deduce the best 
value of R as 0.50+0.11 (for r=5X10-" sec) in ex- 
cellent agreement with previous results for very high 
energy interactions reported from this laboratory,*" 
but rather different from the result of R=0.25 reported 
by the Bristol group.” 


TRIDENT PROCESS 


By an apparent trident we mean an event where an 
electron pair originates in the emulsion so close to 
another electron that its origin is spatially unresolvable 
( <0.2u) from the accompanying electron. As has been 
pointed out previously,’ the true trident process, elec- 


11 Kaplon, Walker, and Koshiba, Phys. Rev. 93, 1424 (1954). 

2R. R. Daniel e¢ al., Phil. Mag. 43, 753 (1952); J. H. Mulvey, 
Proc. Roy. Soc. (London) 221, 367 (1954). Both find R=0.25 in 
marked contrast with our result. It should be pointed out that 
both these experiments were done on glass backed emulsions. 
In particular, the latter experiment, which derives its result 
from the analysis of a very large star, suffers particularly from 
this disadvantage in that all electron pairs could not be positively 
identified due to the interposition of the glass backing. In addition, 
in this analysis, the use of cascade theory, especially at the be- 
ginning of the development is subject to error since the slope of 
the rise in the development is quite sensitive to a small admixture 
of high-energy photons. 
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tron pair production by an electron, is qualitatively 
indistinguishable from the pseudo-trident process which 
is the conversion of highly collimated accompanying 
bremsstrahlung. An attempt to account for this back- 
ground on a statistical basis has been made by Block 
and King;* an extension of their work will be presented 
in Appendix B. 

We attempt here at first to eliminate this background 
(referred to as B.S. pairs) by the imposition of certain 
criteria which must be satisfied by an apparent trident 
for it to be classified as direct pair production by an 
electron. The criteria are: 


6;>[a2()+ay*}' for all i=1, 2, 3, (1) 
6,> [a?(t) +a? }? for E> £2, E3. (2) 


In the above, 0; is the deflection angle of the 7th electron, 
&;(#) the deflection due to its multiple Coulomb scat- 
tering in the distance ¢ used for measurement of deflec- 
tion, &y the contribution as noise of the scattering of the 
the reference track used to measure the deflection, and 
E; the energy of the ith electron; here 1=1, 2, and 3 
refer to the three electrons forming the trident. The 
first criterion is to be applied when no energy distinction 
can be made between the three electrons and ensures 
that at least the incident electron has been deflected at 
the point of origin of the trident; the second criterion 
applies to the case in which the highest energy electron 
of the trident has been deflected but does not neces- 
sarily insure that the trident primary was deflected. In 
Table I all apparent tridents are listed. Column 1 
identifies the event listing the three members of the 
trident T,' (i=1, 2, 3), column 2 gives the primary 
energy in Bev and the origin of the incident electron 
(o refers to the energy estimate by opening angle and s 
by scattering), column 3 the distance of the parent 
electron from its source, column 4 the projected deflec- 
tion angle in milliradians, column 5 the energy in Bev 
of each member of the trident, and column 6 the iden- 
tification as a true trident using criteria (1) or (2) 
or a ? indicating no verdict. 

In Table II the tridents are divided into two groups 
according to the primary electron energy (column 1), 
the second and third columns give the average and the 
total track length of all the electrons in each energy 
region (in radiation units), the fourth the number of 
observed B.S. pairs, the fifth the number of observed 
apparent tridents, the sixth the total number of B.S. 
pairs corrected by the method of Appendix B, the 
seventh the number of true tridents, the eighth and 
ninth the mean free path in radiation units for B.S. 
pairs and tridents, and the tenth an upper limit for the 
trident mean free path using criteria (1) and (2). (In 
Table II we have not included one of the observed pairs 
in the soft development as a B.S. pair since there is a 
strong indication from its direction that it results from 
the secondary interaction J.) 

In applying the criteria (1) and (2) given previously 
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TABLE I. Observational data on the parent electrons forming tridents and the electron members of the tridents. 








Distance (mm) 
of primary from 
its origin 


Primary origin and 


Trident energy (Bev) 


Projected angles Energies of 
of deflection trident members 
(milliradians) (Bev) 


Identi- 
fication 





18(0)_s+# 
>17(s) 


2.4 


18(0)_13.3t* 
5(s)_1.9¢8-7 


19(0) aT died 
3.0(s) 1.271 


19(0)_13+* 


2.8_1.o1#:8 


*>50(o) 
~30(s) 


~100(o) 
> 13.5(s) 


3.35_0.3 718 


<92(0) 
>68(s) 


~200(0) 
>35(s) 


P? 26-35(s) 


12.49(P;?) 
6.1(T 108) 


T13(P?7) ~200(0) 
>35(s) 


10+8.5 0.082 
—1.02+1.8 0.83 
1.67+0.22 >9.0 


(2) 


1.20.4 
2.6_2.05*3-6 
4.6_1.972 


1.7 0,470? 
S37 
3.35. st1-8 


—0.380.96 
—1.080.5 
—0.2+0.36 


(a) 


(?) 


+23 
0.6_0.157°-3 
0.67 0.22704 


(?) 


0.34+0.3 
0.14+3.6 
14.3 


1.741.5 
—5.02:1.5 
—24.32:1.5 


>17 
0.27 (2) 
<0.1 


(2) 


24.60.75 
37.40.75 
57.20.75 


—3.7+0.75 
0.650.75 
11.30.75 


0.35 
0.59 


16.1+2.0 
6.91.7 
0.08+0.15 


0.013+0.2 
53.7450 
—27.543.7 


0.0091 
0.042 


0.022 
0.035 








* See text. 


we have given criterion (1) a weight factor of unity 
since it certainly ensures that the incident electron was 
deflected at the point of origin of the trident; a weight 
factor of 4 is given criterion (2) due to its weaker 
nature (this is due to the impossibility of determining 
in the trident the continuation of the incident electron). 
In addition event T> is given a weight of } because of 
the low probability of finding a B.S. pair as an apparent 


trident for the energy and distance from the parent of 
this event. We then find V7 2 1.5 for both energy ranges 
resulting in Av < 10.45 radiation units for 1 < Z < 10 Bev 
and Ar < 4.72 radiation units for 10< EZ < 100 Bev. 

To improve the direct estimation of an upper limit 
for \r we have calculated in Appendix B the contribu- 
tion of the converted accompanying bremsradiation 
to the apparent trident cases. Applying the results of 


TABLE II. Classification of electrons into energy groups and the numbers of tridents and converted bremsstrahlung vy rays (B.S. pairs) 
associated with these electrons. 








No. of 
apparent 
tridents 


No. of 
observed 
B.S. pairs 


Total 
track length 
(rad. lengths) 


Energy range Average electron 
of electrons track length 
in Bev (rad. lengths) 


Upper limit for 
Ar by direct 
identification 


Corrected 
No. of 
tridents 


Corrected 
No. of 
B.S. pairs 


8. Ar 
(rad. (rad. 
lengths) lengths) 





7.08 4 8 
15.69 8 4 


10-100 0.6 
1-10 0.56 


4.72 
10.45 


14 
4.5 


1.26 


6 6.4 
5 1.85 


5: 
8. 3.5 
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Appendix B we find that 1.6 of the apparent tridents 
in the high energy range and 0.5 in the low energy 
range could be due to B.S. pairs. The resulting mean 
free paths turn out to be Ar=4.5 and 1.1 radiation 
units for 1< H<¢10 Bev and 10<E< 100 Bev respec- 
tively and the mean free path for B.S. pairs in radiation 
units is Ap.s.= 1.85 and 1.26 respectively for the above 
two energy ranges. 

A check on the above figures is furnished as follows. 
A high energy electron in one radiation unit will emit 
on the average ~3.2 photons with energy > (1/10) the 
primary electron energy, so that Abrems*1/3.2. Since 
As.s. Should approximately equal Apremst+Aconv, We find 
As.s.~0.3+9/7= 1.6 in good agreement with the values 
for \g.s. obtained above. 


CONCLUSIONS 


The analysis of the soft component arising from a 
very high-energy nuclear interaction has given the 
following results. 

(a) The production ratio of neutral + mesons to 
charged shower particles for this event is determined 
as R=0.50+0.11 in agreement with previous results 
from this laboratory*" and others,"* but in disagreement 
with a lower value reported by the Bristol group.” The 
determination of this ratio is of importance for its 
implications with respect to heavy-meson production at 
high energies. Since 


R=N,*/(N,++N,)= (Nx*/Nz+)/(1+N//N e+), 
NJ/N,+=(N2/N,+)/R-1, 


a knowledge of R and the ratio V,°/N,+ will set an 
upper limit to the relative production efficiency of 
heavy mesons as compared to x* mesons (it is an upper 
limit since V,’ may contain some protons as well as 
heavy mesons). We assume that charge independence 
holds at these high energies so that V,o/V,+=0.5; we 
then find that V,’/N,+<0.28 implying that particles 
other than 7 mesons are quite inefficiently produced at 
these high energies. (In this connection it is worth 
noting that Sitte, Froehlich, and Nadelhaft,'* in a study 
of electron production in high-energy nuclear inter- 
actions, ~10 to 100 Bev, have found that the fractional 
energy transfer to the electron component is constant 
or slightly increasing for energies above 20 Bev. This is 
inconsistent with the result expected if the Bristol 
value of R=0.25 is correct, since then heavy meson 
production should compete with + meson production 
and if charge independence is assumed to hold, the 
fractional energy transfer to the electron component 
should decrease by about 3 in the absence of any other 


Lal, Pal, and Rama (private communication); they find 
R=0.4+0.08 for the energy region 50 to 250 Bev/nucleon. P. 
Freier and J. Naugle, Duke Conference on Cosmic Radiation 
(unpublished), find R=0.46+0.09 from the analysis of a very 
high-energy interaction produced by a heavy nucleus. 

14 Sitte, Froehlich, and Nadelhaft, Phys. Rev. (to be published). 
We are indebted to the authors for a prepublication copy. 


source of the soft component. It seems to us that their 
results favor the observations reported in this paper.) 

The conclusions stated in this paragraph rest upon 
the validity of charge independence at high energies 
and the assumption that directly produced 7° mesons 
are the sole source of high-energy y rays in nuclear 
interactions. If other sources of y rays or 7° mesons 
should exist, these conclusions are invalid; however in 
this case the y rays must be either directly produced or 
be the decay products of very short-lived particles 
other than 7° mesons having a lifetime <10-" sec and 
the x° mesons if secondary in nature must be decay 
products of unstable particles of even shorter lifetime. 

(b) The lifetime of the x° meson is estimated to be 
(1_0.s+4)X10-'4 sec in good agreement with previous 
values reported in the literature. 

(c) The mean free path for an electron to produce an 
electron pair (trident process) was found to be 4.5 and 
1.1 radiation lengths for electron energies in the range 
1 to 10 and 10 to 100 Bev, respectively.!® Though the 
statistics are low it is believed that these values are 
not in error by more than a factor of two. This result, 
which for the high energy range (>10 Bev) is in 
rather marked disagreement with theory,” implies that 
for these energies the trident process becomes of com- 
parable importance with bremsstrahlung and _ pair 
conversion in the soft cascade development. If further 
work should substantiate the validity of the results 
reported in this paper, the high-energy soft cascade (as 
well as the theory of the trident process) should cer- 
tainly be reassessed. 

We should like to express our appreciation to Miss 
B. Hull for her assistance in scanning and to the Office 
of Naval Research for its aid in obtaining the balloon 
exposure. 


APPENDIX A 


We consider a 7° meson of energy E£,°=yuc? and 
proper lifetime 7. Let y. be the y-ray conversion length 
and \,=~y6cr the decay length for the 7° meson decay 
into two y rays. The probability that the w° meson 
decays in dy at a distance y from its point of origin, 
the first of the two 7 rays converts at /; in dt; and the 


18 Kaplon, Peters, and Ritson, Phys. Rev. 85, 932 (1952); R. R. 
Daniel et al., Phil. Mag. 43, 753 (1952); J. J. Lord e¢ al., Phys. 
Rev. 87, 538 (1952), B. M. Amand, Proc. Roy. Soc. (London) 
220, 183 (1953): the last paper reviews the results, to that date. 
on the lifetime of the 7° meson and has a complete bibliography. 

16 P. Freier and J. Naugle, Duke Conference on Cosmic Radi- 
ation and private communication ; for electron energies E>2 Bev, 
and extending up to 50 Bev, they find the trident mean free path 
Ar <11 cm of ethulsion or 3.7 radiation units in excellent agree- 
ment with the results reported here. 

17 Block, King, and Wada, Phys. Rev. 96, 1628 (1954), have 
recently evaluated and compared the theoretical predictions for 
the true trident process. From their results we obtain Ar 14 and 
8 radiation units for electron energies of 10 and 100 Bev respec- 
tively. These values correspond to the cross sections with inclu- 
sion of screening. The corresponding values for the unscreened 
cross sections are approximately 12 and 5.5 radiation units for 
electron energies of 10 and 100 Bev. We are indebted to Drs. 
Block, King, and Wada for a prepublication copy of their paper. 
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second at ¢2 in df2 (measured from the origin) is given 
by: 
P(y,t1,t2)dydtdte= exp(—y/A,) (dy/X-) 
Xexpl— (4—y)/re](dtr/de) 
Xexp[— (f2—y)/Ae](dte/d-). 
The probability of observing both converted y rays 


from the single r® meson within a distance X from the 
origin is given by: 


x x E 
P= [ dy f asf dteP (y,t1,t2). 
0 y y 


The probability that only one 7 ray is converted within 
the distance X from the origin is given by 


x x ro) 
P\= 2f ay f ats f dtaP (y,t1,t2). 
0 v x 


The above integrations are easily performed and one 
then finds that the probable number of pairs observed 
at a distance X from the origin arising from a single 7° 
meson is: 


2Po+Pi=2{1—[1/(Ac—Arz) ] 
XD. exp(—X/Nc)—Az exp(—X/A,) ]}. 


APPENDIX B 


(1A) 


(2A) 


In this appendix we calculate the background con- 
tribution from the conversion of the bremsstrahlung 
accompanying high energy electrons to the trident 
process (pseudo-tridents).'® To calculate the prob- 
ability of finding a converted bremsstrahlung pair 
within a certain distance of the parent electron, we 
need to consider the angles of emission of the y rays 
as well as the scattering of the parent electron. The 
former effect is important for those 7 rays which have 
not travelled far before conversion into electron pairs, 
whereas the latter is important for those y rays which 
have travelled a considerable distance before conversion 
into electron pairs. 

Consider a fast electron moving in the x direction 
incident on an absorber in the xy plane. The distribu- 
tion in y of the displacement due to multiple Coulomb 
scattering of the electron projected onto the xy plane 
after traversing a distance ¢ has been derived by Rossi 
and Greisen’® and is given by 


H(t,y) = (1/x)#(3w?/4#)! exp(—3w*y?/4?), 


where the notation above is that of Rossi and Greisen. 


(B1) 


18 The analysis given here is an extension of that done by Block 
and King (see reference 8) in that an attempt has been made to 
take into account the characteristic angle of emission and the 
origin of the bremsstrahlung y rays whose conversion contributes 
to the background of tridents. We are indebted to them for a pre- 
publication copy of their manuscript. 

4B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 


If the reference axis is inclined to the x direction by 
a small angle 4, the distribution is given by 


H (t,y,00) = (1/m)* (3w?/4#)* exp[ — 3w*(y—Oot)?/4#]. 
(B1’ 


We assume a Gaussian distribution for the angle of 
emission of the y rays by the electrons with the root- 
mean-square angle a: 


P (60)d80= (1/2ma?)* exp(—607/2a°). (B2) 


The probability distribution of the separation between 
the 7 ray and its parent electron at a distance ¢ from 
the point of emission of the y ray will be given by 


OCts)= f POH(9,00)db 


0 


= (1/mf’)*(1/(4t/3w*+ 20”)}) 
Xexpl— (y/t)?(1/(4t/3w?+ 20%) ]. 


A fast electron traversing an absorber will emit a 
spectrum of bremsstrahlung y rays; we denote the 
mean free path for emitting photons of energy exceeding 
some critical value by \’ and we may consider that for 
each portion of the electron track there are dz/)’ 
photons emitted. (z as well as all other quantities having 
the dimensions of a length are measured in radiation 
units.) The total number of pairs converted in dt at a 
distance ¢ from the origin of the parent electron will 
then be 


(B3) 


p(i)dt= f (dz/n’) exp[— (7/9) (t—2)(7/9)dt 
= (dt/d’)[1—exp(—7#/9)]. 


The probability of these converted pairs lying within a 
distance y at ¢ from the parent electron will be 


(B4) 


Mios)= (1/9004) f (as/r’ 


xexpl—(7/9)(1-2)](7/9)a0 [ O—s, sda, (BS) 


and the probability of finding an electron pair within a 
distance y of all those pairs which were converted at 
distances extending from the electron origin up to T 
will be 


von= f° monooa/ f° p(idt. (B6) 


We note that in these expressions for M(y,t) and 
N(y,T) the mean free path \’ does not appear; this is a 
consequence of the assumption that the distribution in 
6 is not dependent on the energy of the emitted y ray. 
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Fic. 4. Fraction of converted bremsstrahlung (B.S. pairs) lying 
within 0.2u projected distance of the parent electron as a function 
of distance of the electron in absorber. 


The above integrations are performed to obtain 


M (y,t)= (7/9){1/[1—exp(—7¢/9) ]} 


x f de exp(—7e/9)E(y,€), (B5’) 





7 1 
N On. T— (9/7)[1—exp(—77/9) ] 


x ij de(T—6) exp(—7¢/9)E(y,€), (BO’) 


where E(y,e) is defined as 
u/f (e) 
£,)=(4/a)'f— exp(—#")40, (81) 


f(€) = €(4¢/3w?+-2a7)! 
= €(3 (Pacatt)+2(Popen ))}. 


For emulsion we use the value of the scattering 
constant K=26 corresponding to 7.75 Mev radians/ 
(radiation length)? and we have 


(Paoatt))*#= (7.75/p8) (t)*~ (7.75/Eo) (t)#. (BB) 


For ((Popen))? we use the results of Stearns,” for 
k/Eo=0.5 and obtain 


((Popen))#= 0.67 (me?/Eo) log(Eo/mc?). —_ (B9) 


The average opening angle given by expression (B9) 
refers to the angle of emission of y rays with respect to 
the incident electron; the angle between the y ray and 
the secondary electron, which is the one of interest 
here, will be given approximately by increasing (B9) 
by a factor of V2. This factor is cancelled by another 
factor of V2 which is required to convert the spatial 
angle to a projected angle. It is also possible that the 
scattering constant should be increased since the 
physical case in question here corresponds to larger cell 
lengths and no cutoff in scattering.® 

The numerical integration for (B6’) was carried out 
for y=0.2u and for Eo=50 and 5 Bev. The results are 
given in Fig. 4. 


2” M. Stearns, Phys. Rev. 76, 836 (1949). 
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Direct Detection of Soft Radiation above 50 Kilometers in the Auroral Zone* 
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In two high-altitude rocket flights of thin-walled Geiger tubes at geomagnetic latitudes 64° and 74°N, a 
considerable intensity of soft radiation has been encountered above 50 kilometers altitude. No such radiation 
has been found in flights of identical equipment at 88.5° and at 55.6°. The radiation is tentatively inter- 
preted as the high-energy tail of the auroral spectrum. It may consist of electrons. 





I. INTRODUCTION 


URING the summers of 1952 and 1953 single 
Geiger tubes were flown to altitudes of up to 100 
km in a series of rocket flights spanning the geomagnetic 
latitude range from 55.6° to the pole. These flights 
employed the “rockoon” system developed at the 
State University of Iowa; viz., a small rocket is carried 
by balloon to an altitude of about 60 000 feet and then 
fired from its balloon suspension in a near vertical 
direction. During both the balloon and rocket phases 
of the flight the counting rate of the Geiger tube is 
telemetered to a shipboard receiving station. During 
the rocket phase of the flight this counting rate serves to 
determine the charged particle flux above the atmos- 
phere. The rockoon system is described elsewhere.' 


II. FLIGHT RESULTS 


Up to the time of this report there have been five 
successful rockoon flights of single Geiger tube 
apparatus. Two of these flights were made at a geo- 
magnetic latitude of 88.5° in 1952 and another at 
55.6° in 1953. The results obtained in the 1952 flights 
have been reported previously.? The results of the new 
flight at 55.6° are shown in Fig. 1. In common with 
the results of numerous previous rocket flights of 
apparatus of this sort at other latitudes, it can be seen 
that the counting rate first increased as the apparatus 
moved upward through the atmosphere. It then passed 
over the Regener-Pfotzer maximum, was constant 
above about 50 km, and then passed over the maximum 
again on the descent. The existence of a high altitude 
plateau in the counting rate curve has been a charac- 
teristic feature of all previous results. The magnitude 
of the plateau counting rate has been used to determine 
the omnidirectional intensity of charged cosmic ray 
particles above the atmosphere over a wide range of 
latitudes.? 

A marked qualitative difference of results has been 


* Assisted by joint program of the Office of Naval Research, 
the U. S. Atomic Energy Commission, and the Navy Bureau of 
Aeronautics; and by the Research Corporation. 

t Present address: James Forrestal Research Center, Princeton 
University, New Jersey. 

1J. A. Van Allen and M. B. Gottlieb in Rocket Exploration of the 
Upper Atmosphere (Pergamon Press, London, and Interscience 
Publishers, New York, 1954). : 

2J. A. Van Allen, Nuovo cimento 10, 630 (1953). 


obtained, however, in the other two 1953 flights which, 
as part of a systematic latitude survey by this labora- 
tory, happened to have been made in the auroral zone. 
Pertinent data on these two flights are tabulated in 
Table I. Included in Table I are the measured effective 
lengths of the individual Victoreen 1B85 Geiger tubes. 
The tubes had an effective diameter of 1.91 cm and an 
omnidirectional efficiency for minimum ionizing, singly 
charged particles of 0.98 (=e). The quantity in the 
table is the product of this efficiency by the geometrical 
factor of the cylindrical tube for radiation arriving 
isotropically from one hemisphere only. Thus, the 
hemispherical average directional particle intensity in 
(cm? sec sterad)~ is found by dividing the observed 
counting rate by ¢Giso. This gross method is applicable 
with reasonable accuracy in fields of flux which are not 
markedly anisotropic but is, of course, inapplicable 
to directional beams. 

The observed counting rates in Flights 13 and 20 are 
shown as a function of flight time in Figs. 2 and 3. 
In these figures, as in Fig. 1, the time scale for the 
rocket phase of the flight has been expanded by a 
factor of sixty over that for the balloon phase. From 
Figs. 2 and 3, it is seen that the counting rates pass 
over the usual maximum at some 20 km altitude, 
then decrease as though approaching the usual high 
altitude plateau. But instead of leveling off, they then 
increase sharply with increasing altitude, eventually 
decrease again, and below 50 km on the down-leg of 
the trajectory reproduce the usual cosmic ray results. 
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Fic. 1. Counting rate of a single Geiger tube as a function of 


time during flight. S.U.I. Flight 23 at geomagnetic latitude 
55.6°N. On 3 September 1953, 1510 G.C.T. 
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Altitude (km) 
70 
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0 30 60 ( 
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Fic. 2. Counting rate of a single Geiger tube as a function of time 
during flight. S.U.I. Flight 13 at geomagnetic latitude 74°N. 


The increase above 50 km is seen to be a major 
effect, far exceeding any possibility for statistical 
fluctuation. 

In the figures no corrections have been made for loss 
of counts due to finite resolving time of the instru- 
mentation. On the basis of laboratory tests such loss 
would not have exceeded 2 percent in any case. 

It should be noted that the precise firing time of the 
rocket in Flight 20 was uncertain by about ten seconds 
and may be shown too early in the figure. 


III. CONSIDERATIONS PERTAINING TO VALIDITY 


Since no such observations have been previously 
reported, it is of utmost importance to critically 
consider their validity. Pending further flights, we 
present the following considerations as the foundation 
for reporting the present observations at this time. 

(a) Strong, clean radio telemetering signals were 
received throughout both flights; all received scaler 
pulses (scale-of-16) were of proper amplitude and of 
characteristic appearance and time-spacing. Hence we 
believe that it was not possible for any radio inter- 
ference in the telemetering link to have contributed 
spurious “counts”. 

(b) There was no evidence of microphor.ism, even 
durin. the burning period of the rocket propellant. 
And indeed, the entire anomaly in the results occurred 
during the free, “vacuum” flight of the vehicle. 

(c) The smooth transition of the counting rate from 
the balloon phases to the rocket phases of the flights 
provides overall evidence against the occurrence of 
any significant mechanical dislocation of circuit 
elements during the accelerative period of the rocket’s 
flight (about a three second period, with maximum 
axial acceleration of about 60 g). Thereafter the 
apparatus is subjected to negligible inertial forces until 
its return to the dense atmosphere on the down-leg of 
the trajectory. 

(d) The performance of the apparatus with respect 
to temperature is as follows. The 1B85 Geiger tubes, 
themselves, are the most temperature sensitive element 
of the apparatus. Their performance does not change 
appreciably over at least the temperature range — 10°C 
to +35°C. At considerably lower temperatures the 


Geiger tubes fail to quench and pass into continuous, 
erratic discharge; at considerably higher temperatures 
they cease counting. The temperature tendencies in a 
rockoon flight are the following: (i) During the balloon 
ascent, of approximately an hour’s duration, the 
apparatus tends to cool due to its passage through 
the cold stratosphere. (ii) During the rocket flight 
phase the skin of the rocket, and hence the apparatus 
interior to it, is heated by aerodynamic friction. In 
addition there is some heating by conduction from the 
hot motor and combustion chamber. Provision for 
using the sun’s radiation to counteract tendency (i) 
was made in the manner found effective in balloon 
flight, viz., the exterior of the rocket was painted black 
to increase the absorption of sunlight; then a blanket 
of dead air around it, during the balloon phase of the 
flight, was provided by a large transparent plastic bag 
which was held away from the metallic body of the 
rocket by loosely tied Styrofoam rings. In addition, the 
rocket complete with instrumentation was kept under 
a heated tent on the launching deck of the ship during 
inflation of the balloon and other preparations. In an 
earlier rockoon flight in which the rocket failed to fire 
these provisions were found to be sufficient to keep the 
temperature of the instrumentation in the range of 
proper operability for over 10 hours. 

In numerous previous rocket flights of similar time 
duration, tendency (ii) has been found to result in 
negligible heating of apparatus which is not in good 
conductive contact with the rocket skin or which is 
reasonably massive. The Geiger tubes were mounted so 
as to satisfy these conditions. 

Since the counting rates during the potentially 
cooling balloon phases of Flights 13 and 20 were 
thoroughly normal and since the tendency thereafter 
is for heating and consequent suppression, if anything, 
of the counting rates and not for spurious augmentation, 
we believe it quite unlikely that any excessive tem- 
perature variations occurred. 


TABLE I. General data. 








S.U.1.-13 


62° 30.5’ N 
64° 13.5’ W 


S.U.1.-20 


53° 08’ N 
54° 45’ W 


Rockoon flight number 


Geographic location 
of launching 


Geomagnetic latitude 
of launching 74° 
(Centered dipole) 


Date 


Time of firing 
of rocket (G.C.T) 


Approximate 
firing altitude 


Effective length 
of Geiger tube 


€Giso 


64° 
28 July 1953 30 August 1953 
1100 2224 
17.4km 21.3 km 


6.3 cm 


67 cm? sterad 


6.5 cm 


69 cm? sterad 
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(e) The Geiger tube supply was a 900-volt dry 
battery. The B+ supplies for the circuits were of less 
than 150 volts. To prevent high voltage corona the 
interior of the nose shell was kept at sea level pressure 
by a pressure tight seal utilizing an annular “O” ring. 
In laboratory tests at a gauge pressure of 20 psi there 
was negligible leakage over a period of several hours. 
In addition, all corona-susceptible circuit elements were 
coated with either silicone grease or an acrylic spray. 
Tests of the significant protions of the equipment in a 
laboratory vacuum chamber yielded no evidence of 
corona over the full range of pressures down to 0.01 
mm of Hg. Any failure of the pressure seal in flight 
would have to be coupled with a leak rate and corona 
mechanism of diabolical ingenuity and precision of 
dependence on time during the flight to have accounted 
for the anomalous results of Figs. 2 and 3, and for their 
prompt cessation at 50 kilometers altitude on the 
descent of the rocket—at an atmospheric pressur- 
considerably below the usual corona level for highe 
voltage apparatus of this sort. 

(f) Finally and most importantly there are the 
following gross evidences for reliable operation of the 
equipment : 


(i) In both flights, the observed particle intensities 
at the Regener-Pfotzer maximum are closely the 
same on both upward and downward phases of the 
flight and are, moreover, closely equal to each other 
and to the values observed in other non-anomalous 
flights of nearly identical equipment at both more 
northerly and more southerly geomagnetic locations. 

(ii) The intensities on the incipient plateaus of 
both up- and down-legs of both flights are all equal 
to each other within their limited statistical accuracies 
and are, in addition,. consistent with interpolation 
between accurate values at lower and higher latitudes. 


A numerical summary of matters (i) and (ii) is given 
in Table II. Intensities were obtained by dividing 
the appropriate observed counting rates by the corre- 
sponding values of ¢Giso, a quantity which was some- 
what different for different counters. 

(g) The time dependence of counting rate in the 
terminal portions of the curves of Flights 13 and 20 


TaBLE II. Comparison of hemispheric average directional particle 
intensities from several flights. 








Intensity at 
Regener-Pfotzer 
maximum 
(cm? sec sterad)~! 


Intensity on 
high altitude plateau 


Geomagnetic 
(cm? sec sterad)~! 


latitude 


88.5° 0.570.02 


74° 0.57+0.03 
64° 0.57+0.02 
55.6° 0.530.02 


_Rockoon 
flight number 


SUI. 4 
5 





0.48+0.01 


<0.50+0.05* 
<0.50+0.05 
0.44+0.01 








* The “plateau” values for Flights 13 and 20 are the averages of up- and 
down-leg values of intensity during the periods of their incipient plateaus. 
They are properly to be regarded as upper limits, since a clear flat plateau 
did not occur in these cases. 
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0 3060 
(minutes) 


Fic. 3. Counting rate of a single Geiger tube as a function of time 
during flight. S.U.I. Flight 20 at geomagnetic latitude 64°N. 


is also found to be consistent with ballistic calculations 
on rate of fall of the rocket through the atmosphere. 


IV. DISCUSSION OF RESULTS 


As detailed in the previous section, our confidence in 
the validity of the present results rests on the evident 
reliability of the data obtained during the early and 
latter portions of each flight and on our inability to 
propose any reasonable grounds for doubting the proper 
operation of the equipment during the intermediate 
portions. 

If this point of view be accepted, then it becomes 
fruitful to discuss the possible significance of the results 
in a preliminary way. 

We have tentatively discarded, subject to further 
investigation, such conceivable possibilities as radio- 
active atomic bomb dust—somehow suspended at high 
altitudes in these latitudes—and as accidental out- 
bursts of relatively hard x-rays* from the sun. Rather, 
it appears more reasonable to identify the directly 
observed radiation with aurorae. Our reasons for this 
inclination are as follows: 

(a) Auroral displays, as observed from the ground, 
typically do not extend below 100 km. Yet cases have 
been reliably reported of visual aurorae to much lower 
altitudes.* In any event, the particle intensities ob- 
served by us are only of the order of 10 to 20 particles/ 
(cm? sec), if in the form of a directional beam; or of the 
order of 2 to 3.5 particles/(cm? sec sterad) if arriving 
isotropically over a hemisphere.® Since such intensities 
are many orders of magnitude smaller than those 


3 The atmospheric depth at 50 km is 1.05 g/cm?; at 100 km 
about 0.006 g/cm*. The minimum wall thickness of the nose 
shell plus one counter wall is 0.4 g/cm?. 

4See following general references: L. Harang, The Aurorae 
(John Wiley and Sons, Inc., New York, 1951); S. Chapman, 
J. Geophys. Research 55, 361 (1950); V. C. A. Ferraro, Advances 
in Physics 2, 265 (1953). 

5 Consistent with the auroral point of view, we have tentatively 
assumed that the observed radiation is of particle character and 
not of electromagnetic character. This assumption is being sub- 
jected to direct test in further experiments. 
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estimated to be required to produce visible aurorae, it 
is reasonable to conjecture that the radiation observed 
by us is only the very high energy tail of a steeply 
falling auroral energy spectrum. The rare occurrence 
of visual aurorae down to ~60-km altitude does show 
that such energies for auroral particles are indeed in- 
trinsically possible in the mechanism for their origin. 

(b) Visually observed aurorae are typically confined 
to two narrow bands of geomagnetic latitude—one 
band in the northern hemisphere and another similar 
band (less well studied) in the southern hemisphere.*:® 
The maximum frequency of occurrence of visual 
aurorae occurs at about 70° geomagnetic latitude in 
both hemispheres. In Fig. 4, the solid line is a smoothed 
adaptation of the auroral frequency vs latitude plot of 
Vestine.* On the same plot are shown the geomagnetic 
latitudes of our five rockoon flights of single Geiger 
tube apparatus, all of the same wall thickness. The 
circles are at the latitudes of 55.6° and 88.5° respectively 
and represent one flight at the former and two flights 
at the latter latitude all of which showed “normal” 
cosmic-ray plateaus—i.e., “negative” results from the 
present point of view. The crosses are at the latitudes of 
64° and 74°, of Flights 20 and 13, both of which yielded 
anomalously high counting rates above 50 km as 
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Fic. 4. The average over all longitudes of the percent of clear 
nights with visible aurorae as a function of geomagnetic latitude. 
(After Vestine) Shown on the figure are the latitudes at which 
single Geiger tube rockoon flights have been made. Flights with 
“normal” high-altitude counting rates are labeled with 0. Those 
with “anomalously” high counting rates at high altitudes are 
labeled by x. The ordinates of 0 and x have no significance. 


( 6 . Vestine, Terrestrial Magnetism and Atm. Elec. 49, 77 
1944). 
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described above—i.e., “positive” results. (The ordinates 
at which the points are plotted have no significance.) 
Thus, there is meager, though suggestive, evidence that 
the soft radiation is confined to the auroral zone as the 
term is ordinarily understood. It is clear that many 
more flights are needed to establish the latitude de- 
pendence of the incidence of the soft radiation with 
satisfactory certainty. 

Numerous previous rocket flights of single Geiger 
tubes at lower latitudes have yielded normal cosmic 
ray plateaus (ie., “negative” results). But none of 
these equipments had quite thin enough walls for 
inclusion in the present series. 

(c) The variation of counting rate with altitude in 
Flight 20 (Fig. 3) might be plausibly interpreted 
simply as the atmospheric absorption of the high-energy 
tail of an auroral energy spectrum which is falling off 
steeply with increasing energy. But no such inter- 
pretation could be adequate for the data of Flight 13 
(Fig. 2). Here there are three distinct peaks of counting 
rate with decided dips between. Several possible 
explanations of these features have been considered: 
(i) Rapid time variation of the intensity of the soft 
radiation, with marked changes within a few seconds 
at a given point. (ii) A sharply directional beam of 
radiation coupled with rapid end-over-end tumbling of 
the rocket in such a way as to present a markedly 
different effective Geiger tube area to the beam at 
successive times. (The axis of the Geiger tube was 
parallel to the long axis of the rocket.) (iii) Spatial in- 
homogeneity of the beam. 

It appears that the rapidity of time variation 
required by explanation (i) is not out of the question 
but is rather too great to be consonant with typical 
auroral observation. 

Possibility (ii) has a certain numerical plausibility; 
but since the rf radiation pattern of the radio tele- 
metering system in the rocket consists of a number of 
axially symmetrical lobes of different intensity with 
nulls between, any such end-over-end tumbling of 
the rocket would be revealed in a corresponding 
fluctuation in the rf signal strength at the receiving 
station. No such fluctuation was observed. Moreover, 
the magnetic rigidity of particles of the observed 
atmospheric penetration is so low that it is unlikely 
to have a sharply directional beam over any large 
distance in the earth’s magnetic field. 

Possibility (iii) appears to us as the most attractive— 
especially since visual aurorae often present a complex 
spatial distribution of optical intensity. The horizontal 
velocity of the rocket was not measured but is expected 
to be ~200 m/sec (estimate based on angle of launch- 
ing). During flight, the rocket’s speed is never less than 
the magnitude of its horizontal velocity, even at the 
peak of flight. Hence, the reasonable scale of spatial in- 
homogeneity of the order of 4 km would suffice to 
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account for the high-altitude structure of Fig. 2. Such a 
scale of spatial inhomogeneity is common in aurorae.*:” 


V. PROPOSED WORKING HYPOTHESES 


In view of the flight observations presented and the 
discussion of Sec. IV, the following working hypotheses 
are proposed : 


(a) The soft radiation observed in Flights 13 and 20 
consists of particles in the high-energy tail of the energy 
spectrum of auroral corpuscles. 

(b) The rapid increase of the intensity above 50 km 
is primarily due to the diminution of atmospheric 
absorption. The atmospheric depth at 50 km is 1.05 
g/cm*. Thus a particle originating outside the atmos- 
phere must penetrate a minimum of 1.05 g/cm? of 
atmosphere and an additional 0.4 g/cm? of aluminum 
in order to be registered in our apparatus. At the peak 
of the trajectories, the atmospheric depth is negligible 
in comparison with the apparatus wall. Table III lists 
the kinetic energies and magnetic rigidities of electrons 
and protons whose ranges are 0.4 and 1.45 g/cm’, 
respectively. Hence, if the radiation consists of protons, 
for example, energies up to 35 Mev must be present. 
And of course, because of oblique, spiraling paths in 
the atmosphere, there are certainly higher energies 
present. 

(c) The detailed, high-altitude features of Fig. 2 
(in particular) are due primarily to spatial in- 
homogeneities. 

(d) The observed particles are the high-energy 
survivors of a beam (“streamer”) of particles of far 
lower average energy and of far greater total intensity. 
The original beam, as it approaches the earth, moves 
approximately along a magnetic line of force (almost 
vertically at our point of observation) since the “guiding 
centers” of the individual component particles do so. 
The beam is visualized as being compounded of more or 
less helically moving particles, the helices being of all 
pitches and the particles having a wide range of 
magnetic rigidities. 

If it is indeed correct that the scale of the spatial 
inhomogeneity is of the order of 4 km as previously 
discussed, then on the foregoing picture it is evident 
that the radii of curvature of component particles’ 
orbits in the earth’s magnetic field must not exceed a 
small fraction of this distance or inhomogeneities of 
this scale would be destroyed. An interesting conse- 
quence follows from this argument (after Vegard’) as 
applied to the present situation. It was seen in Table 
III that a proton must have a magnetic rigidity of at 
least 1.7108 volts in order to merely penetrate the 
apparatus. Such a proton moving normally to the 
earth’s magnetic field has a radius of curvature of 
~8 kilometers. On the other hand an electron of the 


7L. Vegard, Phil. Mag. 42, 47 (1921). 


IN AURORAL ZONE 205 


TABLE III. Kinetic energy Z and magnetic rigidity R* 
for specified ionization range. 








Ionization electrons protons 
range 


g/cm? Mev 


0.4 0.96 
1.45 3.2 


volts*® 


1.7X 108 
2.6X 108 


volts* Mev 


1.4X 10° 16 
3.2 10° 35 











® Units of magnetic rigidity are given in volts. 


necessary minimum range has a radius of curvature of 
70 meters. Hence, on this basis we propose the further 
working hypothesis that our observed soft radiation 
consists predominantly of electrons. 

(e) The observed particles do not arrive in Stoermer- 
type trajectories from a source very distant from the 
earth (e.g., the sun). In order that a particle reach the 
top of the atmosphere at 64° in a Stoermer-type trajec- 
tory from infinity, its magnetic rigidity must exceed 
5.4X 108 volts. A proton of this rigidity has an air range 
of 17 g/cm? and would therefore (in spite of some curva- 
ture of its trajectory) penetrate down into the atmos- 
phere much more deeply than observed (that is, down 
to an altitude of ~30 km). An electron of this rigidity 
would penetrate well into the cosmic-ray transition 
maximum at ~20 km. 


VI. COMMENTS 


The above hypotheses are obviously of a tentative 
nature. A large variety of additional experiments is 
required for their critical establishment or destruction. 
Among such experiments may be mentioned: (a) 
systematic study of latitude dependence. (b) direct 
identification of nature of radiation by (for example) 
determination of range and specific ionization. (c) 
use of thinner walled detectors and flights of such 
detectors to higher altitudes. (d) study of temporal 
fluctuations and detailed correlation with in situ 
auroral observations of other types (visual, radar, etc.) 
and with related solar and geomagnetic observations. 

Finally we are able to remark that since the above 
account was prepared, the Iowa group has obtained 
fresh confirmation of the 1953 results reported herein 
in a recent series of firings at geomagnetic latitudes 
(70+2)°N (July 1954). Details will be reported in a 
subsequent paper. 
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An apparatus was designed to study penetrating showers produced by high-energy cosmic rays. For this 
purpose, four anthracene-in-polystyrene plastic scintillators of 1 and 2cm thickness were used with lead 
plates of thicknesses 2.00cm, 2.25 cm, and 2.25 cm, respectively, interposed between them. In addition 
to these scintillation counters, four trays of G-M counters and an arrangement of anticoincidence counters 
were used. Data on penetrating showers produced in a graphite block and a polystyrene scintillator were 
obtained. It was found that in the energy range from 2 to 20 Bev, the resulting integral energy spectra of 
the x mesons can be represented by a power law with an exponent equal to —1.70.2 in polystyrene, with 
no filter for the primaries. Similar results were obtained in graphite and in polystyrene with primaries 
filtered through 10 cm of lead. The multiplicity of the charged mesons in the penetrating showers produced 
in graphite can be described by a power law with an exponent —4.2-+-0.5, in general agreement with cloud 
chamber results. It was found that the energy distribution of bremsstrahlung y rays and the flux of the 
# mesons producing this bremsstrahlung in a lead block of 10 cm thickness is in agreement with theory. 





I, INTRODUCTION 


LARGE number of different experimental results 

have been reported concerning the production of 
penetrating showers by cosmic-rays. The early work 
has been summarized by T. G. Walsh and O. Piccioni.! 
The experimental techniques used more recently mainly 
consisted of the use of photographic emulsions,?~* cloud 
chambers,*'* or G-M counters.*-* The use of photo- 
graphic emulsions is particularly suitable for the de- 
tailed study of individual events involving charged 
particles or in some favorable cases, also photons. In 
the case of using G-M counter arrangements, frequently 
one finds it difficult to interpret the data unambigu- 
ously. This is chiefly due to the fact that the penetrating 
secondaries are frequently emitted under very narrow 
angles. In the case of multiplate cloud chamber studies 
of cascade showers produced by photons originating 


* Supported by the joint program of the Office of Naval Re- 
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from the decay of x° mesons produced in penetrating 
showers, it is practically impossible to count the 
number of secondaries as the shower develops under the 
lead plates when the energy is considerably higher than 
a few Bev. In this last respect, a large scintillation 
counter is more suitable since it is capable of giving 
a light output proportional to the total number of 
minimum particles passing through it. Hence it can be 
used reliably to register the number of electrons in the 
development of a cascade shower through lead. 

Plastic scintillators placed between lead plates are 
particularly suitable for this purpose. Plastic scintilla- 
tors can be made in large sizes. Their performance has 
been found to be reliable and adequate for quantita- 
tive measurements.” Scintillation counters made of 
anthracene-in-polystyrene plastic plates have previously 
been used here for the measurement of cascade showers 
initiated by high-energy photons and electrons at sea- 
level.?> An apparatus utilizing plastic scintillators was 
constructed for the measurement of penetrating 
showers produced by cosmic-ray primaries and the 
cascades in penetrating showers initiated by photons 
or electrons in the energy range of from 1 Bev to about 
50 Bev. The measurements were carried out at Climax 
(altitude 11 200 ft) from August to October in 1953. 
Data were obtained on the energy spectrum of 7° 
mesons and the multiplicity spectrum of charged par- 
ticles in penetrating showers in a graphite block. 
Additional measurements on the spectrum of 7° mesons 
were carried out in polystyrene, which contained equal 
numbers of carbon and hydrogen molecules. A some- 
what modified apparatus was also used to obtain data 
on bremsstrahlung produced by cosmic-ray m mesons 
in a lead block above the apparatus. 


* C, N. Chou, Phys. Rev. 87, 376 (1952); Phys. Rev. 87, 903 


(1952). 
*5 C. N. Chou, Phys. Rev. 90, 473 (1953). 
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Il, EXPERIMENTAL ARRANGEMENT 


The geometry of the experimental arrangement drawn 
to scale is shown in Fig. 1. S:, S2, S3, and S4 are four an- 
thracene-in-polystyrene plastic scintillators. S; has the 
cross-sectional area of 189 cm? and is 1.8 in thickness, 
S,and S4 are correspondingly 18X 18 X0.9, and S; 18X 18 
X1.8. As shown in the figure, each scintillator was 
coupled through a Lucite light-pipe to a magnetically 
shielded RCA 5819 photomultiplier tube. Between the 
scintillators, Sz, Se, S4, and S; lead plates of thicknesses 
2.00, 2.25, and 2.25 cm respectively are interposed. 
A, C, and D are parallel trays of metal G-M counters, 
and B is a cross tray to A. Each G-M counter is one 
inch in diameter. The counters £ are in anticoincidence 
and their purpose is to protect the scintillators from 
registering particles from the sides. Hence practically 
all events registered were due to particles from above 
except for very energetic neutrons. During part of the 
experiment, above the counter tray A the lead block 
PB was placed. Between the bottom scintillator S; and 
the G-M counter tray C a lead block of 6 cm thickness 
is placed on top of which an aluminum plate of 2-cm 
thickness is located in order to cut off the effect of the 
low energy backward shower particles produced in the 
6-cm lead block. For the same purpose another alu- 
minium plate of 1-cm thickness was placed under the 
G-M counter tray B. Between the counter trays C 
and D 12 cm of lead was interposed. G is a graphite 
block in which penetrating showers were generated and 
which was in the position indicated in Fig. 1 during 
part of the experiment. All the scintillators and the 
G-M trays C and D are shielded with lead block and 
trays of lead shot as shown in the figure. The overall 
shielding corresponded to at least 8 cm of lead. Within 
the solid angle defined by the G-M counter trays A and 
B and scintillator S3, a cosmic-ray particle of sufficient 
energy coming vertically downward could produce 
nuclear events in the scintillators or the lead plates 
interposed between them, and also in the graphite 
block G or the lead block PB when they were in position. 
At the same time, cascade showers initiated by the 
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Fic. 1. Experimental arrangement. G denotes graphite block. 
PB denotes lead block. A, B, C, and D denote G-M counter trays. 


E denotes anticoincidence side G-M counters. S$}, S2, Ss, and S, 
denote plastic scintillators with Lucite light pipes. 
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Fic. 2. Block diagram of the recording circuits. The abbrevia- 
tions have the following meanings: $1, S2, S3, and S,, scintillator 
inputs; AMP, amplifier; CF, cathode follower; DL, delay line 
unit; PS, pulse shaping unit; ATT, attenuator; M, mixing unit; 
DMV, delaying multi-vibrator; VD, voltage discriminator; CC, 
coincident circuit; AC, anti-coincident circuit. The approximate 
wave-forms at various points are also given. The numbers below 
PS and DL give the width of the pulse and the time of delay, 
respectively, in usec. 


electromagnetic components of an event could develop 
through the whole counter arrangement. These develop- 
ments were recorded by the scintillators and the G-M 
counters. However, large air showers were excluded by 
the anticoincidence counters E. Figure 2 shows a block 
diagram of the recording circuits. The pulse shape is 
indicated at various points. The pulses from the four 
photo-multiplier tubes which viewed the four plastic 
scintillators S;, S2, S3, and S, were delayed by 4 usec, 
Oysec, 8 usec, and 12 usec, respectively. They were 
then shaped to a square pulse of a width of 0.7 usec 
each. This was done by using shorted delay-lines. The 
four pulses P, were adjusted to the same size and then 
mixed. These same pulses P; were amplified about 10 
times in amplitude and delayed 16 usec. These will be 
called P:, The differentiated outputs of the delaying 
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multivibrators from the G-M counter pulses of trays 
AB, C, and D will be called P;. The pulses P:, P2, and 
P; were then mixed. The whole length of the sweep was 
about 160 usec. ; 
Part of the output pulse of scintillator S. (Fig. 1 and 
Fig. 2) was used for starting the sweep of the synchro- 
scope (Tektronix Type 513D). A 10-5 sec coincidence 
of part of the output pulse of S: and any of the G-M 
counter pulses from trays A and B could also start the 
sweep. The sweep was actuated by one of these two 
triggering arrangements provided that there was no 
anticoincidence pulse present in any of the G-M 
counters E. The actual triggering used was as follows: 


(1) S:”: A pulse was required in scintillator S2 corre- 
sponding to 3 or 4 times the maximum pulse height in 
the Landau distribution corresponding to a singly 
charged minimum ionization particle. 

(2) AB-S2*: G-M coincidence between any one 
counter from trays A or B and a pulse in S2. Any pulse 
in S: corresponding to about one fourth of the maximum 
pulse height of a singly charged minimum ionization 
particle was used for this purpose. 

(3) AB-S.”: Coincidence of any one G-M counter 
pulse from trays A or B and a pulse in S2 corresponding 
to 3 or 4 times the maximum pulse height of a singly 
charged minimum ionization particle. 

When the sweep was triggered the two sets of scintil- 
lator pulse outputs P; and Ps, and the outputs P; of 
all the G-M counters in trays AB, C, and D, delayed 
by various time intervals by the respective multi- 
vibrators, were fed into a synchroscope. A photographic 
record was made and a gate pulse from the scope then 
actuated the mechanical register and the camera drive 
to advance the film forward by one frame and to wait for 
the next event. A pulse generator produced pulses 
similar to the four pulses due to S;, S2, S3, and S4. This 
same pulse generator produced pulses similar to pulses 
from G-M trays AB, C, and D. The pulses from the 
pulse generator could be fed into the input of the vac- 
cuum tube circuit. A motor-driven clock work actuated 
these calibration signals once every hour. 

The apparatus was installed at Climax and kept 
running continuously from August to October 1953. 
The analysis of several thousand events which were 
registered is included in this paper. 


III. EXPERIMENTAL PROCEDURE 


Throughout the experiment, runs were made with 
triggering A B-S.* (with or without the lead block PB). 
Out of these runs those events were selected in which 
only one single G-M counter in the trays C and D was 
triggered. It will be explained later that these must be 
due to singly charged minimum ionization particles. 
As explained above, both nuclear events and electro- 
magnetic cascade showers could develop through the 
whole counter arrangement. A procedure of analysis 
was devised to separate and analyze these events. The 
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pulse sizes observed in scintillators S3, S2, S4, and S; 
were first converted to equivalent number of singly 
charged minimum ionization particles from the results 
obtained above based on A B-S;° events. In our analysis 
only events in which none of the G-M counters E on 
the side was fired were included. It was also assumed 
that the observed events were all “usual” events amen- 
able to the statistics of averages. The following types 
of events were selected by this apparatus: 


(1) Singly Charged Penetrating Particles 


The lead block PB was in position. In these events 
one and only one G-M counter in trays A, B, and C was 
actuated and not accompanied by a pulse in £, and 
the scintillators S3, S2, S4, and S; showed pulses for 
single minimum-ionization particles. These events were 
assumed to be due to high-energy » mesons. A small 
fraction, however, could be due to high-energy protons 
or m mesons, and corrections could be made from the 
known rate of nuclear interactions as described in a 
later subsection. The effect has been found to be too 
small (2-3 percent of nuclear component) to be of any 
significance. The probability of an electron traversing 
the whole thickness of matter without producing 
secondaries to be detected was entirely negligible. The 
actually observed pulse size distribution in all the 
scintillators empirically observed supported this inter- 
pretation. These singly charged minimum ionization 
particles were mainly used for calibration purposes. 


(2) Bremsstrahlung Produced in the Lead Block 
PB by u Mesons 


One and only one G-M counter in trays A, B, and D 
was fired. One or more than one G-M counter in tray 
C was fired. The photon produced ‘in the process of 
bremsstrahlung in PB developed into cascade showers 
passing through the scintillators S3, S2, S4, and Si. 
Their energy was determined from cascade theory.”>”* 
Graphs for photons of different energies were plotted 
showing the number of electrons expected from shower 
theory passing through the four scintillators after 
traversing the lead plates interposed between them. In 
the analysis of this subsection and subsections (3) and 
(4) we analyzed only events which gave a pulse in 
scintillator S2 of a height equal to or greater than that 
corresponding to 16 minimum ionization particles. This 
requirement of large number of particles made the 
average statistics very good. Then a best fit among the 
four scintillator readings was adjusted to determine the 
energy of the photon. These events could be produced 
by knock-on electrons in lead block PB accompanying 
the primary » meson which initiated it. This effect is 
found to be small, especially in the case of high-energy 
secondaries, which varies as E’~* for knock-on electrons 
and as EZ’ for bremsstrahlung, where E’ denotes the 
energy of the secondary. 


2° K. Ott, Z. Naturforsch. 9a, 488 (1954). 
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(3) Penetrating Showers Produced in Graphite 
Block G 


The lead block PB was in position. The triggering 
arrangement AB—S,” was used. A proton having 
traversed the lead block PB could produce a pene- 
trating shower in the graphite block G. The few charged 
x mesons and the primary proton were registered in the 
top scintillator S3. The total energy of the 7° mesons 
was measured by that of photon-initiated cascade 
showers as described in subsection (2) above.”®.?* These 
events could also be interpreted as due to a small nuclear 
star in the top scintillator S; and not in the graphite 
block G. However, this type of events were eliminated 
by applying the criterion described in the following 
subsection. In the present analysis we measured the 
maximum number of charged + mesons produced in 
the graphite block G up to 10 only. because of the back- 
ground effect of nuclear stars. 


(4) Penetrating Showers Produced 
in Scintillator S; 


We identified these events from triggering arrange- 
ments 52”, AB—S»*, and AB—S»™. In separating 
nuclear interactions from electromagnetic cascade 
showers results of photographic emulsion investigations 
were used as a partial guide. Additional information 
was obtained from the registration of G-M counters 
in trays C and D. 

Thus, the nuclear events occurred in scintillator S; 
and the subsequent development of the photons from 
the decay of the 7° mesons were identified and the 
energy of photons determined. Using similar criterions, 
we rejected events which could have been confused 
with events discussed in earlier subsections. 


IV. DISCUSSION OF RESULTS 


First the range of validity of the energy measure- 
ments of the cascade showers will be briefly discussed 
here. The apparatus could yield reliable results for the 
measurement of cascade showers initiated by photons 
or electrons of total energies in the range of 1 Bev to 
30 Bev. However, in the energy range less than 2 Bev, 
the sensitivity of identifying a cascade shower event 
dropped off. This is because of the fact that in the 
analysis procedure adopted, allowance was made for 
the fluctuation in the shower theory. This range of 
allowance fell below the minimum pulse required in the 
present analysis when the cascade theory was less than 
2 Bev. 


(a) Penetrating Showers from Graphite 
and Polystyrene 


The procedure of analysis has been explained in sub- 
sections III (3) and (4) above. For the study of the 
nuclear interactions produced in the graphite block G, 
the triggering arrangement used was that of AB—S,” 
with the lead block PB in position. The effect of the 
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Fic. 3. Multiplicity spectrum of penetrating 
showers produced in graphite. 


bremsstrahlung had been corrected for using the results 
obtained in subsection (b) which will be described below. 
From the distribution of scintillation pulses in S3, the 
multiplicity spectrum is shown in Fig. 3, showing the 
integral shower frequency vs the number of shower 
particles ,. The slope of the straight line in the log-log 
plot drawn through the most reliable range has the 
value of —4.2+0.5. This agrees satisfactorily with the 
value of —3.8+0.6 obtained from cloud chamber ex- 
periment for carbon for m, equal to or greater than 7, 
at a comparable altitude of 2960 m.!* The range of 
validity in this experiment is 4<,<9. 

Figure 4 shows the integral frequency vs energy of 
m mesons produced from cosmic-ray nuclear interac- 
tions in the graphite block G. These data were obtained 
with the triggering arrangement AB—S,™ with the 
lead block PB in position. It can be represented by a 
relationship of the form E~7, with y equal to — 1.20.2. 

In the investigation of penetrating showers produced 
in the polystyrene plate, the triggering arrangement 
AB—S»™ was used, with and without the lead block PB 
in position. The results are shown in Fig. 5. The integral 
frequency vs energy of 7° mesons produced from cosmic 
ray nuclear interactions can again be represented by an 
expression of the form E~’. The exponent y has the 
value —1.7+0.2 for the events observed without the 
lead filter PB, and has the value —1.4+0.2 for the 
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Fic. 4. Integral frequency of 7° mesons in penetrating 
showers produced in graphite. 


events observed with the lead filter PB placed in 
position. This latter value can be compared with the 
value of —1.2+0.2 for a similar expression for the 
integral frequency vs energy of. 7° mesons produced in 
the graphite block G as discussed previously, since 
both sets of data were obtained under comparable 
condition of being both with the lead block PB in 
position. The curves seem to indicate that the exponent 
y is slightly smaller (in absolute value) in the measure- 
ments obtained with the lead block PB in position than 
in those obtained without the lead block. The reason 
is probably that with the lead block in position the 
nuclear events observed consisted of both events pro- 
duced by cosmic-ray primaries in the air and by sec- 
ondaries produced in the lead block PB, which were of 
somewhat lower energies than the primaries. It is a 
known fact that the exponent 7 decreases for 7° mesons 
of lower energies, which are mostly produced by cosmic 
rays of lower energies. In the present experiment, the 
exponent y in the expression E~” fer the integral fre- 
quency vs energy of z° mesons relationship for poly- 
styrene has been found to be — 1.70.2, as mentioned 
above. The same exponent has been reported to be 
— 1.50.2, for carbon obtained in cloud chamber experi- 
ment at approximately the same altitude.'* Entirely 
different experimental techniques were used. At least 
in the high energy range, the method used in the present 
experiment should give more reliable information 
because of the intrinsic limitation of cloud chamber 
technique with respect to recording large number of 
particles. 


It was attempted to make an estimate of the fre. 
quency of nuclear interactions by high energy cosmic- 
ray particles with the target materials, for events in 
which photons (presumably originated from the decay 
of the 7° mesons) of a total energy of at least 3 Bev 
were observed. When the lead block PB was in posi- 
tion, the contribution of PB to these observed events 
is estimated to be equal to 0.03 per hour, or 0.013 cm” 
sterad hour 7, where L is the geometric collision 
length of the nuclei. A summary of the results is given 
in Table I. It is seen that they are not inconsistent 
with the values of the intensity of protons of com- 
parable energy at the same altitude,?” account must 
be taken of the fact that we detected and observed 
only those nuclear interactions in which at least one 
m® meson was produced which in turn decayed into 
photons which developed in the lead plate between 
the scintillators S; and S2 into a cascade shower of at 
least about 16 electrons in order to trigger the recording 
system. 
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Fic. 5. Integral frequency of x® mesons in penetrating 
showers produced in polystyrene. 


7 B. Rossi, Revs. Modern Phys. 20, 537 (1948). 
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(b) Bremsstrahlung Produced in the Lead Block 
PB by Cosmic-Ray yw Mesons 


In analyzing the data from the set of experiment 
using the triggering arrangement AB—S,” with the 
lead block PB in position, events were found which 
could be identified as due to bremsstrahlung produced 
in the lead block by the u mesons. The procedure 
adopted for the analysis was described in subsection III 
(2) above. The results are shown in Fig. 6. These results 
will be compared with the theoretically expected values. 
Since it is generally assumed that u mesons have spin 3, 
the interaction cross section for complete screening”* 
of bremsstrahlung production for » mesons of spin 3 is 
assumed. Also it is assumed that the primary differen- 
tial energy spectrum of the high-energy » mesons is 
given by an expression of the form” 


N(E)dE« (E+E,)dE, 


where Zp is a constant denoting the ionization loss of the 
u mesons from the point of production up to the alti- 
tude considered. Integrating numerically, we obtain 
the cross section for the production of photons of 
energies between FE’ and E’+dE’ averaged over the 
whole y-meson spectrum given by the expression 


6(E’)dE’ = const (E’)~:*5, 
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produced by » mesons in lead. 
*R. F. Christy and S. Kusaka, Phys. Rev. 59, 414 (1941). 
* Barrett, Bollinger, Cocconi, Eisenberg, and Greisen, Revs. 
Modern Phys. 24, 133 (1952). 
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TABLE I. Frequency of nuclear interactions by high-energy 
cosmic rays in the target material in which photons were originated 
(presumably from the decay of +® mesons) with a total energy 
of at least 3 Bev. 








Rate (in cm 
sterad=! 
hour! L~)a 


0.027 
0.23 
0.051 


With or without 


lead a Rate per 


hour 


0.15 
0.17 
0.037 


Target material 


Graphite block G 
Plastic scintillator S3 
Plastic scintillator S3 





with 
without 
with 








* L denotes the geometrical collision length of the nuclei of the target 


material. 


This expression should give the energy distribution of 
the bremsstrahlung produced by the assumed spectrum 
of » mesons. The straight line drawn in Fig. 6 is of a 
slope equal to —2.85. It is seen that the agreement is 
satisfactory within the statistical errors. We integrate the 
preceding cross section for photons of energies greater 
than 2 Bev and obtain the total cross section given by 


Otheoret = 3.2 X 10-*8 cm?. 


This calculated total cross section is made use of, and 
the observed intensity of bremsstrahlung with energies 
higher than 2 Bev is compared with the observed flux 
intensity of u mesons underground.” It is found that the 
flux intensity corresponds to that of mw mesons of 
energies higher than about 10 Bev. This latter value 
is of expected order of magnitude and serves as a check 
of the general correctness of the theory and the assump- 
tions adopted in the calculations. 


V. CONCLUDING REMARKS 


Part of the present results obtained with large plastic 
scintillation counter measurements concerning the pro- 
duction of penetrating showers in light materials by 
high energy cosmic rays are in agreement with some 
earlier results of others using different methods of 
measurement. The integral frequency vs energy of the 
a mesons produced in polystyrene relationship can be 
represented by a power law with an exponent equal 
to —1.7+0.2 when no heavy filter was used. The 
validity of this relationship probably extends over an 
energy range of the 7° mesons from 2 to 20 Bev. At the 
high energy end, our conclusions seem still reliable in 
contrast to other methods. The results obtained with 
the lead block PB in position and also the results ob- 
tained with the graphite block G as target material] 
check the internal consistency of the method of analysis 
of the data obtained with the present apparatus. The 
relationship of the integral frequency vs the multi- 
plicity of the charged mesons in the penetrating showers 
produced in the graphite block G can be described by 
a power law with an exponent equal to —4.2+0.5 in 
the range of 4-9 particles. In the analysis of the pene- 


% J. G. Wilson, Progress in Cosmic Ray Physics (Interscience 
Publishers, New York, 1952), E. P. George, pp. 395-450. 
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by high energy cosmic-ray » mesons confirm the essential 
correctness of the assumptions based upon which the 
calculations were made. 

We wish to thank Mr. R. Hansen of the High Altitude 
Observatory at Climax, Colorado, for his very valuable 
cooperation. 


trating showers produced in the light materials, the 
effect of heavy meson production is considered small. 
This is justified from the cloud chamber investigations 
carried out at approximately the same altitude and in 
approximately the same energy range.!*® 

The results concerning the bremsstrahlung produced 
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The principle of equivalence is partly abandoned as a basis for general relativity, and cosmic time is 
introduced as a new field variable. Field equations are obtained which take account of the self-energy of the 
gravitational field. The central symmetrical solution of the new field equations shows a significant deviation 
from the well-known Schwarzschild solution. It is free from singularities and gives a slightly smaller value 
for the perihelion motion of planetary orbits. Other consequences of the new formalism are: 


(a) A rigorous definition can be given to the concept of ether. 

(b) The energy-stress tensor of gravitational fields can be defined in a satisfactory manner. 

(c) The gravitational field energy of a particle is distributed continuously over the space and its integral 
is equal to the gravitational mass of the particle. 

(d) There are proper gravitational waves, generated by oscillating matter and propagating with the velocity 
of light. 

(e) There is a noticable ether drift which tends to increase the gravitational mass of a body of given inertial 
mass. 

(f) The ratio of gravitational and inertial mass of radiating energy is twice the corresponding ratio for 
neutral static matter. 

(g) Hubble’s recession-constant is equal to the reciprocal of the age of the universe. 


An outstanding problem is to determine the coupling constant between the gravitational field and the 
cosmic time field. The value B=1 is strongly suggested by cosmological considerations. An experimental 
determination is possible if the rate of advance of the perihelion of the Mercury orbit is known more 


accurately. 


1. INTRODUCTION 


HE general theory of relativity rests upon the 
so-called principle of equivalence which states 
that: (a) It is possible to choose at every point of the 
space-time continuum a frame of reference which is 
Galilean at that particular point, i.e., in which special 
relativity holds in the immediate neighborhood of the 
point. (b) All frames of reference are equivalent in the 
sense that there is no general physical property which 
would distinguish one particular frame (or even a whole 
class of frames) from among the others. 

The two statements have an entirely different stand- 
ing. Whereas postulate (a) is firmly established and 
supported by a considerable mass of experimental 
evidence, postulate (b) rests upon an essentially nega- 
tive statement which obviously cannot be verified 
directly. In fact its validity has often been challenged 

1A third postulate, often quoted in connection with the prin- 
ciple of equivalence, requires that physical laws should have a 
form which does not depend on the particular frame which one 
happens to use. This is not really a physical but an epistemo- 
logical postulate; it expresses the belief that physical laws can be 
put in a particular mathematical form, the desirability of which 
can hardly be disputed. 


in view of certain conceptual difficulties which arise 
from it both on the cosmical and local scales. 

On the cosmical scale, postulate (b) is clearly in 
conflict with one of the most important cosmological 
principles known as Weyl’s postulate, which necessarily 
leads to the notion of absolute cosmic time.? Although 
no formulation of Weyl’s postulate has ever been given 
which would reveal that cosmic time has any noticeable 
physical effects, the conceptual conflict between the 
two principles can hardly be denied. 

On the local scale, it is a well-known weakness of 
general relativity that it is incapable of defining the 
energy-stress tensor of the gravitational field in a satis- 
factory manner. The only known quantity which can 
be regarded as a substitute for the energy tensor is a 
pseudo-tensor which, if the principle of equivalence is 
accepted, can be transformed away in a suitable frame 
of reference. Closely connected with this is the following 
observation which was actually the starting point of 
the present investigations. 


2 See H. Bondi, Cosomlogy (Cambridge University Press, Cam- 
bridge, 1952), p. 70. 
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In Einstein’s law of gravitation,’ 
— Rant 3Rgnn= I thie (1) 


the quantity 7;,, on the right is the total energy-stress 
tensor which receives contributions from any source of 
energy that is present. Thus if electromagnetic field 
alone is present—no neutral matter—then one has to 
put the Maxwell-Poynting tensor for 7;,,, multiplied, 
of course, by the constant of gravitation. This expresses 
the fact that electromagnetic energy, like any other 
other form of energy, creates gravitation. On the other 
hand, if gravitational field alone is present, i.e., in 
“empty space,” nothing is put for 7,,,, although it can 
hardly be denied that gravitational fields contain 
energy. If we accept the principle that every sort of 
energy creates gravitation, then 7;,, should never be 
zero, not even in empty space, but should be equal to 
the energy-stress tensor of the gravitational field if 
other fields are absent. 

On the intermediary (planetary) scale there is a 
further difficulty connected with the principle of 
equivalence, the problem of inertia. It is well known 
that apart from local variations of the gravitational 
field, a frame of reference which does not rotate with 
respect to distant stars and nebulas is very nearly a 
Galilean frame. This remarkable fact, first emphasized 
by E. Mach, remains a most unlikely coincidence when 
viewed in the light of the principle of equivalence. The 
usual explanation, based on Mach’s principle which 
makes the distant stars and galaxies themselves respon- 
sible for inertia, does not resolve the difficulties com- 
pletely. What is obviously needed is some sort of 
physical reality which, propagating in space and time, 
would determine the frames of inertia at every point. 

To resolve these difficulties which seem to be inherent 
® in the principle of equivalence, various modifications of 
the formalism of general relativity have been proposed. 
Without striving for completeness, I shall only mention 
some of the suggestions that have been made more 
recently. One is an attempt by Hoyle‘ to incorporate 
Weyl’s postulate in the framework of general relativity. 
Hoyle describes the motion of Weyl’s cosmological sub- 
stratum by a time-like vector field C,, which is supposed 
to be curl-free (in order to satisfy Weyl’s postulate), 
so that its covariant derivative, 


Cmn=Cmjn=Cm, ae C;, 


mn 


is a symmetric tensor. Here Cm,» denotes the partial 
derivative 0C,/0xn. He then proposes.a modification of 
Eq. (1) by adding the term Cm» to the right-hand side. 
The purpose of the term is to replace Einstein’s cos- 
mological term and is supposed to be of the same order 
of smallness as the latter, hence negligible in planetary 

* Roman indices go from 0 to 3. The metric ground form in a 
locally Galilean frame is ds?=dxg?— dx;?—dx2—dx;?. 

*F. Hoyle, Monthly Notices Roy. Astron. Soc. 108, 372 (1948) 
and 109, 365 (1949). 
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dimensions. This in any case precludes any measurable 
effects and extricates the theory from the range of direct 
experimental verification. 

Another modification of general relativity has been 
proposed by Rosen® and more recently by Kohler.® 
These authors introduce a second metric tensor cor- 
responding to a flat space-time which would provide a 
sort of Galilean background to the gravitational metric. 
This enables them of course to define the gravitational 
energy-stress tensor in a quite satisfactory manner. 
Nevertheless, from the point of view of relativity the 
procedure must be regarded as a retrograde step, since 
it renders the introducing of the proper (gravitational) 
metric tensor rather pointless, or at least somewhat 
artificial. 

The basic idea of the present investigations is similar 
to Hoyle’s: We introduce a scalar field variable r, called 
cosmic time, and postulate an interaction between the 
metrical and 7 fields. The interaction, however, is 
supposed to be quite macroscopic, and certainly not of 
cosmical smallness like in Hoyle’s theory. The field 
equations are obtained from Hamilton’s principle, using 
a Lagrangian which involves both the curvature scalar 
and a scalar derived from the 7 field. The field equations 
are then solved for the central symmetrical case, under 
the assumption that the field-generating body is at 
absolute rest, i.e., at rest relatively to the inertial 
system determined by the gradient of r. We shall call 
this inertial system the ether. According to this defi- 
nition, ether is a state of motion determined uniquely by 
the gradient of + at every point of the space-time con- 
tinuum. 

The central symmetrical solution has several inter- 
esting features. First, it has no Schwarzschild-type 
singularity but is continuous everywhere including the 
origin. Consequently, its geodesics are not identical 
with those in Schwarzschild’s solution. Assuming that 
planetary orbits are geodesics in the metrical field, one 
obtains a perennial precession of the perihelion which is 
[1—(8/6(2+8))] times the Einstein value, where @ is 
a certain positive constant. On cosmological grounds 
there is some reason to believe that the value of the 
constant 6 is 1. This would give for Mercury 40.5” 
per century instead of 43’, a value which is certainly 
not ruled out by present experimental determinations. 
For the deflection of light in the sun’s gravitational 
field one obtains the same value as in ordinary rela- 
tivity, except for terms of second order smallness. 

Another feature of the solution is that it is possible 
to define with the help of 7,,, and the 7 field an 
energy-momentum vector density p* in such a manner 
that the integral of p° over the whole space has a finite 
value and in fact is equal to the gravitational mass of 
the central symmetrical body. Thus the energy density 
of neutral matter is continuously distributed over the 
space, instead of being concentrated in singularities. 


5.N. Rosen, Phys. Rev. 57, 147 (1940). 
6 M. Kohler, Z. Physik 131, 571 (1952) and 134, 286 (1953). 
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The explicit expression for p” is 


1 
p*=—(C,C*) “(20° =" —C*E,"), (2) 
7K 


where x is the gravitational constant. In the case of an 
ideal fluid with rest density u and isotropic pressure , 
resting in the ether,’ this gives 


p=pP’=u+3p, p'=p’=p'=0. (3) 


If the fluid is moving with uniform velocity v relatively 
to the ether® in the direction of the positive x; axis and 
the pressure is negligible, then in a frame moving with 
the fluid we get 


p= (1-2), p'=v(1—v’)“u, p’=p’=0. (4) 


Thus the gravitational mass density is (1—v*)—ly, as 
opposed to the inertial mass density which is yu. This is 
a typical ether-drift effect which, if it exists, cannot be 
reconciled with the principle of equivalence. 

If a is the angular distance from the south pole of the 
ecliptic of the sun’s direction of absolute motion, 2, its 
absolute velocity, and 2, the orbital velocity of the earth 
relatively to the sun, then the square of the absolute 
velocity of the earth is between the values »,?+,? 
+20,0, sina, and the maximum seasonal variation of 
the factor (1—v*)-? is 


| (1—v,2—v2— 20,0, sina)? 


— (1—0,2—02-+ 20,0, sina)~}| ~20,2, | sina| . 


A seasonal variation of the same magnitude can there- 
fore be predicted for the gravitational acceleration at 
any point of the earth’s surface. To estimate the mag- 
nitude of the effect, we have to know the direction and 
magnitude of the absolute velocity of the solar system. 
This was determined by Miller from ether-drift experi- 
ments of the Michelson-Morley type,’ the positive 
outcome of which is yet unexplained. According to 
Miller a=7°, 1,=0.7X10-, and since »,=10~, the 
relative magnitude of the above effect is expected to be 
1.7X 10-8. This is perhaps just within the limits of ob- 
servability with present-day experimental techniques. 

In a frame which rests in the ether, the components 
of the vector density (4) become 


1+ 20 
p=——u, p'=——u, p’=p*=0. (S) 
1-v i-v* 
Hence the gravitational mass of a high-velocity particle 
with rest mass m is not (1—»*)—4m but (1+0?) (1—2*)—tm. 
In the limiting case of photons »=1, and therefore the 
gravitational mass is double the inertial mass, i.e., the 


7 The velocity of light is taken to be 1. 

8 It is assumed in the calculations that there is no significant 
ether drag by the moving body. 

®D. C. Miller, Revs. Modern Phys. 5, 203 (1933). Miller found 
for optical phenomena an ether drag coefficient 0.0514. 
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apparent gravitational constant of radiating energy is 
twice the gravitational constant of static matter. The same 
result can be obtained from formula (2) directly, if one 
puts for T,,™ the energy-stress tensor of isotropic radi- 
ation. The result is quite unexpected and it throws a 
new light on the fact that Einstein’s light deflection 
value is twice the Newtonian value. 

In Sec. 7 it will be shown that the scalar quantity 
W=[_]r propagates in waves generated by nonstatic 
matter. Thus inertial frames are affected by every 
change in the matter distribution of distant parts of the 
universe, the disturbance being propagated with the 
velocity of light. So our new formulation of general 
relativity removes the most important conceptural 
difficulties which arise from the principle of equivalence, 
without upsetting the logical structure of the theory. 

The new formalism may also help in clearing up some 
difficulties which have arisen in connection with recent 
experimental findings of Finlay-Freundlich. In the 
early days of relativity Einstein predicted that the 
Fraunhofer lines in light coming from heavy stars must 
show a shift towards the red, in the proportion g= (go0)!. 
Recent measurements of the sun by Finlay-Freundlich" 
seem to indicate that at the central portions of the disk, 
the observed red shift is considerably smaller than the 
predicted value, but increases rapidly towards the limb, 
eventually exceeding the Einstein value. It has been 
suggested"! that part of the observed effect is nongravi- 
tational and is due to photon-photon collisions. There 
is, however, a small residual red shift which may be 
due to gravitational effects and which is about one-fifth 
of the Einstein value, a result which is also confirmed 
by observations on Sirius B. 

At the end of Sec. 6 it will be shown that if one makes 
the perfectly plausible assumption that in Bohr’s fre- 
quency relation, 

E,—E,=hy, 


v is to be measured not in metric but in cosmic time 
units, then the higher metric frequency of light emitted 
by an atom on the sun just compensates the red shift 
to be expected and the observed gravitational red shift 
should be zero. It appears therefore that the actual 
(experimental!) red shift of a photon is not 1/5 but 6/5 
times the theoretical value. It is interesting to note 
in this connection that Freundlich’s deflection value for 
photons in the sun’s gravitational field also exceeds the 
predicted value, by about the same amount. It is not 
unlikely that the two discrepancies have a common 
origin. 

There are various cosmological models compatible 
with the new field equations. One of them, corresponding 
to 6=1, is a particularly simple one. It has a linear 
expansion law and has the constant energy density 3/2 
when measured in absolute cosmical units. 

10 E. Finlay-Freundlich, Nachr. Akad. Wiss. Géttingen Math- 
physik. K1., 1954a, No. 7 (1954). 


11 E, Finlay-Freundlich, Proc. Phys. Soc. (London) A67, 192 
(1954) and M. Born, Proc. Phys. Soc. (London) A67, 193 (1954). 





Clea 


GENERAL THEORY OF RELATIVITY 


2. THE FIELD EQUATIONS 


The fundamental assumption underlying these inves- 
tigations is that cosmic time r is not a mere coordinate 
but a scalar field variable which has the property that 
its gradient, 

Cu=T7, n= 07/OXm, (6) 


is a time-like vector, g™"C,,C,>0. Since we want to 
derive the field equations from Hamilton’s principle, the 
fundamental problem is to find a suitable expression for 
the world Lagrangian density in which the action of the 
r field has been incorporated. In postulating a Lagran- 
gian we cannot very well reply on empirical considera- 
tions since nothing definite is known about the inter- 
action of the gm», and 7 fields. In fact physicists have 
never found it necessary (or even desirable) to postulate 
the existence of a 7 field at all. Hence we must reply on 
certain principles which are partly aesthetic (e.g., formal 
simplicity from the mathematical point of view) and 
partly motivated by the results we expect to find. 
Let Rmren be the covariant Riemannian curvature 
tensor and 
R= aa? (7) 


the curvature scalar. The corresponding density is 


written 
R=AIR, A=—detgmn. (8) 
Now put 


r 
Con Capa Cno—Cr ? (9) 
mn 
Curen=CarCon, (10) 
Cz g™*s"Curen, SHAR. (11) 
Clearly Cm» is a symmetrical tensor, 


¢ 


(12) 


|= Cam 


Cnn= T, m,n | 
mn 


With these notations, the following expression suggests 
itself as a suitable Lagrangian density : 


where 8 is a suitable constant. The numerical value of 
the coupling constant 6 depends on the normalization 
of 7 and is left undetermined for the time being. 

From the mathematical-aesthetic point of view it is 
quite natural to combine the scalars R and C. Expres- 
sions (7) and (11) have a very similar form, and a 
glance at (10) shows that Cmnrs forms a kind of sym- 
metrical counterpart to the tensor Rmnrs. In fact Cmnrs 
has the symmetries 


(13) 


Cwnre =Crnmrs=Cmnsr= Cremn; 
Whereas Rimnrs has the well-known symmetries 


Rear alma ) — Rinner= | 


Raaret Rerent Rune =0. 
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Note also that Cmnrs does not involve higher than 

second-order derivatives of 7. Of course, a final justi- 

fication of postulate (13) must be postponed until we 

have explored some of its physical consequences. 
Hamilton’s principle requires that 


5 f (R446) d4x=0 (14) 


for any variation of gm, and 7 which vanishes at the 
boundary of the domain of integration. Variation of 
Zmn gives 
IR= (Rmn—FRYmn)dg™”, 
where 
Rann= 8*Remns- 


6C is obtained from (10), (11), and (12). We have 
Cnr= Cn, r— $e"*(gem, rt Ber, m— &rm, rn 


and a routine calculation gives, using partial integration 
and the relation dgmn= — gmrfns0g"*, 


5 = { —Cn€n’; a C.8.’: rt C.J 
+C'Cmn:r— 32mno}og™™. 


Hence the gravitational field equations are 


Rinn—4$REmn+BT mn=9, (15) 


where 


1 WARS aia aC. , rc OF BS r 


+ $CmnC + os oo ao +gmnC- (16) 
T mn is the gravitational field energy-stress tensor, it 
satisfies the conservation law 


T 2"-m=0. (17) 


This follows immediately from (9). (17) is a “weak” 
conservation law, i.e., not an identity but valid only in 
consequence of the field equations. 

Leaving gmn unchanged and varying 7 one obtains 
the supplementary field equation, 


C™. n:m=O0. (18) 


Since the term 36C in (13) is macroscopic, of the 
same order of magnitude as R, it cannot replace the 
cosmological term, like in Hoyle’s theory. Therefore, 
when dealing with the cosmological situation we shall 
have to add another term of cosmical smallness to the 
Lagrangian. Instead of the usual —-yA}, where y is a 
small constant of dimension (length)~*, we shall add 
the term —7~°A! to the right-hand side of (13), where 
y is an absolute constant provided that the unit of 
cosmic time is adjusted to the unit of metric length. It 
is assumed here that 7 is measured from an absolute 
origin so that at the present epoch it has a very large 
value (in ordinary units). The final form of the Lagran- 
gian is therefore 


L=R+36C— -yr7A}. (19) 
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Hamilton’s principle gives the cosmological field equa- 
tions 


Ran— ERomatBT mat FT Smn=0, (20) 


where 7;,,, is defined by (16), and 
BCO™™. n: m+ 2y7 =0. (21) 


In the next section it will be shown that there exist 
simple cosmological solutions of these equations and a 
particularly simple model is obtained if 8=1 and vy has 
the value 3. 

3. COSMOLOGICAL MODELS 


In order to obtain some information regarding the 
constants 6 and + we begin with the discussion of some 
simple cosmological models which are compatible with 
the field equations. Our standpoint is that a cosmo- 
logical model is “empty,” i.e., 7¢ derives all its energy 
from its gravitational field. Later on we shall verify the 
correctness of this view in the case of a central sym- 
metrical neutral body. 

In all what follows, Greek suffixes shall run from 1 to 
3 only. For reasons of uniformity it is desirable that in 
a cosmological model the line element shall have the 


form” 
K 
Zo0=1, gy=0, gu=— (ae —— JF, 


where F is a function of ‘=, alone, r?=x?+-22?+2;", 
and K is a constant. In addition we require that 
also 7 shall be a function of ¢ alone. In a strictly 
uniform universe we may even expect to find K=0 
and dr/di=a=const. I am going to show now that the 
field equations have in fact solutions of this simple 
form. By adjusting the unit of cosmic time to the unit 
of metric time (i.e., by using a suitable normalizing 
factor for 7) we can make a=1, and hence 
T=. (22) 

For the metric tensor we put 
g0=1, gy=0, Suw=—dF (it). (23) 


The only nonvanishing Christoffel symbols are 


(24) 


0 mn 
| = 3F by», | — 3(F’/F) by» 
uv Ov : 


and they give 
Roo=3(F"/F)—-i(F'/F), Roy=0, 
Ry =(3(F"/F)+2(F'/F)* leur, 
R=3F"/F, 
hence 
Roo— $g00R= —§(F’/F)?, 
Rou—3gyR=0, 
Ryo 38oR=[— (F"/F)+3(F'/F)? leur. 
12 Reference 2, p. 102. 


(25) 
(25') 
(25”) 
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Similarly, we obtain from (9), (11), (22), (23), and 
(24): 


Co=1, Cy=0, Coo=Cy=0, Cy=—4FF'b,,, 
Cr=3(F/F), C=i(F'/F), 
Co;;=—2(F'/F), Cy';-=0, Co0;0=Coy;0=0, 
Cur;0= 3L (F"'/F)— (F’/F)? leur 5 
hence by (16), 
To=i6(F’/F), Tou=0, 
T= 3 (F"/F)—4(F'/F)? leu. 
These, together with (20) and (25)—(25’), give 
(x68—4%) (F’'/F)+37t*=0, 
(18-1) (P"/F)+ (= re6) (F/F)-+4nt*=0. 
Finally, (21) gives 


F'’ * del F’ 
a —+4a(— 
FF F 


(26) 
(26') 


(27) 


(28) 


3 
) +2yt?=0. (29) 


Equation (27) shows that F must have the form” 


F=12, (30) 


and the equations give the relations 
(#68— jor 27 sa 0, 


(48—1) (@—a)+ (— 758)a*+47=0, 
— $Ba(a?—a)+ §8a8+ 2y=0. 
Eliminating y from the first two equations, we get, 
assuming that a0, 


B=8/(3a-+2) ; (31) 
hence, by the first equation, 
y= }a?(3a—4)/(30+2). (32) 


The third equation is also satisfied by these values, and 
we get a one-parameter family of solutions. 
Discarding a=0 which gives y=0 and leads to a flat 
space, the most promising solution is the one corre- 
sponding to a=2 which leads to a linearly expanding 
model. It gives 
b=1, =i, (33) 
and the line element becomes 
d?’=d?—f > dx,?. 
Properties of the more general model, 
So0=1, gu=9, Suv=—l%», a>0 (34) 


will be investigated in the last section. For later refer- 
ence we note the following formulas which follow easily 


13 Apart from a constant factor, which however can be made! 
by a trivial transformation of the space coordinates. 
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from (24), (26), (26’), (30), (31), (32), and (34): 


0 mn 
| =tat*5,,, | = tat-lh,,, 
py Ov 


T= fort, T#,= Psa (3a—4)t-6,,, 
T=T’,= }a(3a—2)t. 


(35) 


(36) 


4, THE GRAVITATIONAL FIELD OF A CENTRAL 
SYMMETRICAL BODY 


We proceed now to integrate the field equations 
under the assumption that the cosmological term can be 
neglected and that the metric tensor has the form 


Soo= &.=90, wa [Sy»+ (f—- 1)é,&, ], 


where for abbreviation we have put 


(37) 


f= 2,/1, 


and f and g are functions of r= (x;°+-x.?+-%;")! alone. 

We also assume that 7 depends only on #¢, or in other 

words that the body is at rest relatively to the ether. 
From (37) we obtain 


P=", g=0, gv= —by+ (1— f-)&é,, 
A= fg, 


and the nonvanishing Christoffel symbols are 


(38) 


wh) 1¢’ 0) 1¢’ 

ee 
00) 2f wO) 2¢ 
uw) if’ 1 

|-- —b,E,E>+-(1— f-)E.(6,.— &&,); (39) 
vp) 2f r 
p |=. fs 
uo) 2f 





They give the following expressions :'4 
7 


1 f 
Ror bewR=—2{1- 4}, (40) 
r | i 


Ro— 28uR=0, (40’) 


| | 
w— 28 uR= |-- ae » fee 
te 4 
ie” 1 g’ 2 
+-(£)+ 
g 


)]e-—se). or) 


1 f’g’ 
4 fg 


f 


: See P. G. Bergmann, Introduction to the Theory of Relativity 
Prentice-Hall, Inc., New York, 1942), p. 201. 
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Since 7 only depends on /, we obtain by (6), (9), (11). 
(38), (39) 
Co=?’, Cc+=0, Co=r", 


C.=0, C=gr’, 


/ 


g 
C°= ye", Cw=CH=0, Co= 9 —1' buy 
g 


Ae" tia? 
Ce=- —t' Sy, C= eee —t' by, 
2 fg 2 g° 
Cage, Cag (rE (ef (ry, 
trig” 17g’\? 1 f%g’ 1g’ 1 
Cred ~—--(=) anenenn sem eee 
2g 4\¢ fe rt g 
g’ 
Cy r= rb 


g 


I (g’)” ' g' ” 
Ty Cou;0= ——T &y, 


2 fe g 


1/g’\? 
Cuo=-(~) 7 tb.) 
2\g 


2 


1 g” g 2 1 fg’ 2 2 
O"ng=—(+—2(=) —- 4-5 )s", 
fgg ef ie v8 


i a ee te ie 
C*. .9=— —-—+-{ — } -—-—+-—]7 a el i 
fg\2g 4X8 oy re g 


Coo;0= ft 


With these values one obtains 


iy ig’ Sey? 1f's’ 18 
een 2 ee 
2g 8X8 


4fe rg 
hig (r' Pag s'r", (41) 


Tou= — 3 (8'/8?)7'7'"Ey, (41’) 


, 


if -.; 
ron f(r) on 
gl8\ g 4g 


171g’ ) if 
i ——"0" | tuks), (41”) 
dak g 4g 


1 3 gl” 7 g’ 2 3 fg’ 3 g’ 1 
Ce, |: ~-(*) —-—+- a aaa 
fg gf 4% ee g° 
(42) 


Hence, using the field equations (15) and (18), we 
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obtain from (40)-(40”), (a(t! ’), and (42) 
1 is ig” Srey? tie 
gl tm ftp il AS pelt | OE Peal 
“tl - a a As se 4 fg 


+ ae 36g 7's" = 
(g'/g?)r'r"= 


1g ive \* 1 
a he “(f- y+ (= ‘) Soha 
‘2, g 4g 


if itgf\’ if?” tat 7 
a eee, “ate 
+48(8')* F994 (r'P— 28 g(7")?=0, 


= “(£) 3 fis 38 
2g 4\g 4fg rg 


These equations can be satisfied with g’=0, but then 
(43), (45), and (46) give f=1, 7r’’=0, ie., a flat space. 
Discarding this possibility we assume g’~0; hence, by 
(44), r’’=0 and r’=const. Using a suitable scale factor 
for r, we may put 7’=1, and the field equations (43), 
(45), and (46) become 


(46) 


Jerse '=0. (47) 


(48) 


” 5 g’ 2 1 f’g’ 1g’ 
ae wes 
2g 8\g 4 fg rg 
g ey 
f= +e — Hor 
g gg. 


aimoaard Gene 


(49) 


These are three equations to be satisfied by the func- 
tions f and g. Substituting f and f’/f from (49) and 
(50) into (48), we obtain 


(14-*)[-£-(5)] 
2g/lg reg g 
+(£) (1442) (1-408)-0 (51) 


The same relation is obtained if f’/f is expressed from 
(49) and substituted into (50). This shows that Eqs. 
(48)-(50) are compatible. 

Equation (51) can be satisfied by a power series 
which is regular at r= ©. If the unit of time is chosen 
so that g(«)=1, then the power series begins with the 
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terms 


Bm? m* 
g=1- =" 40(7), 
r 24+£6 7 r 


2m 8+36 m? m> 
ris1+—+—— +40 ). 
r 2+6 
where m is a constant. From (49) we get 
2m 16+28—£6? m? (= 
+f to wa 
r 4+26 Pr r 


2m 68+? m? mé 
° +0(=). 


r 44286 7° 
We shall see presently that m is the gravitational radius 
of the attracting body. 
Equation (51) can be brought to a more manageable 
form by making the substitution «=1/r and regarding 
“as a function of g. We obtain 


(52) 


rf 





(53) 


where u’=du/dg and u” =d?u/dg. This transforms (51) 
into the linear equation 


8(g+38)u" + 38u' — 3 (8/g*) (g+-58)u=0. 
The initial conditions are, by (52), 
u(1)=0, wu’(1)=—1/2m. 
The general solution of (55) is 


“= cem( 145") [(145) +4] 
conf (290291 


Noting the boundary conditions (56) we obtain 


-—(1+0+404] ( se) a] 


xerp| ( + =) - a+46)'| 
-t-c+40r3[(145°) a] 


xexp[ (1-+46)— (+48) I} 


(55) 


(56) 


(37) 


Hence u(g) increases monotonically from 0 to + 0 when 
g decreases from 1 to 0. In particular g(r)>0 for r>0 
and there is no Schwarzschild-type singularity of the 
metric tensor at some finite distance from the origin. 
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We proceed now to work out some of the geometrical 
and physical consequences of the solution. 


5. PLANETARY ORBITS 
The equations of geodesics are, by (39), 


mrt Ma) 


1 1 dx,\? 1g’ /dt\? 
(ox ()ihe(2)-0 
r f "\ds zf 
at g' dt dr 


ds? g ds “ 


If we note that 


dry diy dt 
« dt ds 


Pre dt (= g’ dx, =)(=) 
dt dst \d@ ¢ dt dt) \ds 


by (59), we obtain from (58), after cancelling by (dt/ds)? 
and writing =>", (dx,/dt)?, 


a oe (7 a) Co) 
d: 


Oty dey =) 
dst de ds 


g dt dt 


If we assume that m/r is small, this gives by (52) and 
(53): 


si m {dr F , 
dt? wes oe )I 


2m m B \m? 
fool) (on) 
2+8 


ea Oks « 


The equation shows that m is the gravitational radius 
of the attracting body, i.e., 


m=kM, (61) 


where M is the mass in ordinary units. The terms on 
the right-hand side of (60) represent radial and tan- 
gential disturbing accelerations. They are identical 
with those in general relativity with the exception of 
the term [@m?/(2+8)r*]é, which represents a radial 
outwards disturbing accelerations whose magnitude is 


F=Bm?*/(2+8)r*. (62) 
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The effect of the disturbance can most conveniently be 
computed by Herschel’s method. Let e be the eccen- 
tricity, a the length of the the major semiaxis. w the 
longitude of the major axis of the instantaneous orbit, 
and 6 the true anomaly. Then we have 


r=a(1—e’)(1+e cosé)“ 
and 
d6/di=h/?*, 


where h?=ma(i—e”). By (62), the radial disturbing 
acceleration is 
m B 
F=— — cos@), 
rh? 2+ 
which gives!® 
dw Fh m? 


s)= ——— a cos0(1+e cosé), 
r’he 2+8 


dt em 


hence 


—-— Sl cos6(1+-e cosé). 


do dt h We 2+-B 


For a complete revolution 


Bm? 
jg -————#, 


2+6 I? 


and the rate of advance of the perihelion due to the 
disturbance is 
Bm’ 


4428 2 


This represents a perennial motion of the perihelion in 
a sense opposite to the motion of the planet. Therefore 
it must be subtracted from the Einstein value 3m?/h?, 
and the total rate of advance is 


ee 
4426) he 


(63) 


Thus, by measuring the rate of advance of the perihelion 
of planets or asteroids it is possible to determine the value 
of the coupling constant B experimentally. 

For geodesic null lines, » is very nearly 1 and (60) 
becomes 


ax, 3m dr\? m 
a ian pet l 
- F# dt r 
2m dr dx, m 
sf) 
r? dt dt r 


15 See W. H. Besant, Dynamics (G. Bell and Sons, London, 
1902), p. 207. 


(60') 
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Here the term which depends on f has disappeared and 
the equation gives the same result for the deflection of 
light in the sun’s gravitational field as the general 
theory of relativity. 


6. GRAVITATIONAL ENERGY 


(41), (41), (52), and (53) give the following ex- 
pression for the components of the gravitational field 
energy-stress tensor: 


(64) 
(64’) 


m? m> 
T= —(&&— 20 ur) +0 (=) : (64’’) 
r' r® 


Apart from numerical factors they have the same form 
as Maxwell’s energy-stress, tensor in Coulomb fields 
which lends a strong support to the correctness of 
postulate (13). 
Consider now the vector density 

= (8/8mx)(CxC*)“1(2C°S ,"—C"E), (65) 
where T=T7,". Using the frame of Sec. 4 in which 
Co=1, C,=0, we get 


p= p= (8/8mx) (2T0°— 


We shall show now that 


Z), p*=0. (66) 
wl 1 

anf pr'dr = M =-m. 
0 K 


By (37), (41), (41”), (49), and (50), 
a 


1 1g” 3 g’ 2 
fe 
fe\ 2g 4X8 4fg rg 
1g” g 2 1 f’g’ 1g’ 
aot (10-(—5=+-(- = eae 
2 2\g 4fg rg 
| +" -te(= 5) | tier 
1 ” 1 4.2 1 U 
x( _— i 
2g 4\g rg 


+(= -) +o): 


hence, introducing the variable u=1/r, 


f (25,9 —T)r°dr 


0 


fe) aa) 

a | og —— --— 

0 u! u'g 2 u'g 
” 





x[ je 
2 (u')g 4 (u'g)? 8 (u'g)® 16g (u'g)® 


1 1u —l 
$i ‘ [g*(w’)>— gn! — 360} ( w’ 2 - 
0 28 


(- Mod 1 u — “Ya (6) 
x yy" eae rr eee a. aie 
2 4g 8g 16 g , 


Now we obtain for 
U=s(u'— 


by differentiating with respect to g and substituting for 
wu" from (55), 


dU /dg=2g*u'u"’ — 
4g+B 
4 sr 
_ 4+ 
g(2g+8) 
Hence, observing the boundary conditions (56), 
U=g5(u')?— gun! —3Bu? = (4m?)-*(1+-38)*g (gt “" ™ 


gun’ a 36u’, 


gruu’’+2g"(u’)?— (2g+-38) uw’ 
18 

g?(u’)?— uw’ —- “1! 
8g 


Similarly, we get from (55): 


/ 


(70) 





4g 8 16  4e+33 8 g(e+46) 
Substituting (69) and (70) into (68) we get 


‘ 1 
f (2EP—Ttdr= (1-446) f g-3(g-+36)-tdg 
. 0 


=2m/8, 


which together with (66) gives the desired result. It 
can be shown similarly that any other linear com- 
bination of T° and ZT in (66) would give an infinite 
value for the integral (67). 

Equation (67) shows that if we define p® to be the 
gravitational energy-momentum density vector then the 
integral of p® over the whole space is equal to the gravi- 
tational mass of the body. This is an expression of the 
fact that the total mass of neutral matter comes from the 
energy of its gravitational field. 
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GENERAL THEORY OF RELATIVITY 


To compare our result with the Newtonian theory of 
gravitation, consider the energy-stress tensor of a 
perfect fluid with rest density « and isotropic pressure p. 
We have, in absolute gravitational units, 


fof a = Sark Utmtnt+ p (Umtbn— &mn) ] 


where %m is the world direction of the fluid.’* It follows 
that in a Galilean frame with respect to which the fluid 
is at rest, 


B 
—T,? =H, 
8k 


B B 
—T,°= — p5,", —T=y—3p. 
Sirk p Sark Cel 


Hence assuming that the fluid is at absolute rest, 


B 
p=—(2T —Z)=u+3p, (71) 


TK a 


which verifies formula (3) of the introduction. It shows 
that not » but u+3¢ is the gravitational field producing 
density from the point of view of Newtonian attraction. 
In the case of isotropic radiation of density » one has 
p=4u which gives p=2y, i.e., twice the inertial mass 
density. 

If the fluid is moving with velocity » relatively to the 
ether, say in the positive x, direction, then 


OM=(1-2)-#, Cl=—v(1-v)-?, C’=C*=0, 
which by (65) gives 


P= (1-7) 4*(u+3p), p’=0(1—-7*)*(u—9), 


pP=p=0. (71’) 


From this, formula (4) follows immediately. The for- 
mula shows the curious fact that from the point of view 
of gravitational attraction particles behave roughly as 
if they were moving with velocity 2v instead of » rela- 
tively to the ether. This explains the appearance of the 
term 3 in formula (71). To the (inertial) rest mass 
density one has to add a gravitational mass correction 
due to the kinetic energy of the particles of the fluid 
relatively to the ether. 
Finally, consider the quantity 


g= (CC). 
In the central symmetrical field it has the value 
q=gt=1—(m/r)+O(m'/r), 


when r is large, and it can be regarded as an expression 
for the gravitational potential. Thus in the present 
theory it is possible to define the Newtonian potential 
in an invariant way. For small r, we have from (57): 


q~ (38)'Llog(m/r) 7", 


which shows roughly the behavior of the gravitational 
potential near the origin. 


(72) 


*H. Weyl, Space-Time-Matter (Dover Publications, New York, 
1922), p. 205. 
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The geometrical significance of g is that it gives the 
ratio of the units of local “metric” or “proper” time 
and “cosmic” time. If therefore we make the assump- 
tion, as suggested at the end of the introduction, that 
in Bohr’s frequency relation 


E,—£,= hy, 


v is expressed not in metric but in cosmic time units, 
then measured in metric time units the relation takes 


the form 
E,— E,=hgv. (73) 


From this it follows immediately that the observed 
Einstein shift is zero, provided that photons behave 
like particles with rest mass zero and velocity 1. 


7. GRAVITATIONAL WAVES 


Let us assume that the field is weak and the frame 
very nearly Galilean and resting in ether, i.e., 


T=t+ Y; (74) 


where §mn is the metric tensor corresponding to the 
line element d?— (dx;?+-dx2’+-dx;?), and the quantities 
Ymn, ¢ are sufficiently small so that products can be 
neglected. Using the notations 


&mn>= JuntYan; 


Y=") Vm=V' m1) 
we get 


Ran= $C hyma— } (Ym, ntYn, m) +2, —_? 


R=_hy—-7" 0, 


(75) 
and 
(74’) 
where 
[]=g""0?/0%mdxn= 0?/dP— (d?/dx1?+ 0?/dx?+0?/dx3"). 

We also have, from (74), 

Cw = Cn+ Y, my 

where Cy)=1, C,=0 for u<0, 


r 
Coa=Cna—Ci] 
mn 


= 9, m,n—3 (Yom, non, m—Ymn, 0)s 
C™. »;m=LLle—Lhro+ 37” m,o- 
Hence, writing 
V=Cn™=_le—vot37,0 (76) 


for the covariant d’Alembertian of y and using (75’), 
field equation (18) takes the form 


LIW=2Ro. (77) 


A remarkable feature of this wave equation is that, 
unlike the gravitational wave equations of general 
relativity, it holds in an arbitrary frame of the form 
(74) and there is no need to impose further auxiliary 
conditions upon the coordinates.” It should be noted 


7 For a criticism of such axuailiary conditions see F. A. 
Kaempffer, Can. J. Phys. 31, 501 (1953). - 
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in this connection that (77) is the outcome of the 
secondary field equation (18) which has no counterpart 
in ordinary relativity. The approximate equations cor- 
responding to the primary field equations (15) can be 
obtained from (75) and 


Tnn= 39, m,n, o— 3 (Smol_l, nt+5nd_le, m) 
+45mo(L ron +70, n— Yn, 0) 
+3(Chom+7o, m— Ym, 0) 


—3 (Yom, n, 0+ Yon, m,0—Ymm, 0, 0) 


(78) 


They determine the change of the local gravitational 
field under the influence of the incoming VY waves. 
Equation (77) shows that the Y waves propagate 
with the velocity of light and are generated by oscil- 
lating matter. In fact, if tension-free matter with rest 
density yu is present, then R=87xu, and (77) becomes 


[v= 42xdp/dt. (79) 


In an arbitrary nearly Galilean frame which is not 
resting in ether, it takes the form 


[WY =4axC™0p/d%m. (79’) 


The wave equation (77) has an interesting corollary. 
We have seen in Sec. 6 that the gravitational mass 
density p® is not strictly proportional to the inertial 
mass density, as postulated by the principle of equiva- 
lence, but the ratio of the two densities depends on the 
state of motion of matter. Since inertial mass is con- 
served, we cannot expect the same to be true for the 
gravitational mass. The rate of creation of gravitational 
mass density is given by the expression p",,. Using a 
frame which rests in ether we obtain 


1 1 
p*=—B(C,C*)(2C°T,"9—C*T) = ——Ro"; 
Sak 4k 


hence, by (75) and (75’), 


1 
pp. 2= ——Ry oe —-—(Lh,. "ey A 0) 
TK 82k 


1 


=——R >». 


(80) 


Combining (77) and (80), we find 
LW= —Anxp”, n. (81) 


The equation shows that the creation rate of gravita- 
tional mass can be regarded as the “charge” which is 
responsible for the generation of Y waves. 
If matter of density u is present, then Eq. (80) takes 
the form 
p", n= — On /dt. (82) 


One can give the following interpretation of this 
peculiar relation. 
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When a particle moves in the ether, then gravitational 
mass is continuously annihilated in the front half and 
created in the back half of the field of the particle.* be : 
In other words, the. ether drift transforms particles 
into a dipole with respect to the creation charge so that 
the ether drift vector forms the axis of polarization. In the 
order to account for Eq. (82), the strength of the dipole F 
ought to be equal to mv, where m is the gravitational 
rest mass of the particle and » its absolute velocity. 


8. PROPERTIES OF THE COSMOLOGICAL MODEL 


We shall investigate now some properties of the cos- 


mological model found in Sec. 3. Its line element is _ 
d?—t*(dx;?+-dx?+-dx;*), (83) 
for some positive constant a. The equations of a geo- yo 
desics passing through the origin in any direction are, JB ° 
by formula (35) of Sec. 3, re 
dr adr dt mati 
—+-——=0, (84) I at sc 
ds? tdsds 
at dr\? 
—+4air-+(—) =0. (84’) 
ds* ds 
“ie by f 
An integral of this is is m 
: : cost 
(<) -(~) =i, then 
ds ds 
which, with (84’), gives 
d*t dt\? ‘ 
t— — } =a. This 
sat te(3) rr ticul: 
This gives, on integration, Py 
applic 


dt/ds=(1+ (6/1)*]}, 
where 6 is a constant. Hence, by (85), 
dr/ds=b*t-2, 
dr/dt= (b/t)§*(b*+-12)-4. 


Since the velocity of light is c=¢-!+, the velocity of the 
particle with respect to the frame (83) is, at the time /, 


v=[1+ (¢/6)*T. (86) 


The particle slows down and at ‘= © comes to a rest. 
If at time é the velocity was v, then by (86) 


b¢= tov? (1 — Vo" pe; 


V= Vol_V0?-+ (1 — 002) (¢/to)* }-#. (87) 


18 Preliminary calculations made on the field of central bodies 
in absolute motion confirm the existence of such an effect. There 
seems to be a continuous inwards flux of gravitational mass in the 
front half and an equivalent outwards flux in the trailing half of 
the particle. 


hence 
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This shows that if the particle was at rest in the frame 
(83) then it will always remain so. Therefore (83) can 
be regarded as a suitable frame to describe cosmic 
phenomena. But the (metric) distance between two 
points with fixed coordinates increases with time, hence 
the model (83) represents an expanding universe. 

For a particle with rest mass m, we obtain from (87) 


m(1—v?)—?= m (1 — 097) -4 1 — 06? 00? (to/t)* ]; 
or, if E is the energy of the particle, 
E=Eo[1— 09?-+ 06? (t/to)* }}. 
In the limiting case of photons, »9=1; hence” 
v= vo(to/t)**. (89) 


This expresses Hubble’s law and shows that the value 
of the recession constant is 3a/t. If a=2, the recession 
constant is simply 1/t. 

The model (83) represents a universe with uniform 
matter distribution. The density of gravitational energy 
at some epoch ¢ and in gravitational units is 


(88) 


(90) 


6a 
8axp=B(25.°—T) =——_!=, 
3a+2 


by formulas (31) and (36). If the gravitational radius 
is measured not in metric length but in units of the 
cosmologically more satisfactory space coordinates ~,, 
then we have to multiply the quantity (90) by ¢-#«: 

(90’) 


Sarxt—*“p = ——1=-?, 


This gives the density in “cosmic units.” If, in par- 
ticular, a=2, then the gravitational mass measured in 
The method used here for calculating the red shift is based 


on the particle picture of photons. It has the advantage that its 
applicability is not restricted to any particular type of frame. 
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cosmic units is a pure number and the density has the 
constant value 3. The simplicity of this result lends a 
strong support in favor of the value a=2. 

To compare (90) with experimental values, it is 
more convenient to use the conventional coordinates 
yu=ti*x, at the fixed epoch ¢. The density in these 
coordinates and in ordinary units is 


1 3a 


, (91) 


Ark 3a+2 
p=—t? (91’) 
167K 


if a=2. This is half of the value found by Hoyle. In 
Hoyle’s corresponding formula, 


3 
P— aig, 


81k 


T is a constant and so is the density in ordinary units. 
Because of the expansion of the universe, this can only 
be true if matter is created continuously, which is 
indeed a basic conclusion of Hoyle’s theory. From the 
present theory it appears that “continuous creation” 
is largely a matter of interpretation and depends on the 
units in which energy is measured at various epochs. 
In fact, if measured in absolute cosmic units, as ex- 
plained above, then the total energy of a fixed region of 
the universe remains constant, apart from statistical 
fluctuations. This of course does not imply that the 
number of protons and electrons in a fixed region must 
remain constant. This would only be true if the gravi- 
tational radius of a proton, measured in cosmic units, 
would remain a constant, which is very doubtful, to say 
the least. The size of elementary particles, however, is a 
question which by its very nature lies outside the scope 
of a purely gravitational theory. 
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The collision matrix found by Newton to satisfy at all excitation 
energies the requirement that it describe an excited nucleus whose 
decay is independent of the mode of formation is shown to imply 
the vanishing of the absorption cross sections at high energies 
where the levels overlap and therefore does not describe a com- 
pound nucleus in the usual sense. The essential characteristic of 
this matrix is the high degree of the correlations of the signs of 
the square roots y¢ of the reduced level widths for the various 
levels \ and channels c. On the other hand, a collision matrix, 
which is similar to one first considered by Bethe and involves y- 
whose signs are uncorrelated, implies energy average decays that 
are independent of the formation mode and absorption cross 
sections that are of the order of magnitude of the nuclear area at 
high energies. These matrices are derived and discussed by using 
the R-matrix theory of Wigner, Eisenbud, and Teichmann. It is 
shown that the Bethe form of the collision matrix, which is valid 
only if all of the partial level widths are much less than the 
spacings, may be modified by means of the Teichmann-Wigner 
channel elimination procedure so that it is also valid in situations 


where some of the partial widths exceed the spacings. The form 
of the compound-nucleus collision matrix thus obtained is similar 
to one deduced by Weisskopf by considerations involving the 
compound-nucleus hypothesis and the reciprocity theorem. The 
pole strength functions s,, which are the averages of the ratios of 
reduced widths y¢* to level spacings, and their Stieltjes energy 
transforms are decisive in the determination of the behavior of 
these collision matrices and their associated cross sections. The s 
functions and their transforms are presented and discussed in the 
cases of the strong-coupling and complex square well potential 
representations of the particle-nuclei interactions. The latter repre- 
sentation with an additional surface absorption is also considered. 
The present theory indicates that the imaginary part of the com- 
plex square well potential should increase with the absorption 
width, and it suggests a “giant resonance” interpretation of the 
average cross-section behaviors. The effect of the compound- 
nucleus on non-compound-nucleus processes such as stripping and 
pickup is also mentioned. 





I. INTRODUCTION! 


HE concept of the compound nucleus has been 
useful for the understanding of many nuclear 
reaction phenomena ever since it was first proposed by 
Bohr.? Subsequent to this proposal, derivations were 
given of the form of the collision matrix U describing 
the compound nucleus under various conditions. In par- 
ticular, Wigner and Eisenbud® derived by means of 
their R-matrix theory a generalized one-level collision 
matrix which revealed that if the average total level 
width (I',)a* is small enough compared with the mean 
level spacing D, then at all excitation energies in the 
vicinity of the levels the nuclear system described by U 
will decay in accordance with the well known one-level 
Breit-Wigner resonance formula as a compound nucleus 
independently of its mode of formation. 

Recently there has appeared an interesting deduction 
by Newton’ of a form of U which satisfies the require- 
ment of independent decay at all excitation energies 
and for any value of the ratio ('))~/D. The essentials 
of his deduction involved consideration of only the 
unitary and symmetry properties of U. It was shown 
that this U implied that the square-roots of the reduced 
level widths of the associated R matrix are of the highly 
correlated form y,;.=4a)b,, the factor a, referring to the 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 A preliminary account of some aspects of this paper was given 
at the September 1953 meeting of the American Physical Society 
[R. G. Tienes Phys. Rev. oo, 1094(A) (1953). 

*.N. Bohr, Nature 137, 344 (1936); Science 86, 161 atts 

3E. P. Wigner and L. ‘Eisenbud, Phys. Rev. 72, 29 (1947). 

4 The symbol { )a is often used to denote averages with respect 


to the levels A, the number of contributing \ being roughly 
Trdne/D when this ratio exceeds unity, where D is the mean level 


5 mT. Newton, Can. J. Phys: 30, 53 (1952). 


levels \ and the factor 6, to the channels c. However, 
according to the present considerations, the absorption 
cross sections implied by Newton’s U tend to vanish at 
sufficiently high nuclear excitations where there are 
many decay channels and the levels overlap, contrary 
to experience and to the compound-nucleus concept. 

One aim of the investigation reported here was there- 
fore to obtain by means of the R-matrix theory a 
form of the collision matrix which would satisfy the 
compound-nucleus requirement of independent decay 
at least on the average, rather than at all excitation 
energies, and for any value of (I',)a/D, thus extending 
the Wigner-Eisenbud result. This was accomplished by 
assuming that the signs of the y,. appearing in Wigner’s 
many-level expansion for U are uncorrelated, quite 
contrary to the conditions involved in Newton’s U. 
The collision matrix and its associated average cross 
sections thereby obtained are similar to those deduced 
by Bethe’ many years ago. In Bethe’s derivation it 
was assumed that the signs of the matrix elements for 
the formation and decay of the various intermediate 
levels are uncorrelated. When the levels overlap, both 
results lead to average absorption cross sections of the 
order of the nuclear area, in conformity with the 
compound-nucleus concept, but they are restricted to 
situations where all of the average partial level widths 
(T',c)w for the channels ¢ are less than D. 

The recent extensive fast neutron total cross-section 
measurements by Barschall, Nereson and others,° and 


°F. P. Wigner, Phys. Rev. 70, 606 (1946 

7H. A. Bethe, Revs. Modern Phys. >; o (1937), ), Sec. 56D. 

8H. H. Barschall, Phys. Rev. 86, 431 (1952); Miller, A Adair, 
Bockelman, and Darden, Phys. Rev. 88, 83 (19 52); Norris 
a and Sperry Darden, Phys. Rev. 89, 775 (1953); 94, 1678 
1954) 
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their interpretation by Feshbach, Porter, and Weiss- 
kopf® have revealed that a complex square well potential 
provides a satisfactory representation of the neutron- 
nucleus interaction. One implication of this model is 
that at certain excitation energies the mean partial 
width ([',n)w for the incident neutron channel m con- 
siderably exceeds D, thus violating the criterion for 
applicability of the Bethe collision matrix. The second 
aim was therefore to find a U which would also be valid 
in such circumstances. This was effected by means of 
the channel elimination procedure and reduced R-matrix 
theory developed by Teichmann and Wigner.” In the 
fnal form the compound-nucleus collision matrix leads 
to expressions for the nuclear reaction cross sections 
which are of the form predicted by Weisskopf" from 
considerations of the compound-nucleus assumption and 
the reciprocity theorem ; these expressions are restricted 
to circumstances where tlie mean of the (I')-) for the 
participating channels c is less than D. One object of the 
present work may thus be stated as the determination 
of the conditions for the existence of the compound 
nucleus which has been assumed in the previous work. 

There are observed to be certain nuclear reaction 
phenomena which are not interpretable as proceeding 
through the intermediary of a compound nucleus. Note- 
worthy are the high-energy direct and exchange col- 
lisions, the stripping and pickup reactions which are 
prominent at intermediate energies as well. The signs 
of the y,- associated with these processes no doubt have 
significant correlations, although this matter has not 
yet been quantitatively investigated. It is hoped that 
the material presented herein will provide not only a 
better understanding of the compound-nucleus processes 
but also permit the inclusion of their contribution to and 
effect on the non-compound-nucleus processes in the 
theoretical interpretation of the. latter. 


II. NOTATION 


Although the present treatment utilizes the various 
R-matrix relations given by Teichmann and Wigner," 
it is desirable to introduce the modifications of their 
notations that are indicated in Table I. The use of a 
reduced width having the dimensions of energy, rather 
than energy-times-distance, is natural and leads to 
dimensionless quantities in standard notation for the 
quantities characterizing the external wave functions at 
the nuclear surface. The present notation will also 
facilitate comparisons with the results of Feshbach and 
Weisskopf.!23 The R matrix will be dimensionless, and 
its diagonal component referring to the entrance 
channel will be related to the reciprocal of the im- 
portant quantity f which appears in their work. 

*Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

”T, Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952), 
referred to as TW. 

"J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIII. 


P 
® H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 
® Feshbach, Peaslée, and Weisskopf, Phys. Rev. 71, 1451 (1947). 
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TABLE I. Relations between the present notation and that of TW. 








Present notation Teichmann and Wigner 





Ne rete t 
Ru a, Rat 
Ve oe a 
De=peVe' 
=D.+B.V. ace *+Bedet 
D.act— V.a-4 Be 
B. —ab.=1—ab- 
Fe, Ge kAF., kG. 
'=d/dp. '=d/dr. 








The regular and irregular external radial functions 
for channels c are designated F,(p) and G,(p), respec- 
tively, as is customary when discussing charged particle 
reactions. These quantities and their derivatives with 
respect to p-=k.r, appear in the theoretical develop- 
ment evaluated at the channel radii where 7.=4a,¢. 
However, these four quantities are related through the 
Wronskian, 

F/G.—G,.'F.=1, 


so that it is actually necessary to introduce only three 
independent quantities. For these we use the real and 
imaginary parts of a complex quantity L which is the 
radius @ times the logarithmic derivative at r=a of an 
outgoing wave O=G+-iF (omitting the subscript c): 


L=p0'/0=S+iP, 
S=p(FF'+GG')/(P+@), 


P=p/(F’°+G?), 
and 
¢= tan" (F/G), 


which is the negative of the-hard-sphere potential scat- 
tering phase shift. The real part S of L appears as a 
factor in the level shift expressions and is therefore 
referred to as the shift factor while the imaginary part 
P appears as a factor in the level width expressions and 
is referred to as the penetration factor. If the energy of 
relative motion in a channel is negative, the analytical 
continuation of the outgoing wave O is the real, 
exponentially-decaying Whittaker function W_.,, 144(2p), 
where 7=Z,Z.¢e?/hv and fl is the channel orbital 
angular momentum, so that!® 


S=pW'/W, P=0. 
The development actually involves the barred quan- 
tities ry 
L=L—B=8+iP, 
S=S-—B, P=P, 
where the B are the real, constant boundary conditions 


satisfied by the proper solutions X) of energy E, at the 
radii a, of the channels c. The bar will always be 


4 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
15 R, G. Thomas, Phys. Rev. 88, 1109 (1952). 
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omitted. The various quantities L., S., P., B., etc. 
appear as the components of the diagonal matrices L, 
S, P, B, etc., these matrices being referred to respec- 
tively as the logarithmic derivative, shift, penetration, 
boundary-condition matrices. 


Ill. THE GENERAL EXPRESSIONS FOR THE 
COLLISION MATRIX 


The general expressions for the collision matrix in 
terms of the R matrix and its parameters 7y-, E, as 
derived by Wigner, Eisenbud, Teichmann, and New- 
ton®.5.!° are summarized here in the present notation. 
The collision matrix is conveniently written 


U=oV2Q, (1) 


the factors being the unitary, diagonal, potential- 
scattering matrix,!® 


Q=exp(—i¢), (1a) 
and the unitary, symmetric matrix 
V=1+2iP!(1—RL)“RP}, (1b) 


which will also be referred to as a collision matrix. L 
and P are the diagonal, logarithmic derivative and 
barrier penetration matrices, the components of which 
are given in II. It is often useful to separate the real, 
symmetrical R matrix into two terms 


R=R+R’, (2) 


R=Dilnxn)(Aa—-), 


and the R° matrix as the sum of the contributions from 
the remaining levels not included in the \ sum, or if R’ 
is a uniform R matrix, similar to Wigner’s uniform R 
function,!” as the difference (R—R’). With this sepa- 
ration, 


(1—RL)“R= (1—R°L)“1R® 
+(1—RL)“"(1— RL’) 7 R'(1-—LR)“, (3) 


with 


where 
L’=L(1—R°L)-". 


By means of the procedure indicated in Wigner’s paper 
on resonance reactions® or in Appendix A of this paper, 
it may be deduced that 


(1 oe R’L’)R’ = Yad Au (wXz) ’ (4) 


where the components of the symmetrical level matrix 
A are obtained from the level matrix relation, 


A= (E-E- §)-, (5) 


and the subscripts A, u refer to the levels \ of R’. Here 
the components of the complex, symmetrical level 
matrix, 

=-A+HTr, (6) 


16 The Coulomb phase for charged particle channels has not 
been included. 
17 FE. P. Wigner, Proc. Cambridge Phil. Soc. 47, 790 (1951). 


are given by the channel scalar products, 
fy= (ya, L'Yu) ; (6a) 


the real part A of é is referred to as the shift matrix and 
twice the imaginary part 3I to the width matrix, their 
respective components being given by the scalar 
products 


31 ,.= (a,*,Pa,), 


where 


Ay,.= (ay*, (L*R°L—S)a,), (6b) 


a,= (1—R°L)—yy. 


The components of the real, diagonal matrix E are the 
proper values E,, and the real, diagonal matrix E is the 
energy £ times the unit matrix. By substituting (4) into 
(3) one obtains 


(1—RL) R= (1— RL) IR + VayAm(orXay). (7) 


If only one level is considered in the A sum, the sub- 
stitution of (7) into (1) leads to the Wigner-Eisenbud 
generalized one-level collision matrix.’ 
If the matrix R° is diagonal, (1) may be rewritten 
v=2'V', (8) 
where 
0 =exp(—i¢’), 
¢’=—tan"LR°P/(1—R°S)], 
V’=14+2iP2(1—R’L’)R’ P's, 
L’=S'+iP’, 
S’=[S(1—R°S) —R°P*]/|1—R°L|?, 
P’=P/\1-R°L|?. 
—¢’ is a potential scattering phase which includes the 
contribution to the hard-sphere phase from R®, and P’ 
is a penetration factor similarly modified. The com- 
ponents of the width and shift matrices given by (6b) 
simplify to 
aT y.=3 Le Dyes 
Dyyc= 2P e'VreV ue} 
Ayy= Le Ayue; 
Adpe= — Sel YrcV nee 


(8a) 


(8b) 


The primes will henceforth be omitted. 

If the symmetric matrix (H—£) has no double 
characteristic values, it may be put in the diagonal form 
H=F—WiT by means of a complex, orthogonal matrix 

6 

H=T(E-8T-, 
so that 
A=T(H-—E)"T, 
and 
(1—RL) "R=, (6,X5,)/ (F,-—E- 21), (9) 
where 
§=Da Trm. 


The 6,. and H, are in general complex and energy de- 
pendent in contrast with the parameters y,, and E) of 
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the R matrix which are real and constant. From the 
nature of the 7 matrix it may be deduced that'* 


r,$23,.Psldl*. 


A procedure for the determination of the 6,, and H, 
has been indicated by TW. The JH, are the roots of 
the determinantal equation 


|1—R(H,)L| =0, (10a) 


and the 6,- are the solutions of the associated homoge- 
neous equations, 


(9a) 


[1—R(A,)L }6,=0, 
with the normalization 
(8,, (L+LRL)6,)=1, (10c) 


the dot denoting differentiation with respect to energy. 
This procedure leads to essentially the same results as 
obtained by Kapur and Peierls” using complex, energy- 
dependent boundary conditions B,=Z, (unbarred) 
rather than the real, energy-independent B, of the 
R-matrix theory. 


(10b) 


IV. NEWTON’S COLLISION MATRIX 


Newton’s collision matrix® satisfies for any value of 
(T,)w/D the requirement that the probabilities for the 
various modes of decay be independent of the formation 
mode at all excitation energies. A much simpler deriva- 
tion of this matrix may be obtained by proceeding 
directly from the R-matrix expressions (4) and (1b). 
From these expressions it is evident that if the ratios 
(Vse/Vut), 5, ut, are to be independent of ¢, the yr. 
must be factorizable as 


VYre= Ande, (11) 
so that the collision matrix becomes 
V=1+21(GXG) (a,Aa), 


where the vector 


(12) 


G= Pb, 
and the scalar product with respect to levels, 
(4,Aa) = Qi ry 0A yyy, 


being a function of energy but not of the formation 
mode. With this form the components of the £ matrix 
simplify to 


Exu=Sardy, 
where the channel scalar product 
=—A+T= (6,Lb), 
A=->. Sb, T=O.T., T.=2G2. 


*G. Breit, Phys. Rev. 69, 472 (1946). In this paper Breit has 
also succeeded in deriving an expansion similar to (9) for a certain 
nuclear model having an arbitrary number of channels. 

Po tiene and R. Peierls, Proc. Roy. Soc. (London) A166, 


It may be deduced that 
(a,A a) — (t— rs, 


fi=>) a)?/(E,—E£). 
Newton’s collision matrix is therefore 
V=14+2i(GXG)/(t+A—HT), (13) 


which closely resembles the collision matrix for the 
one-level R matrix. As noted by Teichmann,” this re- 
semblance is to be expected because with the ya. given 
by (11) the R matrix reduces to the expression (bX6)/t 
which is of rank one as is the one-level R matrix, 
(vaX1)/(E,—£). 

According to (13) the various reaction cross sections 
resulting from incident waves of angular momentum 
hl are 


where 


ot = (4 /k,?) (2/-+1) (400 ,/T?) sin’s, (14) 


where 


7=tan[4I/ (t+) ]. 


It was also shown by Teichmann™ that these cross 
sections may readily be averaged if a)?=a,?=---1 and 
if the levels are uniformly spaced by an amount D, in 
which case 

t=—(D/r) tan(rE/D). 


With this expression for the quantity ¢ the averages are 
found to be 


(oat) y= (r/R?) (21-1) (400 ,/T?) 
(nI'/2D)[1+ (xI'/2D)] 
(A/D)?+[1+(aP'/2D) 


By choosing the B,=S, at a particular energy of in- 
terest, the level shift A will vanish at that energy and 
will be negligible in the vicinity of it. Therefore, in the 
region of overlapping levels where aI'/2D>>1, (15) 
simplifies to 


(04 )w= (7/k,?) (21-1) (40 .T/T*), 
and the total absorption of the /th partial wave is 
(06 w= Leer w= (w/h,?) (21+-1) (47 ./T). 


If p=ka>>1, many partial waves contribute so that the 
usual approximate procedure” for summing these may 
be applied to obtain 





(oow~¥ (0. wana? (Ito (AT /T (16) 


It is apparent that if there are many channels for ab- 
sorption so that !>>4T,, (o.)s4, becomes much less than 
the magnitude ra? suggested by the compound-nucleus 
concept, and it does not seem likely that this is a con- 
sequence of the special assumptions made in connection 


® T. Teichmann, Phys. Rev. 77, 506 (1950). 
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with (15). This tendency for the absorptions to vanish 
is evidently due to destructive interference of the 
various contributing levels caused by the extreme cor- 
relations of the signs of the y)-, the arrangement of 
these signs being the same at each level to within a 
common factor +1. Such destructive interference is 
also evident in the results obtained by Kalckar, Oppen- 
heimer, and Serber® as well as Bohr, Peierls, and 
Placzek.” 

In view of this defect, we shall seek another form for 
the compound-nucleus collision matrix. However, 
Newton’s result does show that the requirements of 
independent decay and of absorption cross sections of 
the order a’ cannot be satisfied at all excitations, and 
therefore that the appropriate form can be expected to 
satisfy these only on the average. 


V. “BETHE’S COLLISION MATRIX” 


Bethe has derived an expression for the averages of 
the reaction cross sections which is valid even if the 
levels overlap provided that all of the average partial 
level widths (T',)s are smaller than the mean spacing D. 
His derivation is based on the assumption that the 
signs of the matrix elements for the formation and 
decay of the various intermediate nuclear states are 
uncorrelated, and the result thereby obtained shows 
that the excited nucleus will decay on the average with 
probabilities which are independent of the formation 
mode and that the average total absorption cross sec- 
tions will be of the order of magnitude of the nuclear 
area, in conformity with the compound-nucleus 
hypothesis. Although the concept of a collision matrix 
had not been introduced at the time of his work, the 
form of this matrix can of course be inferred from his 
equations. The purpose of this section is to rederive 
Bethe’s result using the more rigorous R-matrix theory 
and to show that in this theory the signs of the y), for 
the states of the compound nucleus must be considered 
as uncorrelated.* 

The set of equations (10) for the determination of 
the parameters of the collision matrix can be solved 
approximately in the case of uncorrelated signs and 
overlapping levels by the standard perturbation-theory 
procedures such as those reviewed by Morse and 
Feshbach.* However, for simplicity we shall use a less 
rigorous procedure which leads to essentially the same 
result. 

With the recognition that in the case of interest the 
nondiagonal components of the ~ matrix given by (6) 
will be smaller in absolute magnitude than the diagonal 


*1 Kalckar, Oppenheimer, and Serber, Phys. Rev. a 273 (1937). 

2 Bohr, Peierls, and Placzek, Nature 144, 200 (1939). 

% These signs should be random for those A in an energy interval 
of width comparable to Tm centered at the energy £ of interest. 
According to the TW sum rule, 2) yrsvat=0 if sé so that they 
cannot be completely uncorrelated with respect to arbitrarily 
large energy intervals. 

2% P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, New York, 1953), Vol. II, 


Chap. 9. 


components, one can attempt an expansion of the 
matrix expression for A given by (5) in a power series 
about the diagonal part e=H—E—£é+-£¢’ whose com- 
ponents are e,=£,+A,—E—}I), where ~’ is the non- 
diagonal part of é. The result is that 


A=e +e Pe 4+---, (17) 


and therefore 
(1—RL)7R=Da(mXn)/e 

HL wer (YX Yu)Ew’ eu t+ ++ (18) 
the components of which are 


[(1—RL)“7R Joe= doa (yasvnze/er) 
+1 Le P, DalyasYac/€rx) X xy (Yuc¥ut/€.) + 0s (18a) 


For simplicity we have set B,= L,(unbarred) so that the 
level shift matrix may temporarily be disregarded, and 
the expressions given by (8a) for the resulting com- 
ponents of ~’ have been used to arrive at (18a) from 
(18). We proceed now to determine the conditions for 
the validity of the approximation (19), below, for the 
collision matrix which is obtained by neglecting all but 
the first term of (18) or (18a). For this determination 
the sum over the channels ¢ of (18a) is considered in 
two parts: (1) the contributions from the channels s 
and ¢; (2) the contributions from the remaining 
channels. If the 1=) terms are added to the uw sum of 
(18a), which it is permissible to-do if the total level 
widths are much larger than the spacings, the con- 
tribution from the channel ¢ is observed to be 
iP:> vYue/€, times the contribution from the first 
sum of (18a). By replacing this » sum by an integration, 
it may readily: be estimated as (yu:?)w/D. The con- 
tribution from the channel s may be determined in a 
similar manner. The magnitude of the contribution from 
the s and ¢ channels together is thus 32(I'\s)aD7 
+4n(T'\t)wD7 times that from the first sum of (18) or 
(18a). In the consideration of the contribution (2) from 
the remaining channels, it is evident that no two of the 
same 7. appear multiplied together. Since the signs of 
these are presumed to be uncorrelated, the most- 
probable value of this contribution is zero; its root- 
mean-square magnitude may be estimated as follows: 
The rms magnitude of the contribution to the com- 
ponents of & from the remaining channels may be 
estimated as equal to 4(I',)w, the average magnitude of 
the diagonal components of £, divided by the square 
root of the number of open channels c¥s,t, this number 
being approximately equal to ([)/T'yc)m, the average 
being with respect to both \ and c. The magnitude of 
the contribution from the u sum of ¢,, the individual 
terms having random signs, may be estimated as 
(24/{T',)D)*. The rms magnitude of the contribution 
to the second sum of (18a) from these channels is thus 
estimated as the channel average of (a(I'\c)m/2D)! times 
the first sum. A necessary condition for the validity of 
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V=1+2iP!> LN os (19) 
’ Ey—E—-}Ty 
is therefore that all of the ratios r(I'\.)w/2D must be 
much less than unity, as imposed by the contribution 
(1). The third and higher terms of the expansion (18a) 
are proportional to the square and higher powers of 
these ratios. If the level shifts A, are included in the 
denominators of (19), it is apparent that the ratios 
1(Axe)w/D must also be less than unity. Equation (19) 
is recognized as the many-level approximation to the 
collision matrix which is valid in general when the 
total level widths are much less than their spacings.® 
It is also noted that this result corresponds to the 
equality condition of the relation (9a). 

The reaction cross sections obtained from (19) are 


(20) 





4r P,P VrsVusYXtY, 
on =—(I+1) E eral ex : 
ke Ae (E,—E-#1)) (E,—E+1,) 


Following the procedure indicated by Bethe, the aver- 
ages of these with respect to an energy interval 6, which 
is large compared with the total widths, are found to be 


TT PPT rt+T yu) yreVusVaeYut 
6 Au(ind) Ex BPA TN 





4r 
a 1) 


) 


the sums being nowjrestricted to levels within the 
interval 6. For each level in the \ sum there will be 
about ([',)w/D levels contributing from the » sum and 
thus about 4(I'))w/D? pairs altogether. In view of the 
random nature of the 7, signs, the contribution from 
the terms with Az will be proportional to the square- 
root of this number of pairs in contrast with the number 
§/D of contributions from the positive-definite terms 
with A=. The cross-product terms may therefore be 
neglected so that 


(ee )w= (4/k?) (204-1) (T.T/Doe Te); 


where the 


(22) 


T= 2e(T re)w/D 


are quantities similar to Weisskopf’s transmission 
factors.!' Evidently the decay of the compound nucleus 
is on the average independent of the formation mode. 
By summing over decay channels /, the total absorption 
cross section for the /th partial wave is obtained,” 


(0. y= (x/k.?) (21+ iT. 


When the bombarding energy is greater than the barrier 
height, the penetration factors P;~ka, and the strong- 
coupling theory (see Sec. IX) suggests that the ratios 
(1.2)m/D (wKa)-! where K~1X10" cm is a wave 


** This sum includes compound elastic scattering (see Sec. 


(23) 
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number characteristic of nucleon motion within the 
nucleus. Under these conditions the transmission factor 
is T= (4k/K), which is of the order of magnitude unity 
at moderate and high energies, and the summing pro- 
cedure leading to (16) indicates that the total absorp- 
tion is of the order of magnitude of the nuclear area. 
However, it is noted that when 7, is of the order unity, 
the ratio r(I‘)-)s/2D is also of this order, and the ex- 
pansion (19) is not valid. It is also noted that trans- 
mission factors calculated from (22) can exceed unity 
for high energies (that is, if 44 exceeds K) in violation 
of the requirement that the collision matrix be unitary. 
The next two sections are devoted to the development 
of an alternative procedure which avoids these diffi- 
culties by dealing with an expansion similar to (18a) 
except for the nonappearance of the objectionable con- 
tributions from the s and ¢ channels in the ~ matrix. 
This avoidance is accomplished by means ‘of the 
channel elimination procedure and the reduced R-matrix 
theory of TW. The result thereby obtained is similar to 
(22) though valid under the less restrictive condition, 
imposed by the channel contribution (2) above, that 
the mean with respect to channels ¢ of the (I',-)a, be less 
than D; the transmission factors that are obtained 
cannot exceed unity and are of the form proposed by 
Weisskopf. 


VI. THE REDUCED R AND U MATRICES 


In the present notation the basic R-matrix relation, 
Eq. (6’) of TW, is 


U=R(D—BV)=RD. (24) 


According to this expression the value VU of the radial 
part of the wave function on any particular channel 
surface is linearly related by the components of the R 
matrix to the derivative quantities D and the boundary 
conditions B of all channels. Following TW the channels 
are separated into groups e (eliminated) and r (re- 
tained), whereupon the matrix relation (24) reduces to 
two submatrix relations, 


V.= ReeDetRerDr, U,= ReeDrt+RreD e (25) 


It is to be noted that the subscripts e and r refer respec- 
tively to the groups of e and r channels, rather than to 
particular channels. If the group of e channels com- 
prises only reaction and negative-energy channels, 
which have no incident waves, then its logarithmic 
derivatives at the nuclear surface are known to be those 
of an outgoing wave O or a negative-energy function W, 
so that ‘_ 
L.= D.U.1= D.U.'—B,=L.—B. (26) 
As usual the bar will be omitted. By substituting (26) 


into (25) and solving, one obtains 
U.= RerDr, U,-= Rie De, (27) 
where 
Rre=RertRreLe(1—ReeLe) Re, 


Rer= (1 —Reobe)'Rer. 





230 R. G. THOMAS 


Gr is the symmetrical reduced R matrix; it is not neces- 
sarily real as is the ordinary R matrix. 

By means of the procedures indicated in the various 
papers on the R-matrix theory, it is possible to obtain 
directly from (27) the general expressions for the col- 
lision matrices; they are 


Vir=1+21P(1—-rLr)"rrP;t, (28a) 
Ver=2iPARee(1—L, Rr) Pt. (28b) 


V,, is referred to as the reduced collision matrix; it is 
not necessarily unitary as is the ordinary collision 
matrix. As in the deduction of (4), the inverse of the 
channel matrix appearing in (27) in the definitions of 
Grr and Re, can be expressed in terms of the inverse 
of a level matrix A: 


Brr= Rpt Rove’ ceR or + > ru (wrarX wyr)A Any (29) 


where 
Orr= Vrr FR rel ccVre ; 
and 
Rer= 2s (axeX Yur) A Auy 
where 


are= (1—Rseke) Vr, LD’ ce=L.(1—Re ook.) . 


As in (5) and (6) the components of the symmetrical 
level matrix A are obtained from the matrix relation 


A= (E—E- &), (30a) 


in which the components of the complex, symmetrica 
level matrix =—A+}7 are‘ given by the scalar 
products with respect to eliminated channels only, 


iy= (YreL’ eeYue)s (30b) 


in contrast with the corresponding expression (6a) in 
which the scalar product was with respect to all 
channels; as before the components of the real, diagonal 
matrix E are the proper values £) and the real, diagonal 
matrix E is the energy £ times the unit matrix. Ex- 
pressions similar to (6b) are obtained for the com- 
_ ponents of the total width and shift matrices T and A 

of the eliminated channels. The derivation of (29), 
which is lengthy though straightforward, is indicated 
in Appendix A. Henceforth we shall consider that R°=0, 
so that Eqs. (29) simplify to 


Rrr= yx (yarX YurdA Xu (29a) 
Rer=Dru(VreXYur)A due (29b) 


The expressions for ®,., and V., have been given here 
for completeness and will not be needed in the further 
developments. 

If there is only one r channel, the entrance channel, 
and if R°=0, (29a) reduces to the quadratic form 


R,= DL awYarA MwYur- (31) 


®, is referred to as the reduced R function and is related 
to the quantity /,, which appears in the work of Fesh- 


bach, Peaslee, and Weisskopf :* 
R,= (f-—B,)“. 


VII. “WEISSKOPF’S COLLISION MATRIX” 


(31a) 


If the signs of the 7, are uncorrelated, the arguments 
used to justify the approximation (19) to (4) and (1) 
may also be used to justify the approximation 


Brr=DarlyarXyar)/ (Lyx tAx,—-E-}iP) — (32) 


to (29a), the widths T’, and shifts A) of this expression 
being the diagonal components of the total width and 
shift matrices for the eliminated channels. However, 
(32) is valid under the less restrictive condition that 
the means with respect to A and c of the partial level 
widths and shifts for the eliminated channels be less 
than the spacings, because the contributions to the 
second sum from the channels s, ¢ have been eliminated 
in the expansion corresponding to (18a) for the com- 
ponents of &,,. 

When the I’, are much larger than the spacings D, it 
is permissible to replace the individual widths and 
shifts in (32) by suitable averages with respect to an 
energy interval of size comparable to the (I’,)w: 


T,~())w=I (4), Ay (Ay) w=A(Z£). (33) 


Both [ and A are expected to be mildly energy-de- 
pendent because of the presence of the energy dependent 
factors P and S in the individual contributing terms 
and of possible systematic long-range variations of the 
reduced widths of the eliminated channels. This ap- 
proximation is reasonable because it is not expected 
that the individual level widths and shifts will deviate 
significantly from one another, and the results obtained 
are usually not sensitive to the actual values of I’ and A. 
We will also apply (33) in those circumstances where 
the I’, are narrow or comparable to D by allowing the 
I and A to vary in an appropriate manner from level to 
level. 

Approximations (32) and (33) together lead to the 
interesting result that the various components of the 
reduced R matrix can be obtained approximately by 
simply evaluating the components of the ordinary R 
matrix at the complex energy 6= E—A+i7: 


Rrr(Z) ~R,-(8). (34) 


This result is particularly useful because the latter 
components are analytical functions of the complex 
energy &.° Thus the diagonal components of the R 
matrix are meromorphic functions, the imaginary parts 
of which are non-negative on the upper-half plane and 
nonpositive on the lower; their poles EZ) are confined to 
the real axis and have negative residues —y,2. In this 
connection frequent reference will be made to the pole 
strength function'®® s, for channel ¢ which is defined as 
the sum of the 7.2 per unit energy interval of the A, 


26 E. P. Wigner, Ann. Math. 53, 36 (1951); 55, 7 (1952). 
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averaged with respect to an interval of appropriate 
length. 

The following procedure will now be used for the 
determination of the various components of the collision 
matrix. For the determination of a particular diagonal 
component, one eliminates explicit reference to all but 
the channel referred to by that component, while for 
the determination of a particular nondiagonal com- 
ponent, one eliminates explicit reference to all but the 
two channels referred to by that component. First we 
consider the diagonal components. 


Diagonal Components 


If there is only one r channel, the reduced collision 
matrix given by (28) together with (1) becomes the 
reduced collision function for the r channel; it is con- 
veniently written (the'r subscripts being omitted) 


U=exp(—2ig)(1—RL*)/(1—- RL). — (35) 


It may be noted that if the reduced R function is ap- 
proximated by one level of the diagonal component of 
the R matrix of (34), Eq. (35) reduces to the familiar 
one-level approximation to the collision function as 
given by Feshbach, Peaslee, and Weisskopf." 

By the introduction of Wigner’s statistical R function 


Ri 16 
R= x » ¥n?/ (Ey: a E) ’ (36) 


it is possible to develop a useful representation for the 
approximation (34) which is expected to be rather 
accurate when the absorption width is small (as well as 
large) compared with the mean level spacing D. The R’ 
function has the property that in an energy interval I 
containing the energy £ of interest and of a length such 
that D&I<«s(ds/dE), where s(E£) is the strength of R 
in the vicinity of E, its poles Ey, and residues —7,? 
are equal to those of R whereas outside of J they main- 
tain the same statistical distributions as within and 
thus will in general differ from those of R which may 
evidence long-range fluctuations. The strength s of R’ 
is thus everywhere equal to the strength s(Z) of R at 
the energy E. R’ has therefore the useful property of 
approaching ims(Z) when evaluated at a complex 
energy whose imaginary part is large compared with D, 
as is evident by replacing the sum over levels in (36) 
by an integration for the evaluation. The R’ function 
is then added to and subtracted from the right side of 
(34) and the sums in the combination (R—R’) approxi- 
mated by integrations, whereupon one obtains 


@(E) = R'(8)+R(6)—ins(E), (37) 


in which 


R(8)=BR+iRm= f s(Ey)dEy/(Ex— 6) (37a) 


is the Stieltjes transform?’ of s(Z), the inverse of which 


D. M. Widder, The Laplace Transform (Princeton University 
Press, Princeton, 1941). 
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is 


(37b) 


s(E—A)= im (1/r)R™(6). 


The representation (37) has the expected behavior in 
the two extremes: [>D, R=R; TKD, R=RP+R’. 
The former result may be obtained simply by replacing 
the sum over the levels of R by an integration ; according 
to (35) the corresponding collision function is 


U=exp(—2i¢)(1—RL*)/(1—RL), — (38a) 


the bar having been placed over U to indicate that R 
has been replaced by #. This function manifests no 
resonances and is essentially constant in the interval J. 
In the latter extreme, the term #® represents the net 
contribution to R from the levels outside of J; in the 
limit T'=0, it is the principal part of the integral of 
(37a). The collision function (35) for this case is con- 
veniently rewritten 


U=exp(—2i¢’)(1—R’L'*)/(1— RL’), (38b) 


where : 
L'=L/(i-R®L), 
and . ® 
¢’=o— tan" [RPeP/(1—RFS) ] 


is the negative of the actual potential scattering phase 
shift. For example, in the collisions of slow neutrons 
with nuclei, the potential scattering term appearing in 
elastic scattering is found to be modified by a factor 
(1—R®) by which the radius is multiplied; according 
to (37b) the average of the reduced widths y,? of the 
resonances is DR!™/r. 


Nondiagonal Components 


For the evaluation of the st nondiagonal component 
of U, one can eliminate explicit reference to all but the 
s and ¢ channels by introducing the reduced R matrix 
with components Rss, Riz, Raz into the expression (28a) 
for the reduced collision matrix. By inverting the two- 
channel matrix (1—@,,L,), one finds the nondiagonal 
component of the V,, matrix to be 


Ve= UPJAReP HD, 
the determinant being 
D = (1 = L.@ss) (1 — LiWu) oe LQee Lt. 


The approximations (34) may be used for the various 
® components, the T, and A) now including contri- 
butions from the partial widths and shifts of all but the 
s and ¢ channels. When (I',)4>>D, it can be shown by 
means of Radamacher’s theorem” that | ®,:|? averaged 
with respect to all possible choices of the random signs 
of the yy. is equal to 2xs.s:D/{T,)w, which is negligible 
compared with the product &,,Ru=R.Ry~7's,s;. 
Equation (39) may therefore be replaced 


(39) 


; On Pr¢ 
V2=2iP,} pm P}, 
r Ey+A,—E-—}#1T) 
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where r 
As= (1 tel Loft) yas 


Since LR, hir(T\c)wD— (Are) D~, it is apparent 
that as expected (40) differs from (19) when the ab- 
solute magnitudes of these quantities approach or 
exceed unity. There is the additional difference that the 
widths and shifts in the denominators of (19) include 
contributions from all channels. However, when 
{T',)a>>D, this difference is negligible and for con- 
venience the widths and shifts of (40) may be regarded 
as the respective totals, as in (19). The collision matrix 
thereby obtained has the advantage of being a valid 
approximation when (I\)w#<<D as well as when (Ty) a>>D. 
One would also presume it to be reasonably accurate 
when (I',)w~D, although in this case one can refer 
directly to (39). However, it is noted that this form of 
the collision matrix may violate the relation (9a), 
although to order of the channel mean of the ratios 
{T'\c)w/D, which necessarily must be small. This slight 
defect is readily amended by considering the partial 
widths and shifts which contribute to the respective 
totals to be 


Tye= 2P | Ore|?, Are= —S.|Or0|?, (41) 


rather than 2P,y,2 and —S.y,2. The equality alter- 
native of (9a) is then satisfied. As shown in the next 
section, the expressions for the average reaction cross 
sections which may be deduced from (40) are of the 
same form as those derived by Weisskopf." We will 
therefore refer to (40) with the modifications indicated 
above as Weisskopf’s collision matrix, although it was 
not explicitly considered by him in this manner. 
Finally it should be noted that although the non- 
diagonal components of V have been expressed in the 
expansion form (9), the diagonal components have not. 
No particular significance is attributed to this departure 
other than that it does appear to make V unitary. 


VIII. AVERAGE CROSS SECTIONS 
Scattering and Absorption 


Convenient expressions for the energy averages of 
the cross sections for scattering and absorption of an 
incident beam of particles have been given by Feshbach, 
Porter, and Weisskopf.® For the /th partial wave and in 
units of (2/k*)(2/+-1) they are: 

(o0)w=2—(U )w—{U*) m5 

(oe)w={|1—-U |?) v5 
(ope)m= |1—(U)n|?; 
compound elastic, (oce)w={|U|?)w— |{U)w|?; 
(oa)w=1—{|U|?)w; 


total, 
total elastic, 


potential elastic, 


absorption, 


compound-nucleus 


formation, (oc)w=1—|(U)w|?. (42) 


U is the diagonal component of the collision matrix 
which refers to the incident beam. The cross section for 


compound-nucleus formation is by definition the sum 
of the absorption and compound elastic scattering cross 
sections, and it may be verified that the total elastic 
scattering is the sum of the potential elastic and com- 
pound elastic cross sections. 

In view of the fact that all of the poles of the collision 
function are situated in the lower half of the complex 
energy plane, with the exception of those on the real 
axis associated with bound states,”* the path of inte- 
gration involved in the averaging of U may be displaced, 
without crossing poles, far enough upwards so that R’ 
becomes essentially equal to ims(H), and therefore 
R=R according to (37). If the average is with respect 
to an energy interval J such that DKI<s(ds/dE)-", it 
may be presumed that the contributions from the con- 
necting sides of the contour effectively cancel and that 
Rf is nearly constant on the displaced path, in which case 


(U)n=U, (43) 


the quantity U being given by (38a). The interval / 
must also be small enough so that the external functions 
S, P, and @ may be considered as constants. It is then 
evident that (co)w, (Cpe)w, and (oc) are obtained by 
simply substituting U for (U) in (42). This result has 
already been noted by Feshbach ef al.® 

No such simple results of a general nature can be 
obtained for the quantity (|U|*), which also appears 
in (42), because its poles are situated in both halves of 
the & plane. However, by assuming that the y)? of R’ 
are all equal and the levels EZ), uniformly spaced by an 
amount D so that 


R'=7s tan(r&/D), (44a) 


then it is not difficult to include the residues of the poles 
of |U|? in the contour used to derive (43). The result 
is that 


(1—|()w|?)-*= (1— (||?) t+ (1—w)1, (440) 


where 
w=exp(—2zT/D), 


I’ being the total width for absorption, and therefore 
the remaining cross sections are 


(ca)w=TL(1—w)/(1—w+ wT) ], 
(Oce)w= T[wT/(i—w+wT)], 


T=(oc)w=1—|U|? (45a) 


is the transmission factor in the form proposed by 
Weisskopf." This result has already been obtained ina 
somewhat different manner by Snowden and White 
head.” 
According to (45) the relative probabilities of com- 
pound elastic scattering and absorption are w7' and 
%W. Schiitzer and J. Tiomno, Phys. Rev. 83, 249 (1951); 


Marcos Moshinsky, Anais acad. brasil. ciénc. 25, 343 (1953). 
8 C. Snowden and W. D. Whitehead, Phys. Rev. 94, 1267 


(1954 


(45) 


where 
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(1—w), respectively. The following interpretation of 
these probabilities has been suggested by Porter: 
According to Weisskopf"!*! a period 2rh/D may be 
attributed to the compound nucleus. Since the decay 
rate for absorption is I'/h, the probability for absorption 
in this period is (1—w) while that of no absorption is w. 
At the end of each period the system is presumed to be 
in a configuration for decay into the entrance channel 
from which it was formed, and the probability for 
penetration through this channel is the transmission 
factor T, a quantity which by definition cannot exceed 
unity. Therefore, the chance of the occurrence of com- 
pound elastic scattering in one period is wZ. The 
periodic motion of the compound nucleus is repeated 
until there is decay either one way or the other. 

Both the detailed calculation by means of (44a) and 
the interpretation involving the attribution of a period 
to the compound nucleus depend upon the assumption 
of a uniform level spacing. This assumption may be 
questioned because the alternative view that the 
behavior of the compound nucleus is “chaotic” would 
imply that as in the familiar one-level resonance formula 
the relative probabilities for these decays are T for the 
entrance channel and the corresponding transmission 
factor 2xI'/D for absorption. In this case, the prob- 
ability for compound elastic scattering is relatively 
larger than wT, especially when w<1 or equivalently 
2nT/D>>1. This alternative view may correspond to 


something like a random distribution for the level 
spacings. Unfortunately there is scant experimental 
information regarding this distribution, and the true 
behavior may lie anywhere between these extremes. 


Reactions 


The average reaction cross sections may be obtained 
from (40) in the same manner as (22) was obtained 
from (19), the only difference in the result being that 
the transmission factors are now 27/D times the level 
averages of the T',, of (41): 


T,=4R'™P,/|1—R.L,|?. (46) 


It may be verified that this T is the same as that of 
(45a). In other words, the channel transmission factors 
are just k®/(2/+-1) times the corresponding cross sec- 
tions for compound-nucleus formation. This is the well 
known conclusion arrived at by Weisskopf"' by con- 
sidering the quantity defined as (oc) in (42) as the 
cross section for the actual formation of a compound 
nucleus and by applying the reciprocity theorem to the 
hypothesis of independent decay. In the present de- 
liberations we have attempted to show in what circum- 
stances these considerations are valid. 

As a conclusion to this subsection, an application is 
mentioned of the collision matrices (19) or (40) in 
which the signs of the 7, are uncorrelated. If the reader 


*C. E. Porter (private communication). 
3 Victor F. Weisskopf, Helv. Phys. Acta 23,187 (1950). 


THE COMPOUND NUCLEUS 233 
will refer to the general expressions (4.6) or (4.7) given 
by Blatt and Biedenharn® for the differential cross 
sections of nuclear reaction products, he will notice that 
there occur sums of products in which h=h, 1/=1,’, 
J,=J2 and products in which one or more of these 
equalities are not satisfied. If these cross sections are 
averaged over an energy interval which is large com- 
pared with (I), then the arguments used to derive 
(22) from (20) can be applied to show that the latter 
products are negligible compared with the former. As 
noted by Blatt and Biedenharn, the resulting expression 
with just the former products is the basis of the treat- 
ment by Hauser and Feshbach®* of neutron inelastic 
scattering. 


IX. THE POLE STRENGTH FUNCTION 


According to the results of the last two sections, the 
pole strength function s(Z) and its Stieltjes transform 
(37a) are decisive in the determination of the behaviors 
of the various average reaction and scattering cross 
sections. The expressions for s(£) and its transform are 
discussed in this section for various interaction repre- 
sentations of current interest. 


1. The Strong-Coupling Theory 


In this theory, the strength function may be approxi- 
mately represented by the monotonically decreasing 
function!” 

s(E) = (rKa)“, 
=0, 


E>—B; 
; 47 
E<-—B, (47) 


where 
K=[2M(E+T+B)/h?}! 


is the wave number characteristic of the motion of a 
nucleon of mass M in a riucleus excited by the capture 
of a nucleon of energy £; T is the corresponding kinetic 
energy for an unexcited nucleus; and B is the binding 
energy of the nucleon to the nucleus. The Stieltjes 
transform of (47) is 


R(E-A+3) 


= (W?/2M@T)*(x—i )|—to ied 
wer "—a)+9" 


1 > 1 y 
+i[1—- tan“ —-— tan” |}: 
T it+x 1-—x 


= (ET/PT PP) AY, 
y= (AT/P PCP +P) HY, 
H=E-—A+T+B, 
the inverse tangents being evaluated in the first quad- 
rant. According to the estimates of Appendix B, the 


2 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952), in particular reference 13. 
83 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
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absorption width T is generally much less than the 
characteristic kinetic energy 7, which is expected to 
be about 20 Mev, so that the above expression may 
accurately be approximated by 


R(E—A+4il) =s(E—A) log (H#+-T')/(H!—T)] 
+ins(E—A), (48a) 


which is independent of I’. In typical cases, the real 
and imaginary parts of this transform are of about the 
same magnitude. It should be emphasized that in this 
theory the potential scattering is not given by the 
hard-sphere formula but by that which is obtained 
from the phase shift —¢’ of (38b).!” 

In the Feshbach-Weisskopf continuum theory,” it is 
assumed that R=i/Ka, which corresponds to constant 
K and constant strength s extending in energy from 
—c to «, and to a wave function of the form 
exp(—iKr) at the nuclear surface.' A more realistic 
function would be of the form exp(K’—iK)r with a 
damping coefficient K’ of about the same magnitude as 
K This modified wave function corresponds to an R 
of the form (48a). 


2. The Complex Square Well Representation 


As monotonic strength functions such as (47) do not 
appear to be in accord with the recent experimental 
results on total neutron cross sections,® it is tempting to 
consider nonmonotonic functions such as 


s(E)= (1/2r)> op oe W o/U(Eo— E)*+iW,?], 
with transforms 
R(6)=Dp$37/(Ep— 8—3iW,) (49b) 


which are similar to ordinary R functions with levels 
p and reduced widths ¢,”. The calculations of Bohr and 
Mottelson* provide some justification for the general 
form of (49a) on the basis of a shell model with level 
positions E, and core couplings proportional to W,. 
This analysis also indicates that 


(2=h/Me’, (49c) 


which is the characteristic single-particle reduced 
width. This magnitude is to be expected since in the 
limit of no coupling, (49b) should reduce to a single- 
particle R function and s(£) to a sum of delta functions 
each of total strength h?/Ma? at the positions E, of the 
single-particle levels. Moreover, if the coupling is large 
compared with the single-particle level spacing rh?K/ 
Ma, it may be shown by approximating the sum in 
(49a) by an integration that the strong-coupling value 
(47) for the strength is approached. It is also evident 
that if the W, are sufficiently small, the corresponding 
expansion parameters m(I',c)a/2D=s-P. of Sec. V can 
exceed unity, especially in the vicinity of the single- 
particle levels p. 


(49a) 


* Aage Bohr and Ben R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, 16 (1953). 


It has been shown by Wigner* that the reciprocal 
logarithmic derivative of any real continuous potential 
of finite range may be expanded as an R function. The 
R function for the complex square well potential should 
therefore be a special case of the expansion (49b). In 
fact by setting the ¢,? and W, equal to constants with 
respective values h?/Ma? and W, and by choosing the 
level positions to be E,= (h?/2M a?) (p—4)*x*— Vo with 
p ranging from 1 to ~ and Vo an arbitrary energy, the 
expansion is obtained for R= Z— tanZ, where 


Z2= (2Ma?/h*?)[(E—A+Vo)+hi(+W)], 


which is just the expression for the reciprocal logarithmic 
derivative of a complex square well wave function of 
zero relative orbital angular momentum. It may also 
be shown that the corresponding expansions for complex 
square well wave functions of arbitrary angular mo- 
mentum hl may be obtained with the same ¢,? and W 
if one sets the boundary condition B=—1/; the level 
positions, however, occur at the values E=E, which 
are associated with the zeros of the Bessel function 
Fi-1(pp1) where p= (2Ma?/h?)!(E—A+V,)*. The rela- 
tion between ® and the logarithmic derivative f for 
this boundary condition is given by (31a). 

The expansion (49b) for & suggests a “giant reso- 
nance” interpretation for the average cross-section data. 
If the width T+W, is small compared with the single- 
particle level spacing, one may over a limited energy 
range approximate the & of (49b) when substituted in 
the U of (38a) by one shell level p plus a real, constant 
R® contribution from the remaining levels. Resonance 
formulas are thereby obtained for scattering and ab- 
sorption in which the entrance channel width is given 
by the single-particle width 2P¢,2/|1—R°L|? and the 
absorption width by [+W,; the level spacing is that 
characteristic of a single-particle potential. By averag- 
ing over these giant resonances, the averages of the 
strong-coupling theory are obtained. In applications the 
interpretation is complicated by the fact that there will 
be one such resonance for each partial wave that is 
effective. 

The complex square well representation for particle- 
nuclei interactions at intermediate energies has been 
considered by many physicists.** For a recent account 
of the interpretation of the neutron interaction cross 
sections in terms of it, the reader is referred to the 
paper by Feshbach, Porter, and Weisskopf.® The main 
results of the present investigation in this connection 
are the demonstration of the relation to the R-matrix 
or resonance theory and the theoretical indication of 
the dependence of the imaginary part of the potential 
on the absorption width. Francis and Watson*’ have 
investigated formally the matter of equivalent two-body 


35 E. P. Wigner, Am. Math. Monthly 59, 669 (1952). 

36 eee ren and etre Phys. Rev. 49, 22 (1936); 
H. A. Bethe, Phys. Rev. 57, 1125 (1940); Robert E. Le Levier 
and David S. Saxon, Phys. Rev. 87, 40 (1952); D. M. Chase and 
F. Rohrlich, Phys. Rev. 94, 81 (1954 ). 

37 N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 
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potentials by considering the multiple scattering of an 
incident beam of particles traversing the target nucleus. 
As an alternative to the introduction of the con- 
tinuous, nonmonotonic s(Z) of (49a), one may suppose 
that the behavior of the average total neutron cross 
sections is due to the presence in the R function expan- 
sion of strong shell levels in addition to the usual weak 
levels which are needed to explain the narrow reso- 
nances. Such a state of affairs is depicted in Fig. (1a) 
where the strength s is represented by the height of the 
vertical lines for the individual ievels; the represen- 
tation of the strength function (49a) is shown in Fig. 
(1b). The former situation is actually somewhat un- 
realistic because of the strictly formal nature of the 
R-matrix levels. A mixing of the weak and strong levels 
is to be expected, the consequence of which is the dis- 
solution of the strong levels and a modulation of the 
strengths of the weak levels, as indicated by Fig. (1b). 
Experimentally it is not easy to distinguish between 
these two alternatives because when the imaginary part 
of the potential is relatively small, the average total 
cross sections depend primarily on the real part of R, 
which is essentially the same in the two cases. Direct 
determinations of s would therefore be desirable. This 
can be done by studying the behavior of the (ya.”)a for 
individual resonances*® and by measuring the deviations 
from the simple exponential dependence of the trans- 
missions involved in the measurements of total cross 
sections, these deviations resulting from the fluctua- 
tions, caused by the presence of many unresolved reso- 
nances, of the actual cross section about its average.® 


3. Surface Absorption Model 


A nucleon-nucleus interaction of current interest is 
one with a finite surface absorption in addition to the 
volume interaction; this absorption can be represented 
by a pure imaginary delta function potential of strength 
iah?/2Ma appended to the complex well volume inter- 
action. By integrating the wave equation across this 
surface, one finds that the logarithmic derivative is 
changed by a finite amount —ia/a. The # function just 
outside of this surface is, therefore, 

R= (R--ia), (50a) 
where R_ is the R function for the internal potential. 
According to the inversion formula (37b), the strength 
function corresponding to (50a) is just 1/m times the 
imaginary part of R,, 


s(E—A)=n7(R_1™+a|R_|?)/(1+0?|R_|?). (50b) 


In the consideration of such a model, Bohr and Mot- 
telson* have given an alternative derivation of (50b) 
for the case where R_ is real. 


ws Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 
*R. G. Thomas, to be published. 
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Fic. 1. The strengths s=72/D of the levels of two nuclear 
models are represented by the heights of vertical lines at the level 
positions. a: There are strong, widely spaced levels in addition 
to weak levels of the strong-coupling type with narrow spacing; 
b: As a result of mixing of the strong and weak levels of a, the 
a levels are weakened and their weak neighbors are strength- 
ened. 


























X. CONCLUDING REMARKS 


Although this investigation has primarily been con- 
cerned with magnitudes and energy dependences, it 
may be appropriate to include a remark concerning the 
angular distributions of the products of the decay of 
the compound nucleus. It has been a common miscon- 
ception that the theory of the compound nucleus 
predicts that these distributions be isotropic. It should 
be stated that there are no indications from the present 
treatment that this is necessarily so. This matter has 
already been thoroughly investigated by Wolfenstein‘*® 
as well as Hauser and Feshbach* who show that the 
theory of the compound nucleus requires only that these 
distributions be symmetric with respect to a plane per- 
pendicular to the beam direction when averaged over a 
sufficient number of resonance levels. This symmetry is 
indeed a consequence of the lack of correlations of the 
signs of the 7. These authors also show that a sufficient 
condition for isotropy is that the energy levels of the 
compound and residual nuclei be sufficiently dense and 
have a dependence on their respective spins J which is 
proportional to 2/+-1 for the range of J values that can 
participate. According to reference 45, significant de- 


“TL. Wolfenstein, Phys. Rev. 82, 690 (1951). 
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partures from such a dependence may occur at moderate 
energies. More general conditions of a necessary nature 
for isotropy are not known at present. 

A concluding remark concerning the non-compound- 
nucleus processes may also be appropriate. It has been 
shown that if the signs of the y,--for the nuclear levels 
are uncorrelated, for any manner of excitation these 
levels will superpose in such a way as to form a com- 
pound nucleus; it has been a common belief that for 
the region of the configuration space where the nuclear 
interactions are very strong, these signs will indeed be 
uncorrelated. However, there is a nuclear surface region 
where the interactions are not particularly strong and 
non-compound nucleus processes, such as stripping and 
pickup, can occur. The R-matrix theory, being general, 
can account for these processes if the channel radii are 
extended to the limit of the nuclear interactions, but if 
this is done, the signs of the y,- would become correlated 
and some of the deductions in IX concerning the 
strength functions would lose their validity. A tractable 
approach to the theory of nuclear reactions may 
therefore be one where the channel radii are small 
enough to permit the application of the compound- 
nucleus theory to the internal, strong-interaction 
region, the effects of the nuclear interactions in the 
external region being accounted for by the running- 
wave Green’s-function method.“ The collision matrix 
would be expressed as 


U=Uc+AU, (51) 


where Ug represents the compound-nucleus contribu- 
tion and AU the additional contribution from the 
external interactions. As a first approximation the 
wave functions of the compound nucleus system could 
be used in the matrix elements for the evaluation of the 
components of AU, rather than plane waves as in the 
Born approximation.” The equivalent two-body repre- 
sentations, such as the complex square well, would be 
particularly useful for this purpose. According to (51), 
the resulting collision cross section will contain con- 
tributions proportional to |Uc|* for the compound- 
nucleus processes, to |AU|? for the non-compound- 
nucleus processes, and to the interference terms 
UcAU*+U-*AU It is evident that the interference 
contributions will vanish if averaged over an energy 
interval containing a sufficient number of levels of the 
compound nucleus. 


41 The R-matrix theory is based on the standing-wave Green’s- 
function method. In fact, the components of the R matrix are the 
values of the Green’s function at the entrances to the various 
pairs of channels. 

# See, e.g., E. Gerjuoy, Phys. Rev. 91, 645 (1953). 

“ The effect of the compound nucleus on the stripping con- 
tribution has been considered by N. C. Francis and K. M. Watson, 
Phys. Rev. 93, 313 (1954); J. Horowitz and A. M. L. Messiah, 
J. phys. et radium 14, 695 (1953); and W. Tobocman, Phys. Rev. 
94, 1655 (1954). 
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APPENDIX A. DERIVATION OF EO. (29) 


It is necessary to invert the submatrix (1—R..L,) in 
(27). With the separation (2) for the R-matrix, one finds 


(1 leis Ral.) = (i ee R°,.L.)7* (1 ve Riley", (Al) 


with L’.. given in connection with (29). The inversion 
procedure*:® is to assume an expansion 


(1—R’ eel.’ ce los 1+-D w(YueXBre)A uy) (A2) 
with 
Bye= L' eV re 


and level coefficients A,, which are presumably func. 
tions of the energy. By multiplying both sides of (A2) 
by (1—R’..L’-) one obtains 


(YreXBre) 
my ae ae pe ve, es 
Ee te Oot 


(YreX Bre) 
=F. ——— Abe, (Af 
~ RoE ah (A3) 


after making use of the identities 


M(xXy)N=(MxXNy), 


(eX) (2Xw)=¢(eXw) ” 


in which 2, y, 2, w are arbitrary vectors, M and N ar 
arbitrary matrices, the transpose of the latter being J, 
and ¢=(y,z) is a scalar product over channels; the &, 
are given by (30b). Equation (A3) may be rearranged 
to read 


br» bitte 
Dd Oe 
E,—-E B 


u (nxn) — 


=0 (A%a) 


E,-E 
which is satisfied if for all A, » 
(E,—E)A w— Le yA pv = Oy. 


The matrix equivalent of this set of equations is (30a). 


(ASb) 


. The expansions (A2) and (A1) are then substituted into 


the expressions (27) for R,, and ®.r. By repeated appli 
cations of (A4) and (A5b) these complicated expressiots 
finally reduce to those of (29). 


APPENDIX B. ESTIMATES OF THE TOTAL 
REACTION WIDTH 


The following procedure for estimating the totdl 
nuclear decay width is essentially the same as thi 
previously used by Weisskopf.“4 A compound nucleus 
of excitation energy Ec, total spin J, emits particles 
spin i with relative orbital angular momentum Ui, it 
groups of energy e, leaving the residual nucleus wit! 


“V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 
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total spin J and excitation energy (Ec—B—e), where 
B is the binding energy of the emitted particle to the 
ground state of the residual nucleus; s=i+I is the 
channel spin. By assuming that the levels in the residual 
nucleus are sufficiently dense so that the sum over 
levels can be replaced by an integration, the total width 
for the decay of a compound-nucleus level of spin J 
becomes 


Tide 
‘Rem Bo 





Ec-B 
M=) De! (Ee) (B1) 
0 Dr 


Ils 2x 


where Dc’ and Dr’ are the mean level spacings of the 
compound and residual nuclei with spins J and 7, 
respectively, and 7; is the transmission factor for 
channel Je. It is necessary to make the reasonable 
assumption that the level densities as a function of spin 
are proportional to the spin statistical factor,*° at least 
over the range of participating spin values: 


Del =De/(2J+1), Dr'=Dpr/(2I+1), 


Dc and Dr being independent of the spins J and J, 
respectively. By noting that 


Dr.(22+1) = (2J-+1) (2/+1) (21-+1) 
oc(€)= (rh?/2Me)>_1(21+-1)T 


is the cross section for the inverse process of compound 
nucleus formation when the residual nuclei of excitation 
(Ec—B—e) are bombarded by particles of energy e, 
where M is the reduced mass, one obtains 


(2i+-1)MDc(Ec) p®e-®  eacle)de 
r= Jf —— oe 
wh? 0 Dr(E.— B—e) 


which is independent of J and identical to the original 
expression given by Weisskopf. In order to arrive at 
an order of magnitude estimate of I’, it is assumed that 
Dc(E)= Dr(E)=cXexp(— E/T) both functions having 
the same factor c and temperature 7, at least in the 
region of excitation energies where the main contri- 
butions to the integral in (B3) arise; furthermore it is 
assumed that the energies of the emitted neutrons are 
all equal to 27, their average, that oc(e)=7a?, being 
independent of the state of excitation of the residual 


(B2) 


and 





‘Claude Bloch, Phys. Rev. 93, 1094 (1954). There is also 
expected to be an additional factor exp[—(J+4)?/207] in the 
dependence of the level densities on the spins J (and J). Ac- 
cording to estimates made of the dispersion coefficient o using the 
individual-particle model, Bloch finds significant deviations from 
the 2J-+1 dependence due to this factor for values of J as low as 
three and nuclear excitations less than 12 Mev. 


THE COMPOUND NUCLEUS 


nucleus, and that E,>B, so that one obtains*® 


T=2(2i+1)MT°a'axh exp(—B/T). (B4) 


As a typical example, we put a2=8X10-" cm, T=3 
Mey, for neutron decay, obtaining [2.5 Mev. 

The usual statistical-theory assumption that oc(e) 
is independent of the state of excitation of the residual 
nucleus being bombarded in the inverse process is 
subject to question because it implies an eventual 
violation of the Wigner sum rule,” }°. y,2<3h?/2Ma’. 
By considering this rule, an upper-limit estimate for T 
can be made which should not be exceeded by the 
estimate (B4). If in the alternative expression for the 
width, >>. 2P.y.’, the barrier factors are replaced by 
a mean value (4Ma?7/h*)! corresponding to /=0 
neutrons of energy 27, and the remaining sum replaced 
by the above sum rule, one concludes that 


T's (364?T/Ma’)!. (BS) 


For the example cited above, 8.5 Mev. It should 
probably be required that (B3) be considerably less 
than the right side of (B5) because the negative-energy 
channels, which do not contribute to the width (P=0), 
are to be included in the sum rule. As the temperature 
T is expected to be a monotonically increasing function 
of the excitation energy, an energy will ultimately be 
reached where (B3) exceeds (B5). In the example, this 
energy would correspond to T=4.4 Mev. 

In the usual statistical-theory applications, the tem- 
perature enters in an expression which refers to the 
product of the reduced width and the level spacing 
rather than to the level spacing itself. This is because 
ac(e) is generally assumed to be independent of the 
state of excitation of the residual nucleus. Although the 
actual nuclear temperature is expected to increase 
monotonically with the excitation, the above considera- 
tions show that it may preferable to use a more nearly 
constant temperature to represent this product. There 
is indeed experimental evidence that the temperature 
referring to this product actually decreases with in- 
creasing excitation indicating that the oc(e), or equiva- 
lently the (y,.?)w, for the bombardment of excited 
nuclei decrease considerably with the excitation of these 
nuclei.” 


46 By substituting in this formula the estimate T?~20E/A, the 
energy unit being Mev, and a=1.4X10-8A# cm, D. C. Peaslee 


obtains ['~(4/3)EcA-* exp(—B/T). Because of a misprint, a 
different formula was given in a publication by him [Phys. Rev. 
86, 269 (1952)]. As a result the © of his Table I are somewhat 
overestimated. However, the factors f were also overestimated so 
that the qualitative conclusions of his paper remain essentially 
unchanged. [D. C. Peaslee (private communication). ] 

47 B. L. Cohen, Phys. Rev. 92, 1245 (1953). 
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Paramagnetic Resonance in Low Fields 


GrorGEs J. B&éné AND R. C. EXTERMANN 
Institute of Physics, University of Geneva, Geneva, Switzerland 
(Received November 16, 1954) 


PAPER, recently published in this journal,! gives 

a theory and some preliminary results about para- 
magnetic resonance in low fields. The theory may be 
derived from the Bloch formulation of the nuclear 
resonance with a correction similar to that applied by 
Van Vleck and Weisskopf to the Lorentz theory of line 
broadening for an harmonic oscillator. 

A test of this theory is given by the relative variation 
of the gyromagnetic ratio g from its free-spin value, as a 
function of wr, obtained from the equation giving x” 
when x” is maximized as a function of wor for constant 
wr, where wo=Larmor frequency, r=relaxation time, 
and w=angular frequency of the rf field. 

The purpose of this letter is to point out that, a few 
years ago,” we predicted, by analogy with dielectrics,’ 
such a law of variation for the frequency of maximum 
absorption. We assumed only that, for resonant relax- 
ating systems, the approach to equilibrium is given, 
in the static case, not by an exponential law (which 
would lead to Debye equations when an rf field is 
applied), but by damped oscillations: 


a(t)=ye*!* cos(wol+y), (1) 


where 7 is the relaxation time, wo the resonance fre- 
quency, and y and y two constants to be determined. 
This type of relation leads to the expression 


(2) 


x=7f e—'"!* cos(wot+y)e*dt, 
0 


for the complex susceptibility 
x=x’—ix” (3) 
in an applied alternating field, giving 
OT OT 


me | " ; 4 
' eee a, () 


This is exactly the formula derived by Garstens! 
[Eq. (18)]. When we maximize x” as a function of 
wor for constant wr, we can obtain the quoted variation 
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of Ay/y as a function of wr. If we maximize x” as a 
function of w, for constant wo, x’” has a maximum when 
w=wy, with 


wu = (1-++w9?7")#/r. (5) 


This formula is given in reference 2. 

It would be interesting to test the relation (5) by 
plotting x’’(w) for a number of field intensities. A 
modulation of the frequency will be required in this case, 

1M. A. Garstens, Phys. Rev. 93, 1228 (1954). 
os = J. Béné and R. C. Extermann, Arch. sci. (Genéve) 4, 436 


Re: sy Frohlich, Theory of Dielectrics (Clarendon Press, Oxford, 
1 [ 


Electron Resonance in Gas Discharges 


D. J. E. IncrAm AnD J. G. TAPLey 
University of Southampton, Southampton, England 
(Received November 6, 1954) 


E have recently observed electron resonance 

absorption in gas discharges at low pressures, 
and the initial results show that this should be a very 
sensitive method of studying the variation of free ion 
concentration, as well as giving other useful informa- 
tion. The absorption lines were obtained by normal 
paramagnetic resonance techniques,’ using a cavity 
resonator that had been constructed so that the dis- 
charge took place in the region of maximum microwave 
magnetic field strength. The effective volume of the 
discharge was about 4 cc, and, with this arrangement, 
absorption lines of quite large magnitude could be 
produced. 

Preliminary experiments using air in the discharge 
tube gave a resonance of about 200-gauss half-width, 
and a spectroscopic splitting factor of 2.00.05. The 
intensity of the absorption varied markedly with pres- 
sure. The absorption line first appears as the pressure 
reaches a value low enough for the discharge to strike, 
and then increases rapidly in intensity as the pressure 
is further reduced, passing through a maximum as the 
discharge reaches its brightest conditions, and then 
decreases slowly to a small value, as the pressure falls 
into the hard vacuum region. The width of the absorp- 
tion line also decreases, after the maximum in intensity 
has been passed, having a value of about 90 gauss, at a 
pressure of 10-? mm Hg. 

There are three effects which may be responsible for 
the absorption: (7) spin resonance from the positive 
ions and free electrons, (ii) spin resonance from the dis- 
sociated, but un-ionized atoms, as observed by Beringer 
and Rawson for hydrogen and oxygen,?* and (iii) 
cyclotron resonance from the electron motion. Rough 
estimates of the signal magnitude indicate that (i) and 
(ii) by themselves would not produce the large in- 
tensity observed, and that most of the absorption may 
be due to cyclotron resonance. The width of the reso- 
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nance line was found to decrease when the electrodes 
were cooled to 200°K, however, and the width also 
varied with the particular gas filling the discharge tube. 
This would indicate that there is some effect due to the 
positive ions, or dissociated atoms, the high effective 
temperature of the discharge averaging out their fine 
and hyperfine splittings.?* Initial measurements on 
various gases are summarized in Table I. 


TABLE I. Variation of width with gas in discharge tube. 


THE EDITOR 


TaBLeE I. Resonance line width in compounds 
of graphite and metals. 








AH, 300°K 
(milligauss) 


137 100 70 
149 86 60 
164 115 77 
144* 350° 
K 141 275 275 
75 
<300° 


4H, 77°K 


Metal 
(milligauss) 


: Sample 
constituent No. 





Li (conc.) 
Li (dil.) 
Na 


Ca 156 130 
Ba 140 











Half-widths at maximum intensity (gauss) 
290°K 200°K 
115 60 


135 85 
150 110 


Gas 





Argon 
Oxygen 
Carbon dioxide 








A systematic survey of other gases, and of the varia- 
tion in intensity and width of the absorption, with both 
the pressure, and the temperature, of the discharge, 
is being made, and will be reported shortly. 

1B. Bleaney and K. W. H. Stevens, Repts. Progr. Phys. 56, 
108 (1953). 


*R. Beringer and E. B. Rawson, Phys. Rev. 87, 228 (1952). 
3E. B. Rawson and R. Beringer, Phys. Rev. 88, 677 (1952). 


Paramagnetic Resonance Absorption 
in Graphite Compounds* 
B. SMALLER, G. R. HEeNnIG, AND E. L. YAsAITIs 


Chemistry Division, Argonne National Laboratory, 
Lemont, Illinois 
(Received November 12, 1954) 


VERY narrow resonance line had been found, as 

previously reported,! in the bisulfate compounds 
of graphite. Several other compounds of graphite have 
also been found to show a similar resonance. The com- 
pounds to be described here contain alkali or alkaline 
earth metals, which act weakly as donor impurities, 
ns — some electrons to the graphite conduction 

and. 

The metal-graphite compounds were prepared by 
reacting a solution of the metal in liquid ammonia with 
purified flakes of Madagascar natural graphite. The 
compounds were prepared and washed with liquid 
ammonia at —78°C and sealed with ammonia into 
quartz tubes. The compounds contained ammonia in 
addition to the metal, but consistent analyses have 
hot yet been obtained. The presence of the ammonia 
was shown to have no effect on the resonance by pre- 
paring a potassium-graphite compound (No. 144, 
Table I) directly in the metal vapor. 

The resonance detection equipment was of the 
regenerative oscillator-detector scheme using the dual- 
field modulation and has been described previously? 
Measurements were made initially at 350 Mc/sec and 


8 Compound prepared in vacuo, does not contain ammonia. 


b Measured at 4.25 Mc/sec. 


© Measured at 355 Mc/sec. 


then at 4.25 and 15.4 Mc/sec to reduce magnetic field 
inhomogeneities. The results at the latter frequency 
are shown in Table I for the various metals. The effect 
of metal concentration has not yet been determined 
quantitatively because of the difficulty of assaying. 
When the concentration was obviously high, no 
resonance appeared. The two lithium compounds 
(No. 137 and No. 149) showed signal intensities in the 
ratio 2:1 indicative of comparable concentration ratios. 

It may be significant that the metal-graphite com- 
pounds show relaxation times of the order anticipated 
by theory for metallic resonances.*? The lack of such 
agreement with experimental results in finely dispersed 
and bulk alkali metals has been attributed to skin depth 
effects, and thus one might postulate that the layer 
type (lamellar) structure of the graphite compounds 
minimizes such effects. The linear dependence of line 
width on temperature predicted by theory has been 
found to require modification by, perhaps, a spin-orbit 
interaction term. The results in Table I appear to bear 
out this effect. 

* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Hennig, Smaller, and Yasaitis, Phys. Rev. 95, 1088 (1954). 


2B. Smaller and E. L. Yasaitis, Rev. Sci. Instr. 24, 991 (1953). 
3 A. Overhauser, Phys. Rev. 89, 689 (1953). 


InSb Photovoltaic Cell* 


G. R. MritcHett, A. E. GOLDBERG, AND S. W. Kurnick 
Chicago Midway Laboratories, Chicago, Illinois 
(Received November 5, 1954) 


CRYSTAL of InSb containing a photosensitive 

junction has been prepared by the crystal-pulling 
technique. During crystal growth the melt was doped 
to produce a -n transition. A specimen 1 cmX0.1 cm 
0.025 cm was cut from the crystal so as to include the 
the transition region. This specimen exhibited a dark 
resistance of about 20 000 ohms at 77°K and no notice- 
able rectification. The photoresponse at 77°K has been 
determined using the specimen as a photovoltaic cell. 
The spectral response extended to about 5.7u; this 
limit agrees very well with the transmission data of 
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<—Ambiifier Noise 





[¢—Johnson Noise 
107 
CYCLES PER SECOND 
Fic. 1. Noise spectra (13-cps band width) for InSb photocell 


cooled to 77°K. A is for 300°K background. B is for 77°K 
background. 











Avery et al. for pure InSb. The time constant of the 
response was less than 2 microseconds, the minimum 
value that could be measured with our present 
apparatus. 

Figure 1 shows noise spectra for the cell at 77°K. 
Curve A was observed when the cell was exposed to 
room-temperature radiation. Curve B was observed 
when the cell was covered with a light shield at 77°K. 
Shielding decreased the noise at all frequencies. The 
noise given by curve B is virtually amplifier noise and 
the slight rise at low frequencies is attributed to a small 
radiation leak. The Johnson noise for the cell was 
below amplifier noise. For the cell exposed to 300°K 
radiation the noise showed a white spectrum above 2 
kc/sec while below 2 kc/sec it followed an approximate 
f-¢ law with d=3. This result is a curious one since 
the cell was operated without bias. 

It is interesting to compare the detectivity of the 
cell exposed to a 300°K background with the limiting 
detectivity set by photon noise.? To compute the latter, 
it is assumed that the cell has unity quantum efficiency 
for \<5.5u and cuts off abruptly. Considering only the 
noise created by random arrival of photons, the 
theoretical detectivity of a 1 mm? cell is calculated to 
be 1.1X10-* sec/photon. The measured detectivity is 
0.09X 10-* sec/photon. The conditions of measurement 
were: cell area 1 mm?, responsivity 10.5 volts/(watt/ 
cm?) at 2u, noise 0.11 microvolt for f>2 kilocycles 
and a band width of 13 cps. 

A more detailed account of this work will be pub- 
lished in the future. 

The authors are indebted to Mr. H. Berman for 
valuable discussion and criticism. 


* This research was supported in whole by the U. S. Air Force. 
1 Avery, Goodwin, Lawson, and Moss, Proc. Phys. Soc 
(London) B67, 761 “(1954). 
?R. Clark Jones, Advances in Electronics (Academic Press, Inc., 
New York, 1953), Vol. V, pp. 19-23. 


Energies of the K Transitions of =~ 
Mesonic X-Rays* 
M. Stearns, M. B. STEARNs, S. DEBENEDETTI, 
AND L. LEIPUNER 
Carnegie Institute of Technology, Pitisburgh, Pennsylvania 
(Received October 22, 1954) 


N a previous letter’ we reported on the energy shifts, 
presumably arising from specifically nuclear inter- 
actions, of the 2p—1s m-mesonic x-rays in lithium and 
beryllium. For these elements the energy was measured 
with the critical absorption technique. Here we wish to 
report further on measurements of K-transition energy 
shifts in carbon, nitrogen, oxygen, and fluorine. Since 
the critical absorption method could not be extended 
to these elements, the energy was determined by a 
measurement of pulse height. 

The experimental setup has been previously de- 
scribed.? For the present measurements the scale of 
the pulse height selector was calibrated by means of 
other mesonic x-ray lines whose energies could be calcu- 
lated sufficiently accurately (see Table I). The experi- 


TABLE I. Computed aes of 5 Woy transitions and their 
librating lines. 








mee 
for , a Finite 
for cali- trans. lar. size 
. bra- Type _ transi- 3 corr.¢ 
2p—1s tion meson tion ¢ (kev) 





4f—3d 
3d—-2p 


4f—3d 
3d—2p 
3d—2p 
3d—2p 
3d—2p 


3d—2p 
2p-1s 


2p-1s 
3d—2p 


2p-1s 
2p—l1s 








® The x~ energies were calculated with the Klein-Gordon equation by 
using the reduced x~-meson mass (assuming mx~ =272.5me) and a point- 
charge Coulomb potential. The y- energies were calculated similarly, but 
with the Dirac equation and the Tg ao myp~ = 207. 

b Vacuum polarization correction; H. C. Corben and A. Mickelwait, 
Phys. Rev. (to be published). 

¢ Finite size correction; made by using hydrogenic wave functions in a 
first order perturbation calculation neglecting the specifically nuclear 
interaction between meson and nucleus. 


mental procedure was to bracket each K line under in- 
vestigation with two or more calibration lines. The line 
to be measured and its calibrating lines were run alter- 
nately at least three times. Usually the reproducibility 
was excellent, peaks drifting only a fraction of a channel, 
so that the data could be added to give better statistics. 
u-meson transitions were used as the calibrating lines for 
oxygen and fluorine since for 7217 there may be meas- 
urable nuclear shifts in the x 3d—+2p transition energies 





LETTERS TO THE EDITOR 


e Tr-C(K) 
o TT-Al(L) 
@ TI-Si(L) 





Number 


0 
Channel 


Fic. 1. Typical set of data for carbon and its calibration lines. 
Part (a) shows the data as obtained directly on the pulse height 
selector. Part (b) shows the peaks obtained after subtracting the 
background. In this particular run the shift obtained for carbon 
was (—5.6::3) percent. * 


themselves. For Z<16 no discernible shifts were found 
when checks were made of the 3d—>2p 7m lines against 
2p—1s yw lines (of comparable energy). 

Typical runs are shown in Figs. 1(a) and 2(a). After 
subtraction of background [Figs. 1(b) and 2(b)] the 
peak positions were determined and the energy of the 
investigated line was obtained by interpolation. Several 
runs of the kind described were made for each element 
and the resultant energies were then averaged to obtain 
the final measured energy. 

The theoretical energies of the  2p—1s transitions 
were computed without taking into account nuclear 


eo TT-F(K) 
oM-Na(K) 
4y-F(K) 








Eee OP ee ee Cevee ew eee eee ee 
Tt © - 
Channel Number 





Fic, 2. Typical set of data for fluorine and its calibration lines. 
Part (a) shows the data as obtained directly on the pulse height 
selector. Part (b) shows the peaks obtained after subtracting the 
background. In this particular run the shift obtained for fluorine 
was (— 14.54) percent. The fluorine K yield is quite small, about 
10 percent that of carbon (see reference 2). 


interactions (Table I). The result of the comparison 
between the experimental and calculated energy is 
shown in Fig. 3 in the form of percentage shifts. The 
errors indicated express the reproducibility of the data 
when one takes into consideration statistics, background 
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subtraction, and the consistency of repeated runs. 
However, they do not include possible systematic errors 
such as Compton degradation and the presence of un- 
resolved lines in the observed peaks. 

The effect of Compton degradation in the target 
material was investigated experimentally with radio- 
active sources and was found to produce no detectable 
shift in peak position, although some broadening of the 
line was observed on the low-energy side. Unresolved 
lines can arise from » mesons stopping in the target, 
from # mesons stopping in surrounding materials, and 
from higher z-meson K transitions. There is good 
experimental evidence that the contribution from 
stopped » mesons is negligible. A weak a carbon line 
arising from mesons stopping in counters could be 
observed, but its effect on the determination of the 
peak position could be adequately estimated. Perhaps 
the most troublesome of the unresolved lines would 
be the 3p—1s m-meson transition which is 18 percent 
higher than the 2/—1s line under investigation. The 
effect of any such additional K transition would te to 
make the observed peak energies appear too high and 
therefore give smaller measured shifts than would exist 
for pure 2p—1s lines. A measure of such an effect might 
be obtained by comparing with the critical absorption 
technique. In the case of beryllium, where the energy 
could be measured by both methods, the agreement is 
within the accuracy of the experiments. For carbon 
only a lower limit on the energy shift could be obtained 
with the critical absorption technique, and this is in 
agreement with the measured peak position energy. 
This would indicate that for these elements there is 
not very much of the higher K lines in the observed 
peaks; however, their relative abundance is likely to 
increase with higher Z. Such an additional component 
might reveal itself as a broadening of the peaks, and 
indeed we observe that the w K lines are wider than the 





+ 


- 


Fic. 3. Percent shift of the measured K transition peak energies 
relative to the calculated 2p—>1s lines. Measurements from both 
eak position and critical absorber work are shown. The errors 
indicated are estimates of standard deviations and do not include 
possible systematic errors. Agreement with the theoretical points 
may be fortuitous for the several reasons given in the text. 


t Limits from Critical 
+ Absorption Technique 


$Peak Position Measurements 


x Theor, Values from Deser, 
Goldberger, Baumann, Thirring x 
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calibrating lines of the same energy. Though the addi- 
tional width could be due to nuclear capture from the 1s 
level, it is possible that it originates at least in part 
from this unresolved line. In the case of u mesons a 
corresponding broadening is not observed, but the 
different behavior of the two mesons could be explained 
in terms of the large nuclear capture probability of 
pions in the 2 state, which thus depresses the 2p—1s 
line relative to the 3p—1s. 

There have been some recent theoretical investiga- 
tions’ on the nuclear shifts of the 1s w-mesonic level. 
In Fig. 3 we have plotted the results obtained from the 
paper of Deser, Goldberger, Bauman, and Thirring. The 
agreement with experiment is quite good. However, this 
may be fortuitous both because of some possible 3p—1s 
admixture in our peaks, and because of the extrapola- 
tion and oversimplification involved in the theoretical 
estimate. In addition our preliminary results on boron, 
though not yet sufficiently consistent to be reported, 
seem to contradict the trend indicated in Fig. 3. 

* Supported in part by the U. S. Atomic Energy Commission. 

1Stearns, Stearns, DeBenedetti, and Leipuner, Phys. Rev. 
96, 804 (1954). 

2Stearns, DeBenedetti, Stearns, and Leipuner, Phys. Rev. 
93, 1123 (1954). 

3G. C. Wick (unpublished). 


( 4 Deser, Goldberger, Baumann, and Thirring, Phys. Rev. 96, 774 
1954). 


Average Number of Nettrons Emitted 
During the Spontaneous Fission 
of Cf252* 


W. W. T. Crane, G. H. Hiccins, anp S. G. THOMPSON 
University of California, Radiation Laboratory, 
Livermore, California 
(Received November 4, 1954) 


HE average number of neutrons per spontaneous 
fission of Cf? has been found to be 3.10+0.15 
by the manganous sulphate moderator-absorber system. 
Since the discovery of spontaneous fission by Petrzhak 
and Flerov! in 1940, measurements of the number of 
neutrons per fission, », have been made upon various 
nuclides. Littler?* and Barclay, Galbraith, and White- 
house‘ found the best value of »(U™*)=2.4+-0.2, and 
the latter authors report »(Th””’)=2.6+0.3. Recently, 
Barclay and Whitehouse® measured v(Cm*) = 3.0+0.3. 
Since the ratio of alpha decay to spontaneous fission 
is only about 42 in the decay of Cf*,® there is no 
measurable contribution from (a,m) reactions on low 
Z elements to the total number of neutrons observed 
from a sample. For this reason, Cf*? makes an ideal 
standard for the calibration of other neutron counting 
devices. 
A sample of Cf? of about 5X10~* micrograms was 
mounted on a one-inch platinum disk and the number 
of fissions per minute was determined by direct count- 
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ing. The sample was placed in a Lucite tube and im- 
mersed in a tank filled with saturated MnSO, solution 
until the Mn* radioactivity formed by neutron capture 
in Mn*® had reached an equilibrium level. The sample 
was removed and the intensity of the radiations from 
the Mn* in the tank was measured with an immersion 
counter which utilized an Nal crystal as a detector. 
The tank and counter were calibrated by measuring 
the activity produced from a standardized mock fission 
source,’ and by comparing the activity produced by 
the fission spectrum from Cm™ in this tank with that 
produced in a tank which was large enough to be 
essentially infinite for the absorption of the neutrons 
from standard polonium-beryllium sources. Neutrons 
from the polonium-beryllium sources are presumed to 
be more energetic than those from any spontaneous 
fission source. 

Over-all errors in the average value obtained from 
several measurements are thought to be less than 
5 percent. Work is continuing on several other heavy 
element nuclides. 

We wish to express our gratitude to J. Harper and L. 
Mann for their work on the electronic equipment. 

*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1K. A. Petrzhak and G. N. Flerov, Acad. Sci. (U.S.S.R.) 28, 
500 (1940). 

2D. J. Littler, Proc. Phys. Soc. (London) A64, 638 (1951). 

3D. J. Littler, Proc. Phys. Soc. (London) A65, 203 (1952). 

‘Barclay, Galbraith, and Whitehouse, Proc. Phys. Soc. 
(London) A65, 73 (1952). 

‘Fr. R. a4 and W. J. Whitehouse, Proc. Phys. Soc. 
(London) A66, 447 (1953). 

6 Ghiorso, Thompson, Choppin, and Harvey, Phys. Rev. 94, 
1081 (1954). 


7D. S. Martin, Atomic Energy Commission Report AECD-3077 
(unpublished). 


Hyperfine Splitting and the Sign of the 
Magnetic Moment of Cs?**™ 
L. S. GoopMAN AND S. WEXLER 
Argonne National Laboratory, Lemont, Illinois 
(Received November 12, 1954) 


REVIOUSLY published low-frequency data!? from 
magnetic resonance experiments with 3.1-hr Cs!" 
atomic beams, when correctly substituted in the Breit- 
Rabi equation, yield a hyperfine splitting Av= 3684.3 
+0.5 Mc/sec if a positive nuclear magnetic moment is 
assumed, and Av=3695+0.5 Mc/sec if this magnetic 
moment is taken to be negative. 

The direct hyperfine transition in Cs!” has been 
observed at 3684.5--0.5 Mc/sec in an atomic beam ex- 
periment at this laboratory. The previous data and the 
present measurement are consistent only with the as- 
sumption of a positive nuclear magnetic moment. 

Details will be published in a paper to be submitted 
in the near future. 


1V. W. Cohen and D. A. Gilbert, Phys. Rev. 95, 569 (1954). 
?L. S. Goodman and S. Wexler, Phys. Rev. 95, 570 (1954). 
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Nuclear Hyperfine Structure Interaction 
in 3.1-hr Cs!*4"* 


D. A. GizBERT AND Victor W. CoHEN 
Brookhaven National Laboratory, Upton, New York 
(Received November 19, 1954) 


E have performed a magnetic resonance atomic 
beam experiment!” on 3.1-hr Cs" to observe 

the transitions AF=-1. In a magnetic field in the 
neighborhood of 1 gauss the spectrum was split into 
many components. The central + component (17/2, 
+1/2215/2, —1/2) and (17/2, —1/2=215/2, +1/2) is 
field-independent and extremely narrow compared to 
the others. The frequency of the center of this line is 
equal to AW/h, where AW is the hyperfine structure 
interaction energy. We observe this line at several 
values of the magnetic field. It had a width of approxi- 
mately 100 kc/sec and ‘a center at 3684.594 Mc/sec. 
The principal limitation on the accuracy was noise 
modulation on the 2K42 Klystron used as a source. 
The results of four runs at differing magnetic fields gave 
a total spread in peak frequency of about 15 kc/sec. 
In view of this we feel that +20 kc/sec is a conservative 
estimate of error. This result, combined with that com- 
puted from reference 1, serves to confirm the assump- 
tion of a positive sign for the nuclear magnetic moment. 

The high precision in the determination of AW will 
be of interest for possible study of hyperfine structure 
anomaly in the 2.3-yr and the 3.1-hr states of Cs™. 
Work toward this objective is in progress. 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1V. W. Cohen and D. A. Gilbert, Phys. Rev. 95, 569 (1954). 

*L. Goodman and S. Wexler, Phys. Rev. 95, 570 (1954). 


_*In computing data of reference 1 an error was made in the 
sign of gy. A recomputation gives 3684.2+-0.6 Mc/sec. 


Deuteron Stripping and the Problem 
of Nuclear Radii 


L. N. Cooper* anp W. ToBocMan 
Institute for Advanced Study, Princeton, New Jersey 
(Received November 16, 1954) 


ECENT experiments on high-energy electron scat- 

tering! and on the transition energies of mu 
mesonic atoms? have been interpreted’ as indicating 
that the charged matter inside the nucleus is confined 
approximately within a sphere of radius R~1.2x A? 
X10—% cm or smaller. On the other hand, experiments 
like those on 90-Mev neutron scattering®-* or inelastic 
collision cross sections’® (which are sensitive to the 
distribution of nuclear matter as distinguished from 
charged matter) seem to indicate that the nuclear 
matter is not confined to such a small volume. Such 
results have suggested the possibility that protons 
occupy a smaller volume than neutrons in the nucleus, 
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and an attempt to justify such a hypothesis has recently 
been published.® 

The purpose of this note is to point out that the meas- 
urement of cross sections for deuteron stripping (or 
pick-up) reactions can provide a direct experimental 
measurement of the difference in the probability for 
finding a proton or a neutron at the surface of a nucleus. 
These cross sections are in fact just proportional to the 
probability for finding the stripped-off (picked-up) 
particle at the surface of the residual (target) nucleus.!° 
Thus, for example, if one measured the cross sections 
for (d,p) and (d,m) reactions leading to similar residual 
nuclei, one could calculate the reduced width (which is 
proportional to the probability for finding the particle 
at the nuclear surface) for the last proton or the last 
neutron of each residual nucleus. If the protons are 
indeed confined to a smaller volume than the neutrons, 
one should find the proton reduced widths character- 
istically smaller than the neutron reduced widths. 

Such an effect apparently has been noted in one case 
by Fujimoto, Kikuchi, and Yoshida." They calculated 
the reduced widths for three corresponding levels in the 
mirror nuclei Mg” and Al*> from measurements made 
on the Mg*(d,p)Mg*> and Mg”(d,2) Al” reactions. The 
reduced widths for Mg*> were found to be about 10 
times greater than the reduced widths for Al*>. This 
discrepancy appears to be too great to be accounted 
for by the fact that these workers neglected the Coulomb 
interaction and the interaction of the liberated particle 
with residual nucleus in their calculations. 

Rough estimates of the dependence of the reduced 
widths on the distributions of protons and neutrons 
show that the ratio of reduced widths, y,/yn, is quite 
sensitive to differences in the distributions. If one 
chooses a uniform neutron density to a radius of 
R=1.4AX10-* cm, and a proton density with a rms 
value (r?)!=1.0A?X10-" cm (equivalent to a uniform 
density to R=1.2A!X10-" cm), then choosing various 
shapes for the proton density results in values of 
Yp/Yn Of the order of §, independent of A (assuming 
the shape to be independent of A). Thus if such a dif- 
ference in distributions were the explanation of the 
experimental results cited above, it should easily be 
detected by a comparison of corresponding (d,p) and 
(d,n) cross sections. 

The mirror nuclei are particularly well suited for the 
measurements suggested above because it is to be 
expected that the other factors affecting the reduced 
widths would be the same. For example, one might 
compare reduced widths calculated from measurements 
of the cross sections for the Ca“(d,p)Ca*! and Ca“(d,n)- 
Sc reactions. These two reactions are (excluding 
Coulomb effects) symmetrical with respect to the roles 
played by protons and neutrons. Since at the relevant 
energies the Coulomb interaction can be taken into 
account” in calculating the reduced widths, a dis- 
crepancy in the reduced widths from two such reactions 
[especially at the higher energies where the Coulomb 
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effects diminish ] would indicate that the neutron and 
proton distributions were not identical. This in the case 
of mirror nuclei would be quite surprising. 

Heavier nuclei are also of great interest because it is 
for them that the experiments which have suggested 
distribution differences are most reliable. It is not 
possible, however, to get complete symmetry between 
protons and neutrons once one leaves the region of the 
mirror nuclei. Instead one can choose cases in which 
neutron and proton shells are completed in the respec- 
tive residual nuclei. These are advantageous because 
factors other than distribution differences which might 
influence the reduced widths are minimized, while at 
the same time the possibility of separating the ground 
state level from other levels so that a measurement can 
be made is enhanced. An example would be TI*(d,n) 
Pb™® and Pb”? (d,p)Pb™®. 

Note added in proof—Our attention has been called 
to related experimental and theoretical work on pickup 
processes by W. N. Hess and B. J. Moyer, Phys. Rev. 
96, 859 (A) (1954); and W. N. Hess, thesis, University 
of California Radiation Laboratory Report UCRL- 
2670, 1954 (unpublished). 

* National Science Foundation Post-Doctoral Fellow. 

1 Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 
(1953); Hofstadter, Hahn, Knudsen, and McIntyre, Phys. Rev. 
rt gu (1954); Pidd, Hammer, and Raka, Phys. Rev. 92, 436 
19 

?V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 

3L. I. Schiff, Phys. Rev. 92, 988 (1953); Yennie, Ravenhall, 
and Wilson, Phys. Rev. 95, 500 (1954). 

4L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953). 
as es Macmillan, Peterson, and Sewell, Phys. Rev. 75, 7 

6 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

7 Millburn, Birnbaum, Crandall, and Schecter, Phys. Rev. 
95, 1268 (1954); (see also for other references). 

tw. Heckrotte, Phys. Rev. 95, 1279 (1954). 

®M. H. Johnson and E. Teller, — Rev. 93, 357 (1954). 

1 W. Tobocman, Phys. Rev. 94, 1655 (1954). 


4 Fujimoto, Kikuchi, and Yoshida, Progr. Theoret. Phys. 
(Japan) 11, 264 (1954). 


Angular Correlation Effects in Unstable 
Particle Decay* 


S. B. Treman, Geo. T. REyNotps, AND A. L. Hopson 


Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 


(Received November 2, 1954) 


NE line of approach in the attempt to reconcile 
the long lifetimes and copious production of the 
new unstable particles is to suppose that the particles 
have high spin angular momentum.! This view is beset 
with grave difficulties, but the assumption of large spin 
does lead to testable consequences. In particular one 
might expect to find strong angular correlation effects 
in both the production and decay processes of the high 
spin particles. 
There is some preliminary evidence, from Brook- 
haven? as well as from cosmic-ray experiments,’ that 
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A® particles: are produced in states of high orbital 
angular momentum. This is by no means conclusive 
proof of high spin, but it is suggestive. The purpose of 
the present note is to discuss an experimental method 
which can provide a lower-limit estimate of the spins 
of unstable particles which undergo two-body decay. 
This consists in searching for angular correlation effects 
in the decay processes. Quite aside from the question of 
whether the assumption of large spin will ultimately 
prove adequate to account for their metastability, it is 
of course a matter of considerable interest to determine 
the spins of the new unstable particles. Preliminary 
evidence reported in the following letter* indicates that 
there may be at least one species of V® particle which 
has spin greater than one-half. 

Consider a particle which undergoes two-body decay. 
The normal to the decay plane, n, must be perpendicular 
to the line of flight of the unstable particle. Let N be 
some reference vector which is normal to the line of 
flight and which is defined independently of the decay 
normal n. For example, in the case of single V°-particle 
events, one may define N as the normal to the plane 
containing the line of flight of the primary particle 
which produces the nuclear interaction and the line of 
flight of the emerging V° particle. In events where two 
unstable particles come from a common nuclear inter- 
action, an alternate choice for N would be the normal 
to the plane containing the two unstable particles. 
(It is events of this kind which are discussed in the 
following letter.) 

In either case, if the unstable particle decays isotropi- 
cally in its rest frame, the angle » between n and N 
should take on all possible values with uniform prob- 
ability. Now spin zero and spin one-half particles must 
in fact decay isotropically, for reasons of parity and 
angular momentum conservation. Thus, any statis- 
tically significant departure from a uniform distribution 
in 7 for a series of decay events would immediately 
imply spin greater than one-half. The converse, hovw- 
ever, is not necessarily true: a uniform distribution in 
n does not rule out spin greater than one-half, since 
the spins may be randomly oriented with respect to 
the reference vector N. 

The most general form of the angular distribution 
in the case of a particle of spin S which undergoes 
two-body decay can easily be obtained by the methods 
of Wolfenstein.’ In the rest system of the unstable 
particle, the final state wave function y has definite 
parity and is an eigenfunction of angular momentum 
corresponding to eigenvalue S. The outgoing intensity 
||? must therefore transform under rotations as 4 
sum of spherical harmonics of even parity. After on¢ 
sums over final spin states, the spherical harmonic of 
maximum degree which can appear in the expression 
for the outgoing intensity is either 25 or 25—1 (accord- 
ing as S is integer or half-odd integer).* 

The angular distribution in the rest frame of the 
unstable particle is therefore 
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Imax L 
169= © L Cr¥Y1¥@,¢), 
i=) M=—L 


2S (integral S) 
= las—1 (half-odd integral S), 


where L can take on only even values. Suppose that 
the unstable particle travels along the z axis in the 
laboratory system; and suppose the y axis is chosen 
along the direction of the reference vector N. Then the 
azimuthal angle ¢g is just equal to the angle 7 between 
N and the normal to the decay plane, n. The most 
general form of the probability distribution in 7 is 
therefore given by 


pam J 1(6,n) sindds 


Lmax 


Zz (Au cosMn+Bu sinMn). 
M=0,2,..- 


A lower limit on S can thus be obtained by determining 
the largest value of M required to fit the decay data 
for a series of events. (This is only a lower limit because 
some of the coefficients in the above expression may 
vanish; for randomly oriented spins, for example, only 
Ay will be nonzero.) 

*This work was supported by the U. S. Office of Naval Re- 
search and the Atomic Energy Commission. 

1An excellent summary of theoretical views on the unstable 
particles, by M. Gell-Mann and A. Pais, will appear in the Pro- 
ceedings of the International Physics Conference, Glasgow, 
July 1954. 

* Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 93, 
861 (1954). 

3G. T. Reynolds and S. B. Treiman, Phys. Rev. 94, 207 (1954). 

‘Ballam, Hodson, Martin, Rau, Reynolds, and Treiman, 
following Letter [Phys. Rev. 97, 245 (1954)]. 

51. Wolfenstein, Phys. Rev. 75, 1664 (1949). 


Orientation of Planes in Double V° 
Decay Events* 
J. Battam, A. L. Hopson, W. Martin, R. RonaAtp Rav, 
Gro. T. REyNOLDs, AND S. B. TREIMAN 


Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 


(Received November 2, 1954) 


[* a set of 30000 photographs taken of a Wilson 
cloud chamber operated in a magnetic field,’ seven 
events have been found in which a pair of V° particles 
appear to come from a common origin.? These have 
been analyzed for possible angular correlations between 
the decay planes, as discussed in the preceding letter. 

The illuminated region of the chamber has average 
dimensions 16 in.X16 in. <5 in. A stereo camera with 
lens separation of 17° takes two photographs of each 
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event. The spatial geometry of each event is recon- 
structed by projecting the two views onto a screen 
through an optical system identical with that used to 
photograph the chamber. The space coordinates of a 
particular point on a track are determined by moving 
the projector parallel to the optic axis of the lenses, 
until the point appears stationary on the screen when 
the two views are projected in rapid succession. The 
screen-projector distance measures the z coordinate of 
the point (a correction is made for chamber expansion) ; 
and the location on the screen determines the x and 
y coordinates. This procedure is repeated for many 
points along each relevant track, so that a spatial 
reconstruction of the entire event is obtained. An 
alternate procedure, which determines directly the 
orientation of the decay planes, consists in tilting the 
screen until the images of both decay tracks of a partic- 
ular V® event appear stationary when the two stereo 
views are projected in rapid succession. This procedure 
is less accurate than the one described above, but in 
every case the two methods agreed to within a few 
degrees. 

In each event a search was made for all possible 
origins of the two V® particles. We assume that the V° 
particles undergo two-body decay, so that the origin 
for a given V° must lie in its decay plane and the line 
connecting the origin with the decay point must pass 


TaBLeE I. Summary of geometrical data for ten V°-particle 
pairs. 6 is angle of noncoplanarity with assumed origin. 6; is angle 
between lines of flight of V.° and V;°. 4: is angle between decay 
planes of V,° and V2°. 7 is angle between decay plane and plane 
containing lines of flight of V.° and V;°. The last column gives the 
identification. 
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between the two decay tracks. Evidently, we can only 
locate origins which give rise to more than one charged 
particle passing into the illuminated region of the 
chamber. In each of the seven V° pair events, however, 
there was one, and only one, such origin for each decay 
plane and this origin was in fact common to both planes. 
This suggests that in each event the two V® particles 
indeed came from a common origin, which we had 
correctly located. 

The results of the analysis are summarized in Table I. 
The angle of “noncoplanarity,” 6, is the angle between 
the line of flight of the V° particle and the decay plane. 
Within the experimental errors, the assumed origin in 
each case lies in the decay plane. It is the angle 7 be- 
tween the decay plane and the plane containing the 
lines of flight of the two V° particles that is of particular 
interest. By convention, ya<7». Normals are chosen so 
that »<90°. The errors in 7 arise mainly from the un- 
certainties in the precise location of the origin. Table I 
also includes two V°-pair events obtained by the Brook- 
haven group‘ and one event obtained by Thompson 
et al.® 

In Fig. 1 each event is represented by a point in the 
Na—n» plane. Since na<m», the points are constrained 
to lie to the right of the 45° line. As discussed in the 
preceding letter, if both of the V® particles involved 
in each event have spin less than one, the points should 
be uniformly distributed over the plane to the right 
of the 45° line. Although only 10 events are represented 
in the figure and the statistics are correspondingly poor, 
there appears to be a significant clustering of points 
in the region of small 7, large 7». We can think of no 
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Fic. 1. Distribution of events in the ya—7 plane for ten V°- 
particle pairs; 7 is the angle between the decay plane of an indi- 
vidual V® particle and the plane containing the lines of flight of 
the two V° particles of the pair. The subscripts a and 6 distinguish 
the two V® particles and have been chosen in such a way that 
Na <7. 
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bias in our experimental procedure which would tend 
to distort the true distribution. 

Insofar as this apparently nonuniform distribution js 
accepted as statistically significant, we can conclude 
that at least one type of V® particle involved in our 
sample has spin greater than one-half. 

Unfortunately, identification of the V° particles 
could be made in only a few cases—and then only on the 
basis of angles and ionizations, assuming that we are 
dealing only with a mixture of A°9->p++-2-+37 Mev and 
P—2t-+2-+214 Mev. Thus, the statement that a 
certain particle is a ® means that on the basis of angles 
and ionizations the event is consistent with @ and in- 
consistent with A°. Event 95-622, which appears to 
involve a pair of -particles, has been described 
elsewhere.*® 

There is of course no way to determine in our events 
whether the two V° particles are produced in a single 
elementary act or in two separate interactions. The 
very existence of correlation effects, however, would 
seem to favor the first possibility. 

* This work was supported by the U. S. Office of Naval Research 
and the Atomic Energy Commission. 

1 Hodson, Ballam, Arnold, Harris, Rau, Reynolds, and Treiman, 
Phys. Rev. 96, 1089 (1954). 

2 The same set of photographs gave about 250 single V° events, 
60 V* events, and several additional V® pairs; the latter were not 
accepted for the present analysis, however, because it was not 
possible to determine reliably whether the two V® particles came 
from a common origin. 

3 Treiman, Reynolds, and Hodson, preceding Letter [Phys. 
Rev. 97, 244 (1954). : 

4 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 93, 
961 (1954). 

5 Thompson, Burwell, Huggett, and Karzmark, Phys. Rev. 95, 


1576 (1954). 
6D. R. Harris and A. L. Hodson, Phys. 95, 661 (1954). 


Spectrometry of Recoils from Neutrino 
Emission in Argon-37 
ArtTHuR H. SNELL AND FRANCES PLEASONTON 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received October 22, 1954) 


S has been recognized for some time, argon-3/ 
offers unusual advantages for neutrino recoil ex- 
perimentation in that it is monatomic and gaseous and 
captures orbital electrons without gamma emission, s0 
that neutrino emission should be the predominant 
mechanism which could give recoil. The recoils have 
been observed by Rodeback and Allen’ through the 
use of coincidence time-of-flight methods and very 
recently by Kofoed-Hansen* in a parallel-plate, crossed- 
field spectrometer. The energy of the radioactive transi- 
tion is known to be 816 kev, from which one would 
predict a recoil energy of 9.66 ev for the Cl*” atoms; the 
latter are known to be multiply-charged because of the 
emission of Auger electrons.‘ 
We have found that it is possible to examine these 
low-energy recoils in detail and under high resolution 
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by means of magnetic and electric deflection spec- 
trometry. The apparatus consists of a conical field-free 
source volume containing the argon at total pressures 
(including impurities) of 1 to 3X10-> mm of mercury. 
Aslightly diverging beam of the recoils emerges from 
the narrow end of this volume and is subjected to mo- 
mentum or energy analysis by deflection through 96.5 
degrees in the magnetic case or 90 degrees in the electric 
case. Both instruments focus in two directions, the 
former by using oblique incidence and exit from the 
magnetic field, and the latter by using sectors of 
spherical plates. The source volume is insulated from 
the deflection chamber in both instruments, so that a 
small pre-deflection acceleration can be applied if 
desired. Post-deflection acceleration of 5 kilovolts is 
applied to enable detection of the ions by means of an 
electron multiplier. Strong differential pumping is 
necessary to forestall dn overwhelming background 
from radioactive gas that otherwise would move to the 
region of the detector. 

In magnetic deflection the peaks attributable to ions 
of e/m values 2/37, 3/37, and 4/37 have been observed. 
They are completely resolved, and the charge 2 and 
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Fic. 1. Electric deflection of multiply-charged chlorine-37 
tecoil ions. Pre-deflection acceleration (top scale) chosen to favor 
observation of the charge 2 peak. Potential on deflecting plates 
+ and —4.444 volts with respect to ground. The recoil energy 
scales (bottom) vary with the ionic charge. The transmission half- 
width of the instrument is small compared with the natural width 
of the charge 2 peak. Background has not been subtracted from 
the ordinate scale. Because of the multiple abscissa scale, the data 
are presented as counts per minute rather than counts per minute 
per unit energy interval. 
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Fic. 2. Electric deflection of singly-charged chlorine-37 recoil 
ions. Potential on deflecting plates + and —25.00 volts with 
respect to ground. The limits of error indicated in both figures 
refer to the 50 percent probability interval. 


charge 4 peaks are about half as intense as the charge 3 
peak. Charge 1 and charge 5 peaks have not yet been 
observed in magnetic deflection. The positions of the 
peaks indicate a recoil energy of 10-1 ev. 

Some of the results of the electric deflection are pre- 
sented in the accompanying figures. In obtaining these 
data the potentials of the deflecting plates were main- 
tained constant, symmetrically positive and negative 
with respect to ground, and the pre-deflection accelera- 
tion was varied in passing over the spectrum. The data 
of Fig. 1 were obtained with a view toward studying 
the structure of the charge 2 peak. The complex of 
charge 3, 4, and 5 peaks is in principle not resolvable 
with this instrument because of the large natural width 
of the lines. It will be noticed that the charge 2 peak 
has a half-value width of about 2.4 ev on the recoil 
energy scale; this is close to the width to be expected 
from thermal motion plus recoil from emission of one 
2400-ev Auger electron, as indicated by a computation 
performed for us on a random walk basis by Prof. J. M. 
Jauch. 

The recoil energy indicated in Fig. 1 by the positions 
of the charge 2 and 3 peaks is close to 9.0 ev. Con- 
siderably better opportunity for accurate measurement 
of this energy is offered by the singly-charged ions 
because the charge 1 peak remains resolved from the 
others up to predeflection accelerations of 70 or 80 volts, 
and under these conditions small perturbing effects such 
as stray magnetic fields, contact potentials, and surface 
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charging have lesser effect. (Indeed, one is compelled 
toward these conditions because the charge 1 peak is 
so weak that it has to be compressed by pre-deflection 
acceleration into the transmission width of the instru- 
ment before it can be made to stand above background.) 
Figure 2 shows the charge 1 peak observed with 75 
volts applied to the source volume. The peak appears at 
9.8+0.2 ev on the recoil energy scale, but the recoil 
energy scale is itself uncertain within +0.5 ev because 
of a small uncertainty in the present value of the calibra- 
tion constant of the spectrometer. 

In summary, the observations show that the recoil 
ions are of mass 37, have an energy spread that can be 
accounted for by thermal motion and recoil from Auger 
electron emission, and possess an energy of recoil within 
about 7 percent of that predicted from emission of a 
single neutrino with an energy of 816 kev. 

1G. W. Rodeback and J. S. Allen, Phys. Rev. 86, 446 (1952). 

2 We are indebted to Prof. Kofoed-Hansen for communicating 
his results to us during the course of our investigation. 

3 Richards, Smith, and Browne, Phys. Rev. 80, 524 (1952); 
Schoenfeld, Duborg, Preston, and Goodman, Phys. Rev. 85, 
T' ess’ Emmerich, Singer, and Kurbatov, Phys. Rev. 94, 


4S. Wexler, Phys. Rev. 93, 182 (1954); M. S. Perlman and 
J. A. Miskel, Phys. Rev. 91, 899 (1953). 


Isomerism in Al?** 


R. W. Kavanacu, W. R. Mitts, AND R. SHERRT 


Kellogg Radiation Laboratory, Califoxnia Institute of Technology, 
Pasadena, California 


(Received November 16, 1954) 


T has been suggested that the 6.7-second state of Al?®, 
which exhibits a superallowed transition to Mg*®, 
might not be the ground state.! Perhaps the most direct 
evidence for this contention comes from comparison of 
the mass of Al’® (mass of Al?*-—mass of Mg**=4.00 
+0.03 Mev) as determined from nuclear reaction 
Q-values* and the §-decay energy Es+2moc?=4.2+0.1 
Mev.® Also suggestive are the facts that the neutron 
yield of the reaction Al?’(y,m)Al* is three times the 
positron yield,*4 and that the ratio of y-ray yield to 
positron yield observed in Mg”(p,7) varies with 
bombarding energy.® In the present work we have con- 
firmed the latter observation and, by a new measure- 
ment of the 6-decay energy and of y-ray spectra, 
established the location of the 6.7-second state. 

The yield of positrons and y-rays from a 10-kev 
target® of Mg” as a function of proton energy is shown 
in Fig. 1. To obtain these data an end-window @ counter 
and a thick-walled 7 counter were placed near the target 
and the beam was interrupted at a rate of 60 cps; the 
counter counted continuously but the 6 counter re- 
corded only when the beam was off the target. If the 
y counter had a linear efficiency-vs-energy response, 
its counting rate would be proportional to the capture 
cfoss section regardless of the mode of decay of the 
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Fic. 1. Yield of prompt y rays in a thick-walled counter con- 
pared to the yield of delayed positrons in an end-window counter, 
as a function of the energy of protons bombarding a 10-kev Mg" 
target. 


compound level. Since a thick-walled y counter approxi- 
mates this condition fairly well,’ the y yield of Fig. 1 
can be taken to represent to a good approximation the 
capture cross section, while the positron yield is propor- 
tional to the number of captures which terminate in 
the 6.7-second state. The wide variation of the ratio of 
the two curves suggest that a varying fraction of the 
captures must terminate in a state of Al?® having a 
half-life much longer than 7 seconds. For example, at 
958-kev proton energy, nearly all of the captures go 
to this state. 

An 8-mg/cm? MgO target on 1-mil Al backing, 
placed with the MgO facing the proton beam from a 
3-Mev electrostatic accelerator, was bombarded in a 
magnetic lens spectrometer to determine the positron 
spectrum. The beam was again interrupted at the 60-cps 
rate with positron detection permitted only while the 
beam was off the target. The Kurie plot of the resulting 
spectrum was straight down to 1.5 Mev and had an 
end-point energy of 3.20-+-0.05 Mev, including a 0.02- 
Mev correction for backing and target thickness. With 
a half-life of 6.68-+-0.11 seconds,® the ft-value is 3120+ 
290 seconds, in agreement with other measurements 
for 0-0 transitions: 3275+-75 for® O", and 32204200 
for! C4, From the difference between this end-point 
and Q-values from other work,? the excitation of the 
6.7-second state in Al’ is calculated to be 0.22+0.06 
Mev; a recent determination” of the threshold of the 
reaction Mg**(p,7)Al**, giving a preliminary (Q-value 
of 4.886+0.010 Mev, leads to the value 0.12+-0.06 Mev. 
This confirms that the positron-emitting state is not the 
ground state. 

Gamma-ray spectra at a number of resonances have 
been examined with a crystal spectrometer, using 
4in.X4in. and 1}in.X14in. Nal crystals, with the 
following results. At the 958-kev resonance, where the 
positron yield is low, y rays are observed having energies 
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0.416+0.004, 0.511 (weak), 1.67+0.02, 2.08+-0.02, 
and 5.23+0.05 Mev, with no others of comparable 
intensity. The 0.416- and 1.67-Mev y rays are in coin- 
cidence (within the resolving time of 4 usec), while 
the 0.416- and 2.08-Mev y rays are not. The 0.416- and 
1.67-Mev vy ray intensities are about equal and twice 
that of the 2.08-Mev vy ray. These y-ray energies fit 
well into the level scheme of Browne, and the short 
half-life of the 0.416-Mev transition verifies his con- 
clusion that the 0.418-Mev level is not the 6.7-second 
positron-emitting state. The 0.416-Mev y ray was also 
observed in varying intensity ratio to the annihilation 
radiation, at 697-, 730-, 990-, 1046-, and 1086-kev 
bombarding energy. 

At 730-kev proton energy, where the positron yield 
is relatively high, the 0.416-Mev and 0.511-Mev y rays 
have about the same intensity. There also appear 
several new y rays: three in prompt coincidence with 
energies 0.833 0.006, 1.022+0.006, and 5.00-+0.05 
Mev, and two, not checked for coincidence, with 
energies 1.44+0.03 and 2.46+0.03 Mev. The last two 
may account for the fact that the 0.833-Mev y ray is 
about 50 percent more intense than the 1.022-Mev 
y ray. (For example, a level in Al?* at 3.51 Mev would 
be consistent with these and the considerations below.) 
The 0.833- and 1.022-Mev y rays were also found with 
similar intensity ratios at proton energies of 730, 933, 
900, 1046, and 1086 kev. 


Fic. 2. Energy levels of Al’*. The spins indicated form a set 
Consistent with the experimental data and the shell model. 
Levels below 2.1 Mev other than those at 0.219 and 2.074 Mev 


ate those given in reference 13, 
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The 1185-kev resonance reveals only a 0.588+-0.005- 
Mev 7 ray, other y rays having less than about one 
percent of its intensity: the resonance is therefore at- 
tributed to Mg*(p,p’) terminating in the known first 
excited state of Mg*®. The peak at 873 kev in Fig. 1 is 
attributed chiefly to F® contamination. 

The y- and #-ray data suggest that the 1.67- and 
2.08-Mev + rays branch from the 2.064-Mev level pre- 
viously reported" from the reaction Si**(d,a)Al**, and 
that the 0.833- and 1.022-Mev 7 rays originate from the 
reported 1.052-Mev level and a new level at 2.074 
+0.013 Mev, respectively. Regarding the latter as the 
second T=1 state with spin 2+, which would not be 
expected to show up in the reaction Si?8(d,a)Al?*, would 
not be inconsistent with the observed y-ray data, and 
is suggested as the expected analogue of the 1.83-Mev 
level in Mg”*, The 0.833-Mev y-ray assignment places 
the isomeric level at 0.219--0.013 Mev, in close agree- 
ment with the expected location of the analogue of the 
Mg”é ground state. 

Assuming the shell model and 7j-coupling for the 
odd d‘/ neutron and proton requires that the states 
with J=0, 2, and 4 have isotopic spin T=1, and the 
states with J=1, 3, and 5 have T=0. An assignment 
of spins to the levels of Al** (taking even parity) con- 
sistent with the observations is shown in Fig. 2. J=5 
is taken for the ground state because of the absence of 
1.83-Mev delayed y-radiation in a thick Mg**O sample 
irradiated for three hours in a ?-ua beam of 1.5-Mev 
protons.!5 If the ground state had J=3, an allowed 
1.2-Mev positron transition to the first excited state of 
Mg?s, followed by a 1.83-Mev y ray, would be expected, 
with a half-life of several minutes to several hours. A 
calculated half-life of about 5X10‘ years results for 
this transition if J=5 and log ft is taken to be 13. 

We are grateful to C. A. Barnes, R. F. Christy, T. 
Lauritsen, and S. A. Moszkowski for helpful discussions. 

* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

ft Present address: Physics Department, Princeton University, 
Princeton, New Jersey. 

( rt ae Moszkowski and D. C. Peaslee, Phys. Rev. 93, 455 
1954). 

2 Using the Q-values from the following reactions: Mg*5(d,p) 
Mg?*: Van Patter, Sperduto, Endt, Buechner, and Enge, Phys. 
Rev. 85, 142 (1952); Mg*(d,p)Mg*: D. M. Van Patter e¢ al., 
Phys. Rev. 85, 142 (1952); Al?’(p,2)Mg™: Donahue, Jones, 
McEllistrem, and Richards, Phys. Rev. 89, 824 (1953); Si?°(d,«)- 
Al??: D. M. Van Patter e¢ al., Phys. Rev. 85, 142 (1952); Si?8(n,7)- 
Si”: B. B. Kinsey and G. A. Bartholomew, Can. J. Research 31, 
537 (1953); Si?8(d,a)Al**: C. P. Browne, Phys. Rev. 95, 860 (1954). 

3 Haslam, Roberts, and Robb, Can. J. Phys. 32, 361 (1954). 
— Katz, and Goldemberg, Phys. Rev. 91, 659 

1953). 

5 Kluyver, van der Leun, and Endt, Phys. Rev. 94, 1795 (1954). 

6 Russell, Taylor, and Cooper, Rev. Sci. Instr. 23, 764 (1952), 
describe target preparation method. Isotopic material supplied 
by Oak Ridge. 

7See, e. g., Fowler, Lauritsen, and Lauritsen, Revs. Modern 
Phys. 20, 236 (1948). 

8 Hunt, Jones, Churchill, and Hancock, Proc. Phys. Soc. 
(London) 67, 443 (1954). 

9 J. B. Gerhart, Phys. Rev. 95, 288 (1954). 

1D, Green and J. R. Richardson, Phys. Rev. 96, 858 (1954). 
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11 P, Stahelin, Helv. Phys. Acta, 26, 691 (1953). 

2 Kington, Bair, and Willard (private communication). 

33 C. P. Browne, Phys. Rev. 95, 860 (1954). 

4 Endt, Enge, Haffner, and Buechner, Phys. Rev. 87, 27 (1952). 

15 Simanton, Rightmire, Long, and Kohman, Phys. Rev. 96, 
1711 (1954), have successfully isolated long-lived aluminum (7} 
estimated to be about 10° years) from a deuteron bombardment 
of natural magnesium. 


Slowing Down of Polarized Protons* 
E. HEIBERG, U. Kruse, J. MARSHALL, L. MARSHALL, 
AND F. Sormitz 
Institute for Nuclear Studies, The University of Chicago, 
Chicago, Illinois 
(Received October 20, 1954) 


EVERAL mechanisms for depolarization of protons 

as they are slowed down in matter have been dis- 
cussed by Wolfenstein,! who concludes that these are 
ineffective. Furthermore the additional depolarizing 
processes which we have been able to think of do not 
promise to be larger. Nevertheless an experimental 
knowledge of depolarization effects is necessary in the 
interpretation of many experiments. To this end we have 
degraded the energy of a polarized proton beam in 
several different substances. 

A 425-Mev 54 percent polarized proton beam was 
used, produced by scattering the 435-Mev average 
energy circulating protons elastically at 14° from a 
Be target in the cyclotron. The polarization of the 
external proton beam so produted was determined by 
measuring the asymmetry of elastic scattering from Be 
at the same angle. In addition, the asymmetries of 
elastic scattering at 20° and at 30° were measured in a 
geometry subsequently used to measure asymmetries 
for the beam degraded in energy. 

Next the beam was degraded to E’ in paraffin, in 
C, in Cu, and in Pb. The asymmetry of elastic scattering 
of the degraded beam by beryllium was again measured 
at 20° and at 30°. The geometry was such that no 
protons scattered by more than 2.2° in the slowing down 


TABLE I. Proton polarization versus energy attenuation. 








Average 

energy of 

degraded Attenu- 
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Percent asymmetry of elastic scattering 
(thickness of Cu filter given 
in parentheses) 





(5.25 in.) 6.79.5 


(5 in.) 


} (2.25 in.) 
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None (5.25 in.) 


240 15.25 in. CHe 
10 in.C 
2.311 in. Cu 
2.378 in. Pb 
10 in. C 57. 
12 in. CHe 
+4 
10 in. C 
12 in. CHe 


+ 
14 in. C 


13.0+ 4.3 
A484 sap (2.25in,) 
—-7.0+ 8.5 


21.9413.0 (2.75 in.) 


64 +8 (1 in.) 33 +5 (1 in.) 


35.843.6 (}in.) 23.32%10.3 (4 in.) 








* Initial polarization of 425-Mev beam =53.6+1.3 percent. 
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Fic. 1. Polarization of 425-Mev protons effected by elastic 
scattering on Be plotted as a function of laboratory angle of 
scattering. 


material could reach the Be. In passing through the 
2-inch thick Be scatterer, the‘mean energy of the beam 
was still further reduced from E’ to E. The emergent 
energy E was determined by range measurement in Cu. 

The counter telescopes which measured the scattered 
protons were provided with copper filters such that 
quasi-nucleon-scattered protons could not produce a 
coincidence count. For the filter, that thickness of 
copper was chosen for which the range curve had 
dropped to about two thirds of the distance down from 
the ‘‘knee.” In Table I are given the effective energy E£, 
the thicknesses of the various attenuators, and the 
corresponding asymmetries of elastic scattering meas- 
ured at the two laboratory angles. 

In addition we have measured, with considerably 
better statistical accuracy and angular definition than 
previously,’ the polarization of 425-Mev protons scat- 
tered elastically from Be and find the dependence shown 
in Fig. 1. It is similar to that known for Be,? C,? and 
He’ at 310 Mev. 

The asymmetries are practically unaffected by de- 
gradation of proton energy from 430 to 150 Mev re- 
gardless of Z and of nuclear spin of the attenuator. The 
slight increase in asymmetry with decreasing proton 
energy we ascribe to the fact that the elastic diffraction 
pattern is wider at lower energy and therefore the 
polarization curves (corresponding to Fig. 1) are wider. 

In principle the polarization of the protons degraded 
from 425 to 240 Mev can be computed from the asym- 
metry measured at 240 Mev shown in Table I, together 
with the polarization by elastic scattering for Be at 20° 
and 240 Mev. Instead we use (50-++10) percent meas- 
ured? at 310 Mev and 20° for C, and compute for the 
polarization of protons degraded from 425 to 240 Mev, 
P=}(50+2)/(50+10)=50+10 percent. This numbet 
we compare with the polarization of 53.6++1.3 percent 
measured for the 425-Mev beam. One sees that within 
the error no depolarization has occurred, 
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Similarly, using the corresponding asymmetry in 
Table I together with the elastic polarization measured 
for carbon at 20° and 140 Mev, 78+-10 percent,‘ we 
compute for the polarization of the beam degraded to 
186 Mev, P=}(64+8)/(78+10) =41+7 percent, which 
is not meaningfully different from the polarization of 
the 425-Mev beam. 

We do not compute polarizations at 30° because at 
this angle probably equal numbers of elastically and 
inelastically scattered protons reach the counters. 

For the proton beam degraded to ~115 Mev, only 
protons of energy more than 100 Mev were measured. 
Range measurement showed that 60 percent of these 
protons had energy between 100 and 120 Mev, the 
remainder having somewhat higher energies. We in- 
terpret the low measured asymmetry as due to a de- 
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creased ability of elastic scattering to polarize below 
150 Mev. 

This result is anticipated by the elastic scattering 
asymmetry of 6-+2 percent measured® near 70 Mev for 
Be at 20°, and by a decreased polarization observed at 
Harwell® below 140 Mev. 

The present results show that for this energy range 
no small-angle interactions effect depolarization within 
the accuracy of these measurements. 


* Research supported by a joint program of the U. S. Office 
of Naval Research and the U. S. Atomic Energy Commission. 
1L. Wolfenstein, Phys. Rev. 75, 1664 (1949). 
$ 2) Carvalho, Marshall, and Marshall, Phys. Rev. 96, 1081 
9. 


(1954). 

3 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 96, 807 (1954). 

4J. M. Dixon and D. C. Salter, Nature 173, 946 (1954). 

5 Karl Strauch, Bull. Am. Phys. Soc. 29, No. 7, 19 (1954), 

6 N. F. Ramsey (private communication via U. Kruse). 
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MINUTES OF THE 1954 FALL MEETING OF THE NEW ENGLAND SECTION 
AT HANOVER, NEW HAMPSHIRE, ON OCTOBER 23, 1954 


HE New England Section of the American 

Physical Society held its annual Fall Meeting 
on Saturday, October 23, 1954, in Wilder Labora- 
tory of Dartmouth College, Hanover, New Hamp- 
shire. The morning session was opened with a 
welcoming address by Dean Donald H. Morrison 
of the Faculty of Dartmouth College. There fol- 
lowed four invited papers: 


“Some Optical Analogues in Microwave Experi- 
ments,” GorDon F. Hu., Dartmouth. 

“Optically Induced Polarization of Atoms and 
Nuclei,’”? Ropert H. DickeE, Princeton. 

“Recent Results in Magnetic Analysis of Nuclear 
Reactions,” WILLIAM W. BUECHNER, M.I.T. 

“Servomechanisms,” PHILIPPE E. LECORBEIL- 
LER, Harvard. : 


At the business meeting, following lunch, the 
following officers were elected to serve until the 
Fall Meeting of 1955: 


William W. Watson, Yale University, Chairman 

Harold Krauss, University of Connecticut, Vice 
Chairman ; 

William M. Preston, Harvard University, Secre- 
tary-Treasurer 

Gerald Holton, Harvard University, Council 


Karl Woodcock, Bates College, Council 


Following the business meeting, nine contributed 
papers were presented. The abstracts follow. 


W. M. PRESTON 

Secretary-Treasurer, New England Section 
Harvard University 

Cambridge, Massachusetts 


1. Physics and Oceanography. F. T. Dietz, University of 
Rhode Island.—The relatively new science of oceanography 
has many facets of interest to the physicist. Some contribu- 
tions of physicists to oceanography are mentioned and certain 
current problems of interest are presented. 


2. Energy Levels from Some (a,n) Type Reactions.* W. T. 
DoyLE AND A. R. Quinton, Yale University.—Targets of 
B”, BY, F!®, and P®! have been bombarded with an 8-Mev 
cyclotron beam and the energies of the resulting neutron 
groups measured by means of a proportional counter telescope 
fitted with a proton radiator and aluminum absorbers. The 
boron targets give results agreeing with the known level 
structure for N¥ and N*™. Levels at 0.4, 1.1, 2.2 Mev of 
excitation are observed in Na* with a ground state Q value 
of —2.0 Mev. The negative Q value levels have been checked 
by the threshold method using-a BF; filled counter. This 


latter technique yields the result Q=—5.7 Mev for the 
reaction P#!(a,n)CI* and hence the mass value 33.9854 amu 
for Cl*, 


* Supported by the Office of Naval Research. 


3. Total Cross Sections for High Energy Neutrons. Vaucun 
CULLER AND R. W. WanieEK, Harvard University.—The 
total cross sections for high energy neutrons have been 
determined for 12 elements (H, D, C, O, Al, Si, Cl, Ti, Fe, 
Cu, Hg, and Pb) at several energies between 61 and 107 Mev. 
A discussion of the experimental techniques and a considera- 
tion of energy and angular resolution of the scintillation 
counter telescope employed will be given. 


4. Preliminary Results with the Correlation of Meteoro- 
logical Parameters with Cosmic Ray Neutron Intensities,* 
J. A. Lockwoop anp H. E. Yinost, University of New Hamp- 
shire.—A study of the effect of variations in such meteorologi- 
cal parameters as barometric pressure, specific humidity, 
cloud cover, and temperature upon the neutron component 
of cosmic rays (at ground surfaces) is now being made. 
Neutron intensity monitors have been established at sea level 
and at 6290 ft (Mt. Washington). The high energy neutron 
component is monitored by BF; proportional counters 
embedded in a lead-paraffin pile. Neutrons of energies <0.4 
ev are detected by BF; tubes in a paraffin telescope which is 
covered alternately by Sn or Cd shields. The barometric 
coefficient for lead-paraffin pile is (—9.8+0.3) percent 
cm Hg™. A 27-day variation for the high energy component 
has been found in agreement with results of Fonger and 
Simpson.! The results of the effect of barometric pressure, 
humidity, cloud cover, and temperature upon the low energy 
neutrons will be presented. 

* Supported by the Geophysical Research Division, Air Force Cambirdge 


Research Center. 
1W. H. Fonger, Phys. Rev. 91, 351 (1954). 


5. Diode Characteristics of Metal Point Contacts on 
Vacuum Heated Germanium.* RicHarp B. ALLEN AND H. E. 
FARNSWORTH, Brown University—A germanium crystal was 
heated in vacuo in contact only with quartz and graphite. 
Magnetic controls allowed the catwhisker contact to be made 
without removing the sample from the vacuum system. 
Details of the experimental vacuum tube construction are 
discussed. Heating the sample to above 800°C followed by 
quick cooling (radiation quenched) to room temperatures 
nearly destroyed the rectification. Admission of dry air did 
not restore the rectification. Annealing at lower temperatures 
partially restored the rectification. The rectification ratio was 
cycled several times by thermal treatment while maintaining 
high vacuum conditions. These results differ from those of 
Esaki who reported a loss of rectification by vacuum heating 
germanium, but no recovery by vacuum annealing. The low 
level resistance of semiconductor point contacts is an ex- 
ponential function of the reciprocal of the absolute tempera- 
ture. From this function an activation potential may be 
calculated. Radiation quenching lowered the activation 
potential while annealing restored it to its previous value. 
The Schottky diode theory predicts that the activation 
potential of a metal-semiconductor point contact is dependent 
on the work function of the metal. Meyerhof reported no 
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dependence on the metallic work function for measurements 
made in air. 


*This work is sponsored by the International Business Machines 
Corporation. 


6. Imperfections in Germanium Single Crystals. A: 
SMAKULA, J. KALNAJS, AND V. Sits, M. I. T7.—It is well-known 
that germanium shows anomalies in some of its physical 
properties, such as Hall effect, magnetoresistance, conduc- 
tivity, and infrared absorption.’ For an explanation of these 
anomalies, impurities (or imperfections) of the order of 10” 
per cm* are assumed, which is in contradiction with spectro- 
chemical analysis. In our study of crystal imperfections we 
determined: the lattice constant precisely on four single 
crystals of highest purity (n-type). Simultaneously, we 
determined the density accurately by hydrostatic weighing. 
These densities compared with those computed from the 
lattice constants show a positive difference of 0.002 to 0.005 
g/cem*. It is assumed that germanium contains interstitial 
impurities of oxygen or germanium of the order of 10%/cm‘. 

1K, Lark-Horovitz, The New Electronics in the Present State of Physics, 


F. S. Brackett, Editor (American Association for the Advancement of 
Science, Washington, D. C., 1954), pp. 57 to 127. 


7. Faraday Effect in a Polycrystalline Ferrite.* Davin 
Park, Williams College.—In a polycrystalline mass in which 
the crystallites are oriented completely at random, the 
permeability tensor uw is diagonal and no magneto-optical 
rotation will occur. But if there is a slight degree of alignment, 
so that the average magnetization it is not zero, then yp is 
no longer diagonal. The off-diagonal components, which are 
responsible for the Faraday effect, can be shown to be 
proportional to M if M is small. In calculating the spectrum 
of w it is assumed that the resonant frequencies of the 
individual crystallites are statistically distributed,? and then 
one can show that the interaction between crystallites does 
not greatly affect the form of the spectra. If the spectra of 
the diagonal parts of » are known, those of the off-diagonal 
parts can be calculated. Sample curves will be shown and 
compared with available data. 

* This work was supported by the Sprague Electric Company. 

1C, L. Hogan, Bell System Tech. J. 31, 1 (1952); Revs. Modern Phys. 25, 
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?D. Park, Phys. Rev. 95, 652 (1954); Phys. Rev. (to be published). 


8. A Vectorial Approach to the Principal Equation of Rigid- 
Body Kinematics. Dan E. CurisTIE, Bowdoin Coilege.—In 
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textbooks on intermediate mechanics the kinematical principle 
that any instantaneous motion of a rigid body is screw motion 
is usually deduced quite directly and logically from a special 
case. This special case asserts that any motion of a rigid body 
with one point fixed is instantaneously rotation. The justifi- 
cation of this special proposition is not always so direct. 
Often, for instance, Euler’s theorem on finite displacements 
is proved using spherical geometry, and then an argument 
about a limiting case is discussed. ; 

It is here suggested that a derivation based on methods more 
germane to the subject might be preferable. A simple develop- 
ment using vectors is given. In this derivation repeated use 
is made of the following anticommutative relation: Vp-R 
= —Vp-P (for position vectors P and R relative to the fixed 
point as origin, Vp denoting the velocity vector for the point 
whose position vector is P, etc.). It is demonstrated that the 
only velocity pattern consistent with this relation is one of 
of the type given by the formula Vg = Q XR, and hence that 
the motion is instantaneously a rotation. 


9. Hertz’s Abandonment of the Concept of Force in the 
Logical Clarification of Classical Mechanics. Rosert S. 
CoHEN, Wesleyan University—In the sixty years since 
Heinrich Hertz died, philosophical explication of physical 
theories has been an expanding concern of logicians, philoso- 
phers, and physicists. In part, this has taken the form of 
analysis of terms and concepts, e.g., the debate over proposed 
requirements of operational definition. In part, this concern 
for clarity has led to axiomatic and other varieties of logical 
reconstruction of theories. That relativistic and quantum. 
mechanical notions are not the only sources for such research 
is perhaps most convincingly shown by the great Principles of 
Mechanics in which Hertz set forth a basic scheme from which 
the general laws of classical mechanics might be deduced. 
The heart of his proposal consists in his acute critique of 
standard usage of the general laws (which, e.g., derives a 
universally applicable principle such as that of least action on 
the basis of the assumption of fixed conservative interparticle 
forces) together with his constructive use of the notions of 
time, position, and inertia to build a mechanics without forces. 
What results is a lucid and compact theory with a minimum 
of physical assumptions and a sparseness of anthropomorphic 
language; force and energy are purely auxiliary or short-hand 
concepts. Finally Hertz deliberately formulates certain cri- 
teria for those who reconstruct theoretical structures. 


MINUTES OF THE 1954 AUTUMN MEETING OF THE NEW YorK STATE SECTION AT BROOKHAVEN 
NATIONAL LABORATORY, NOVEMBER 12-13, 1954 


HE thirty-second meeting of the New York State 

Section was held at Brookhaven Nationai Lab- 

= Upton, Long Island, on November 12 and 13, 
954, 


One paper, and the preceding address of welcome by 
R. A. Patterson, constituted the Friday morning ses- 
sion. Friday afternoon was devoted to three papers on 
heutron physics, followed by tours of the Brookhaven 
Reactor Building and the “Hot” Chemistry Laboratory. 
Friday sessions closed with cocktails and dinner and a 


lecture by D. H. Menzel on “The Physics of Flying 
Saucers.” 

Two papers on Saturday morning preceded a tour of 
the Cosmotron, which brought the meetings to a close. 
It is not possible to name all of the many staff members 
at Brookhaven whose efforts made this meeting a profit- 
able and enjoyable one, but among them, deserving of 
special mention, are George B. Collins, Chairman of the 
Cosmotron Department, who took on the responsibility 
of arranging the program, and Mariette Kuper, Execu- 
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tive Aide to the Director, whose efficient handling of 
the many details kept things running smoothly. 

Titles of the papers presented at the meeting are as 
follows: 


Physics at Brookhaven National Laboratory. G. 
N. GLASOE. 


Neutron Physics at Brookhaven. D. J. HUGHEs. 


Neutron Diffraction Experiments. G. H. VINE- 
YARD. 


Nuclear Energy as a Source of Power. C. Wr 
LIAMS. 

New Unstable Particles. R. K. ADAIR. 

Experimental Program Centered around the 
Cosmotron. L. W. SmiTH. 


L. W. PuHILiips, Secretary 
New York State Section 
American Physical Society 
The University of Buffalo 
Buffalo 14, New York 








